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PREFACE 


“ The beginning of science is measurement ” is a well-established truth, 
and the working out of numerical problems in electrical engineering can 
become both a fascinating and a profitable occupation. A competent 
electrical engineer can predict with confidence and accuracy the detailed 
performance of an electrical appliance before any part of it has been 
constructed, and this is possible without having to resort to the use of “factors 
of safety ” : it is questionable whether this can be done to anything like 
the same degree in any other branch of applied science. There is no 
more certain road to such competence than 1^ c<^tinual practice in the 
solving of all kinds of examples in applied electricity and magnetism. 

Several of the examples given in this book extend somewhat beyond 
the range of the text of the parent volume “ Principles of Electrical 
Engineering,” and in such cases the reader can with advantage search 
the technical journals for the missing details before turning to the solutions 
given in this book. By such means, a familiarity with the technical literatyre» 
its scope, and its utility, will be achieved, which will probably surprise the 
reader by the insight which it gives of its possibilities, and may lure him 
on to further study of what is, at present, almost unknown country to far 
too many electrical engineers. 

To an extent which has been found reasonably possible, the whole range 
of applied electricity and magnetism has been drawn upon for the selection 
of the examples given, and both light-current and heavy-current problems 
have been considered with equal freedom in order to show the universality 


V 



VI 


of the principles. Great care has been taken to check the numerical data 
of each step in the solutions for the individual examples, but it is probably 
too much to hope for that no slip or misprint has remained undetected, 
and information from readers who have been able to discover any such 
flaws will be welcomed. 

T. F. W. 

Sheffield, 1946 . 
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TEST PAPERS AND SOLUTIONS 
ON ELECTRICAL ENGINEERING 


Chapter 1 

FUNDAMENTAL UNITS : TECHNICAL UNITS 

1 , —Express in Joules the kinetic energy {i) of translation, (ii) of 
rotation. 

Answer. —The kinetic energy of translation 
= Imv^ ergs : for m in gm., v in cm./sec. 

= hnv^\Q~’^ joules : for m in gm., v in cm./sec. 

= JMx 10^(Kx joules* for M in kg., V in m./sec. 

= \MV^ joules : for M in kg., V in m./sec. 

The kinetic energy of rotation about 
the axis O for the elementary mass of 
m gm. at P in Fig. is 

= \mv^ ergs : for v in cm./sec. 

= \m{a(oY\Q^'^ joules * for a> in 
radians/sec. and a in cm. 

= joules, 

so that the kinetic energy of rotation about 
the axis O of the whole mass is 

= Zma^ joules : for m in gm. 

and a in cm. 

= joules : J in kg.-m.^ units is 
the moment of inertia of the mass 
about O. 

2. —•i4 tram of mass G metric tons is travelling at a speed of v km./ hour. 
Find the kinetic energy, assuming that the rotational energy is 25 per 
cent, of that of translation. 

Answer. —Kinetic energy of translation = joules, for M kg. and 

V m/sec. G metric tons = 1,000 G kg.: v km./hour = 0*279 v m/sec 
Kinetic energy of translation 
= \v'n^G joules (watt-sec.) 

= 10*8Gt;210-“%Wh. [G in tons, v in km./hour.] 

Total kinetic energy = 1*25 (K.E. of translation) = 13*5Gt;210 %Wh 
Thus, if G = 50 metric tons : v = 100 km./hour : Total K.E. =s 6*7 kWh. 

1 
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3 .—What driving force is necessary to produce an acceleration of 
A km.lhourfsec. of a train on the level, neglecting the frictional resistance ? 

Answer. —Force in dynes = (mass in gm.) x (acceleration in cm./sec.^) 
28*3 X {G in metric tons) X {A in km./hr./sec.) for translation acceleration. 
The total accelerating force inclusive of the rotary motion = 1*25 X 28*3 
X G X A = 35 GA kg. Thus, if A 0*6 to 1 km./hr./sec., the accelerating 
force is from 21 to 35 kg./ton. 


4. —An electrically operated vehicle of mass M kg, is running on 
the level at a speed of V metresisec. If the vehicle is braked by the 
application of a constant torque, show by means of a diagram the relation¬ 
ship between speed and time, and between kinetic energy and time, 
during the braking period. 


Answer. —When a constant braking torque is applied, the retardation 
will be constant so that the (speed/time) relationship will be given by the 
- straight line ABG in Fig. 2. At 

Htoo-.,^ A-.£. 
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any moment during the braking 
period, at which the velocity is 
V m./sec. the kinetic energy 
will be \MV^ joules, where M 
kg. is the mass, so that the 
(kinetic energy/time) relationship 
will be given by the parabola 
curve ADG, If the total time 
required to bring the vehicle 
to rest is to sec. then in the 
time 0’8?o sec. the speed will 
have fallen to 0*2 of its initial 
value, ' so that the kinetic 


initial value, 
initial value. 


energy still stored in the moving vehicle will then be 
lM{0^2Vy = K0*04MF2) joules. 

That is to say, when the speed has fallen to 20 per cent, of its 
the kinetic energy still remaining will be only 4 per cent, of its 
If, then, electric braking is used to reduce the speed to about 20 per cent, 
of its initial value and the vehicle is brought to rest by mechanical brakes, 
the demand on the brakes will be very small and, consequently, the cost 
of maintenance will be correspondingly reduced. If mechanical brakes are 
exclusively used, however, the wear on the friction surfaces is very great 
and the cost of maintenance high, whilst the powdered dust developed by 
the friction wear may percolate into the rotor structure and seriously impair 
the reliability of the insulation. 
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5f—A train running at a speed of 60 milesihour on the level is brought 
to rest in IftOO yards. Find what 
uniform resistance must be applied to 
the train. 


Answer. —Speed of 60 miles/hr. s=s 

2,680 cm./sec. The retardation wil] 

2,680 . , , 

- cm./sec.^ where 


therefore be 


a = 



t sec. is the time necessary to stop the 
train. The distance travelled is given by 
the shaded area of Fig. 3, that is, — 

S = \v6t = 3,000 X 12 X 2*54 cm.. Fig. 3 

so that / = 68 sec. The retarding force 

2,680 ^ . 

68^9T1^- ^ " 

F = 40 kg./ton = 88 lb./ton. 


t 


is therefore F = M 


6.—At what speed will an engine of 500 horse-power take a train 
of 300 tons weight up an incline of 1 : 80, if the frictional resistance is 
15 lb. weight per ton. 


Answer. —Assume in Fig. 4 
that h is, say, 100 ft., so that d, the 
distance travelled, will be 8,000 ft. 
Then the work done against 
gravity will be Wg = 300 X 
Too = 30,000 ft.-tons ; work done 
against the frictional resistances 


will be 


300 X 15 X 8,000 
2,240 



16,050 ft.-tons. so that the total work done will be 46,050 ft.-tons. 
If t sec. are required for the journey of 8,000 ft., then 


46,050 X 2,240 
t X 550 


=500 


H.P. 


so that t = 376 sec. and, consequently, the speed of travel up the incline 
will be 


8,000 X 3,600 
376 X 5,280 


= 14*5 miles per hour. 


V 
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7 .—A railway waggon weighing 30 tons strikes the buffers at a 
speed of 5 milesihour on the level, and comes to rest in 1 foot. Find 
the mean resistance exerted by the buffer springs. 

Answer.—5 miles per hour = 2*2 metres per second : Mass of waggon 

is X 1,000 = 30,500 kg. Kinetic energy of the waggon 

2,200 

= J MV^ joules = i X 30,500 x 2-2^ joules = 54,500 ft.-lbs. The mean 

54 500 

force exerted by the buffer springs is then -j- 'yo a K ~ weight. 

1 X 


B.—The specific heat of copper is 0Xt94 


kcal. 


kg. “C. 


and the density is 8'9. 


toules 

Express the specific heat in terms of —- — 

c*cm, C. 


Answer.— 1 joule = 0*239. caloric : 1 calorie = 4*18 joules 

1 kcal. = 4,180 joules : 1 kg. copper has a volume = 112 c.cm., 

0*9 

so that the specific heal of copper is 

kcal. 0*094 x 4,180 / joules \ / joules \ 

^ “ 112 VcTcm.T^V ■“ 


9s—Express the c.g.s. unit of mass in terms of joules 


sec.^ 


cm, 


2' 


Answer.— 1 dyne = 1 erg/cm. = 1 gm. — 


cm. 1 kg. cm. 
sec.^ 


*' 10^ sec.^ 


cm. 


, , joule sec.2 
‘ = 10<- cm? 

10.—Express the c.g.s. unit of force in terms of joules/metre. 

1 kff 

Answer.— 981 dynes = weight of 1 gm. = weight of ittt" 

10 ^ 


1 joule =10^ ergs = 10^ dyne-cms. 

1*02 

1 joule/m. = 10^ dynes = kg. 

9.8lM'=,ig. 

m. ® 
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11.—If the cost of coat is 12s. per ton and the heat value is SflOOhad. 
per lb., and if 4,500 heat, are required for the generation of 1 kWh., 
find (t) the thermal efficiency of generation, and (ii) the cost of generation 
per kWh. 


860 

Answer. —(i) Efficiency = 4 ^^ == 19*2 per cent. 

(ii) The total cost of generation involves the fixed charges, the cost of 
fuel, and the number of hours per annum during which generation takes 
place, 

that is, K = + b 


where, h is the number of hours per annum during which generation takes 


place, 

a is the capital cost per kW 
of installed plant, 

p is the percentage for interest, 
depreciation, repairs, management, 
b is the cost of fuel in pence 
per kWh. 

If for example, a = £20 == 4,800 
pence per kW. of installed plant, 
p = 14 per cent., that is, 0-14, 

4,500\ / 144 \ 

3,000/ V2,240/ 

= 0*096 penny per kWh. 



so that 


_ 0*14 X 4,800 
” A 


0*096 


that is. 




(?+«-) 


penny per kWh. generated. 


In Fig. 5 this relationship between K and h is shown. It is to be noted 
that in the case of a water-power station the factor i = 0 , but the capital 
costs are higher than for a steam-driven station. 


f2 .—in a fuel-fired central heating plant 1 fb. of coal of calorific 
value 3,500 kcal. per lb. can produce about 0-9 kWh. of useful heat energy. 
Find the thermal efficiency of the plant. A fuel-fired boiler in continuous 
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service can produce about 2‘25 kWh, of useful heat energy per lb, of 
coal. Find the thermal efficiency. 


Answer.— Since 1 kWh. = 860 kcaJ., the efficiency of the central 
heating plant is 

0-9 x 860 
3,500 “ 

For the fuel-fired boiler in continuous service the efficiency is 
2-25 X 860 


3,500 


^ 55 per cent. 


In comparison with these results it is to be noted that the efficiency 
ot an electric boiler of average size for continuous service is about 97 per 
cent. 



Chapter Df 

STRUCTURE OF THE ATOM : CONDUCTORS AND 
INSULATORS : THE ELECTRIC CURRENT : ELECTRIC 

RESISTANCE 


1 , —Describe Oie constmctionat featares of a dry {e.g. tortdi) battery. 


+ 


m 





Answer. —Such a cell is a form of the Leclanche Cell, and is shown in 
section in Fig. 1. The carbon rod forms the positive pole and the zinc 

container the negative pole. When a 
current is being taken from the cell 
the direction of current flow will be 
from the zinc container to the 
carbon rod, and as it passes 
through the ammonium chloride 
paste (NH4CI) it dissociates this 
substance and releases hydrogen. If 
no special means were provided to 
trap the hydrogen it would travel 
to the carbon rod and form an 
insulating layer on its surface. 
Further, since the hydrogen is 
electro-positive, it would produce 
an e.m.f. directly opposed to the 
e.m.f, of the cell, this phenomenon 
being known as the “ polarisation ” 
of the cell. The layer of man¬ 
ganese dioxide (Mn 02 ), shown in the diagram, enables the hydrogen 
to unite with the oxygen to form water. If the cell discharges at a heavy 
rate, then the hydrogen becomes generated more quickly than the 
manganese dioxide can absorb it so that some hydrogen will reach the 
carbon rod, thus producing some degree of polarisation and consequent 
reduction of the e.m.f. The normal e.m.f. of such a cell is about 1*5 volts. 





CARBON ROD 

Fiff. 1 . 


^INC 

NH4CI 

^PASTE 

Mn02 

AND 

'GRAPHITE 


2. —With the aid of a diagram of connections, show how the internal 
resistance of a cell may be measured. 

Answer.—A diagrammatical sketch of the circuit connections is shown 
in Fig. 2 in which G is a steady source of d.c. pressure and PW is a wire 
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of a cross section which is uniform and such that the length PW is about 
1 metre, the pressure drop V, for this length being about 25 per cent- 
greater than the e.m.f. B of the cell 


(T"' 


/yWV—• 

P2 


.<] 


K which is under test. q 

The cell K is connected to P ijIlllLjr 

as shown, and, through a switch S, c ^ 

to a resistance i ?2 of known value. 

One terminal of a galvanometer or ^ ^ j ~ 

other detector D is connected to p ® 

the negative pole of K and the T W 

other terminal of the detector goes v/v 

to a sliding contact T on the wire _ 

PW. If the switch S is open and ^ 1 

the sliding contact adjusted so that 

D shows no deflection, then if the 

length of the portion PT of the ^ 

wire is /© cms. and the whole length Fig. 2. 

L cms., it is easily seen that 

/o R fy. 

1~ V, . 

If the switch S is now closed and the contact T readjusted so that the 
detector again shows no deflection, the length P7’ of the wire PW now being 
/c cms. then, 

/c Vk 

L F, . 

where Vk is the p.d. across the terminals of the cell K. But, 

Vk = IR2 . (iii) 

where I amperes is the current flowing from the cell through the resistance 
R 2 . If Rk ohms is the required value of the internal resistance of the cell /C, 
then 

£==Vk + /Pk. (iv) 

From equations (iii) and (iv) 

^=''‘('+1).w 

and from (i) and (ii) 

lo E / *\ 

-k = v. ..... 

Eliminating E between (v) and (vi) then gives 




The arrangement shown in Fig. 2 of a graduated resistance wire PW 
of uniform cross section in combination with a sliding contact is generally 
known as a “ potentiometer slide wire.’’ 
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3 .—If the resistance of wire used for a telephone line is 55 ohms per 
mile and its conductivity is 56 siemenslmetre/mm^, find the cross^ 
sectional area. 


Answer. —The resistance R of the wire is given by the expression, 

R = P- 

q 

where R = 55 ohms for one mile of the wire, /= 1,610 metres, and 

y =z ohms/metre/mm.^, so that, 

56 

V = mm.2 = 0‘524 sq. mm. = 0*000812 sq. inch. 

55 X 56 ^ ^ 


4. —What is meant by ** electrolytic corrosion ? How may its 
destructive effects be kept under control ? 

Answer. —^When water is de¬ 
composed by electrolysis, oxygen is 
liberated at the anode and hydrogen 
travels with the current to the 
cathode. If the anode consists of 
a metal such as iron, copper, or 
lead which is attacked by the 
liberated oxygen, a salt of the metal 
forms and becomes dissolved in 
the water so that fresh metal 
becomes attacked until the whole 
of the anode is destroyed by this 
corrosion action (Fig. 3). In 
practice, the most important 
sources of such corrosion are d.c. traction systems in which the running 
rails form the return path for the current back to the power station. In this 
way a potential difference is produced between the distant end of the track 
and the earth so that the current leaks out from into the surrounding earth, 
and such leakage currents will spread in all directions when the ground is 
sufficiently moist. This is illustrated in Fig. 4 in which is shown a lead- 
sheathed cable buried in the earth and running parallel with the tram rail. 
The leakage currents from rail pass into the lead sheath and flow along it, 
eventually emerging to pass to the power station. Where the leakage current 
leaves the cable sheath forms the danger zone of corrosion. 

One method for reducing the danger of such corrosion is to lay the 
cable in an iron conduit which is wrapped with tape and coated with bitumen. 
When the cables are laid in stone conduits, gaps can be arranged to interrupt 
the continuity of the current path in the cable sheath. Regulations made 


A 

+ 


I t 


x: 


WATER 
tru OR MOIST 
— FARTH 


CORROSION 
OCCURS HERE 

Fig. 3. 
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by the.Ministry of Transport ensure that the dangers due to such under¬ 
ground corrosion shall be reduced to a minimum and one method of com¬ 
plying with these regulations is to install a “ negative booster ” in which 
an auxiliary D.C. machine (not shown in Fig. 4), is connected at its negative 
terminal to the distant end of the rail track and its positive terminal to the 
negative pole of the power station generator. In this way the current is 





sucked out of the rail to a sufficient extent to keep the amount by which 
the rail pressure is positive to earth down to a satisfactorily low value, the 
rail current is thus sucked back to the power station by an all-metal path. 
In order to keep the electric resistance of the rails as low as possible great 
attention must be paid to the bonding of the rails. 

The question as to how great a pressure drop may be safely allowed 
along the rails is not easy to answer. For example, a pressure drop of 
from 2-5 volts gives rise at first to considerable earth leak^e currents 
and consequently serious electrolysis effects. Soon, however, the effect 
of polarisation begins to become evident so that the available p.d. for 
electrolysis becomes greatly reduced. In any case, it is nbt considered 
desirable to allow a drop of pressure along the rails greater than from 5 to 
7 volts. 
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5w—Experiment shows that when 1 gm. of hydrogen combines with 
oxygen to form water, 34 kcal. of heat energy are released. If, in the 
electrolysis of water, a current of I amperes flows for t seconds, find: 

(i) The necessary expenditure of energy, (u) The minimum value of 
the applied p.d. for effective electrolysis. (Hi) The energy required to 
release 1 cubic metre of hydrogen atO^ C. and 760 mm. pressure. 


Answer. —(i) The electrochemical equivalent of hydrogen is 1*044 X 
10 “^ gm. per coulomb so that 11 coulombs will release 

I X / (1*044 X 10“^) gm. of hydrogen at the cathode. 

* The energy required to perform this release is / X /{I*044 X 10“"^) x 
34 kcal., and since 1 kcal. = 4*18 X 10^ joules, the energy required is, 

I X ^ (1*044 X 10-^) 34 X 4*18 x 10^ = 1* 47 / x / joule s. 

(ii) If V volts is the minimum pressure necessary for the electrolysis 
then the energy supplied is Vlt joules, so that, 

V —\‘\1 volts. 

and this is the calculated value of the e.m.f. of polarisation shown in Fig. 20, 
Chapter II, page 53. 

(iii) At O'" C. and a pressure of 760 mm. the density of hydrogen is 
0*09 gm. per litre. Since 1 cubic metre = 10^ litres, the mass of 1 c.metre 
of hydrogen is 0*09 X 10^ = 90 gm. 

To release 1 gm. of hydrogen requires 96,540 coulombs, so that to 
release 1 c.metre requires 90 X 96,540 = 8,688,600 coulombs. Since, in 
practice, the necessary applied p.d. is about 1*7 volts, the energy which 
must be supplied to release 1 c.metre is 

1*7 X 0*87 X 10^ joules = 1.48 X 10^ joules, and since 1 kWh. is 
equal to 3*6 X 10^ joules, the required energy to release 1 c.metre of 


hydrogen is 


14*^X 10" 
3*6 x'lO" 


= 4*1 kWh. per cubic metre. 


Further, one volume of oxygen is leleased at the anode when two volumes 
of hydrogen are released at the cathode, so that the energy required for the 
electrolytic production of oxygen ga&is 8*2 kWh. per cubic metre. 


6 .—What quantity of electricity will be necessary to produce one ton 
of caustic soda by the electrolysis of brine. 

Answer. —Caustic soda (NaHO) is produced by the electrolysis of brine, 
that is, a strong solution of common salt (NaCl), the chemical change being 
defined by the equation, 

NaCl = Na + Cl. 

The sodium appears at the cathode and combines with the water to 
form caustic soda and hydrogen is in consequence released and appears at 
the cathode in accordance with the equation, 

2 Na + 2 H 2 O - 2 NaHO + 
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The electrochemical equivalent of soda is 0-0002386 gm. per coulomb 
and one atom of soda (atomic weight 23-05) will combine with one atom of 
hydrogen (atomic weight 1*008) and one atom of oxygen (atomic weight 16) 
so that 23*05 gm. of sodium will produce 40*058 gm. of NaHO. To release 
23*05 gm, ol sodium requires 
23 

6^0002^ coulombs = 9*62 x 10^ coulombs, and this will yield 40*06 
gm. of NaHO. Hence, 

1 ampere-hour — 3,500 coulombs will yield 1*5 gm. of NaHO, and 
the production of 1 ton of caustic soda, that is 
2 240 

X 1,000 = 1*02 X 106 

will require 0*68 X 10^ ampere hours, or 680 amperes for 1,000 hours. 

7. —If the electrochemical equivalents of iron, lead, and copper are 
respectively 0-000289, 0-0010714, 0-00066 gm. per coulomb, find what 
amount of each of these metals will become dissolved in electrolytic 
corrosion by a current of 1 ampere in 1 year, the number of active hours 
per annum being 4,200. 

Answer. —Iron : 1 ampere for 4,200 hours = 4,200 x 3,600 coulombs 
and the weight of iron dissolved by this quantity of electricity is 
0*000289 x 4,200 x 3,600 gm. = 4*3 kgm. 

Similarly, the weight of lead dissolved will be 16*2 kgm., and the weight 
of copper dissolved will be 10 kg. 


8. Show how a logarithmic heating curve may be derived graphically 
from a knowledge of the heating time constant, one point on the 
curve and the final steady temperature. 

Answer.— From the results given on pages 60 and 61, ****'') 


where Z is the heating time constant, 0 the final steady temperature, 
0 the temperature at any time t. When 0 = 0:^^ = ^ and when 0 = 0: 
^ = 0 so that the tangent drawn to the curve at 0 (Fig. 5) will give the 


intercept Ad on the horizontal line through A, If a tangent to the curve 
be drawn at any other point T, the intercept c b will also be equal to the 

^ .* d0] 0^0T , 

time constant Z since i- = tan cb 1 = -and a com- 

dtJe-T cb 

parison of this equation with equation (i) shows that c b = Z. 
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This result leads to a very simple graphical construction for the heating 
and cooling curves when the time constant and any one point on the curve 
is known. In Fig. 6 draw the two verticals M and N N^ distant Z 
apart and mark on N N^ the final temperature 0^. Through the given 

point Y draw a line YP parallel to 


tj-k- 


‘t 


/ 


/ 


o 


TIME t- 


Fiq. 5 


©1 6y, this line will then give the 
slope of the curve at Y so that after 
the small time interval At, the 
temperature will .have risen to 0x. 
Through the point X draw a line 
parallel to 0, 6x, then after the 
element of time ^he temperature 
will have risen to V. The procedure 
can then be continued to obtain the 
whole curve. 

If, when the temperature has risen 
to some such value as 0 a, the rate of 
heating is reduced so that the body 
begins to cool down, and if ©2 is the 
steady temperature towards which the curve tends to cool down, then a 
line drawn through A parallel to ©2 Ov will give the slope at A of the cooling 
curve. After the time interval At the temperature will have fallen to the 
value Ob corresponding to the point B on the cooling curve, and so on. 

It will be seen that 
the curves are con- 
structed by taking 
elementary portions of 
the tangents to the re- 
wSpective curves, and this 
construction is suffi¬ 
ciently accurate for most 
practical purposes, pro¬ 
vided the magnitude of 
the time elements At is 
not greater than 1/5 Z. 

F^or practical pur¬ 
poses, the procedure 
may be made even 
more convenient i f 
the heat supplied to the body is proportional to square of the 
load current, so that altering the current alters the final temperature in the 

ratio / jp I , where ©o is the permissible final steady temperature when 

the load current is lo, and ©, is the final steady temperature to which the 
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curve tends when the current is altered to the value 1;. Then, in Fig. 7, 

the verticals M and N N^ are 


©j 


0 / 




N' 




hO-8/r 


-1 J 
2^0 


N 




drawn at the distance Z apart, and 
the current is marked on N and 
the corresponding temperature is 
marked on M If, for example, 

the current is reduced to the 

corresponding final temperature 
Fig. 7, will be such that 

the height M 0. = 

= J (M 0o). In this way, the 
heating and cooling curves can 
easily be plotted when the corre¬ 
sponding changes of the load current 
are known. 


Fig. 7 


9. —The field coil of a generator has a heating time constant of 20 
minutes and heat is generated at a uniform rate such that the final steady 
temperature will be 80^ C. If the room temperature is 20^ C. construct 
the temperatureftime curve for the first 20 minutes after switching on 
the coil when it is at room temperature* If the current is then switched 
off, construct the 
cooling curve for the 
next 10 minutes. 

Answer. —In 
Fig. 8 are shown the 
required heating and 
cooling curves, and 
these have been 
drawn exactly in 
accordance with the 
procedure described 
in the solution to 
Question 8. It is to 
be noted here that 
since the datum tem¬ 
perature is now the 
room temperature 
of 20® C. the tem¬ 
perature 0 in Fig. 8 is the temperature rise above 20® C. 
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10m— Explain why a mercury-arc rectifier ie not very suitable for 
operating at low pressures. 

Answer, —In Fig. 9a is shown diagrammatically a sealed glass bulb M 
with the anode A (the active surface of which is usually graphite) and a 
mercury pool cathode C. A battery H is connected through a switch S and 
a resistance i?, between the anode and cathode, the path of the mercury 
vapour arc being shown by the arrow. An auxiliary pool of mercury m 
is shown in series with a resistance and a battery K and is used for ignition 
as follows. By tilting the bulb M so that the pool m overflows into C, the 
mercury bridges the gap, the circuit of the battery K becomes closed, and 
a current flows through the mercury bridge. If the bulb M is now restored 


VOLTAGE 



Fig. 9. 


to its vertical position, the mercury bridge becomes ruptured and so gives 
rise to an arc and thus the hot cathode spot on the surface of the pool C 
is produced. If the switch *S is now closed, current from the battery H 
will pass through the bulb M as shown by the arrow. The auxiliary ignition 
battery K is now switched oflF and the current through the bulb is maintained 
by the battery H. In Fig. 9b is shown the relationship between the total 
pressure drop in the bulb and the current. The curve shows that the pressure 
drop is practically constant for all values of the current, a consequence of 
this being that the efficiency of the rectifier arc is practically constant and 
independent of the load. This characteristic of the mercury-arc rectifier 
is one of its very valuable features. * 
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If ^ is the supply pressure, / is the Joad current and v is the pressure drop 
in the rectifier, this being taken to be a constant quantity for all load 
currents, then: 


. Output FI — vl 

“ —pi- 


V-^v 


and is consequently independent of the current 1. This expression also 
shows that, since the total pressure drop v is approximately the same for 
high values of the operating pressure as for low values, the efficiency will 
increase as the operating pressure increases as is evident from the expression 


Efficiency = 


I 

I 


ft .—Describe the principal features of a single^phase mercury^arc 
rectifier. 

Answer. —In Fig. 10 are shown diagrammatically the essential features 
of the circuit connections for a single-phase mercury-arc rectifier The 
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(c) 


primary winding of the transformer T is connected to the source of alternating 
current supply pressure and the secondary winding is provided with a centre 
tapping point which is connected to the terminal thus forming the 
negative terminal of the direct current supply. Two anodes and A 2 
are shown sealed into the glass bulb and the mercury pool cathode C is 
connected to F, which thus forms the positive terminal of the d.c. supply. 
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In Fig. 10 the rectifier is shown as used for charging a batterjrfi, an 
inductance L being shown in series with the d.c. circuit, and the function 
of this inductance will be explained later. The auxiliary ignition circuit 
has not been included in Fig. 10. A little consideration will show that, 
during one half-wave of a cycle of the a.c. supply pressure, the anode 
becomes positive with respect to the cathode C and during the other 
half-wave the anode A 2 will be positive to the cathode C, so that each 
half-cycle will in this way produce a current in the same direction through 
the d.c. circuit. That is to say, a uni-directional, but heavily pulsating 
current, will be produced in the d.c. circuit. 

When the inductance L is omitted from the circuit, the rectifier current 
wave in the d.c. circuit will be as shown in Fig. 10a, from which it will 
be seen that the current falls to zero at the end of each half-cycle, simul¬ 
taneously with the pressure. Now it is a characteristic feature of the 
mercury-arc that if the current ceases even for one hundred-thousandth 
part of a second, the arc will be extinguished and the rectifier will 
consequently cease to function. One means for eliminating this difficulty 
is to include the inductance L in the d.c. circuit, the result of this being that 
when the applied pressure wave falls to zero, the current will not immediately 
cease to flow, because the electromagnetic energy which is stored in the 
inductance will sustain it, so that the current waves are prolonged as shown 
in Fig. 106. That is to say, the cathode hot spot persists whilst the arc 
passes over from one anode to the other. 

The current in the d.c. circuit is obtained by combining the two sets 
of current waves shown in Fig. 106 and their resultant current wave is then 
shown by the heavy line curves of Fig. 10c. It will be seen that at the 
points such as x where the current waves cross, the resultant current is not 
given by the sum of the two corresponding ordinates. Actually, the 
anode A^ will carry the current up to the point x and the arc will then pass 
over to the anode 2 - That is to say, the two anodes will not be in operation 
simultaneously, although a method by which two anodes may be caused 
to be in action simultaneously, is now being used in practice for large 
rectifiers. 

It is seen from Fig. 10c that although the current in the d.c. circuit is 
still strongly pulsating, the fluctuation above and below the mean value of 
the uni-directional current is much less than for the conditions to which 
Fig. 10a applies. A direct current which pulsates to the extent shown in 
Fig. 10a would be of restricted value, except for some special applications 
such as battery charging. For the operation of electric motors, however, 
it is necessary to eliminate the fluctuations to a very much greater degree, 
and this can be done by the use of a rectifier bulb built to operate from a 
three-phase supply system. 
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i2^—Explain the operation of the two-electrode thermionic valve 
{the diode). 


Answer. —In Fig. \\a are shown the essential features of the diode valve, 
comprising an evacuated glass bulb containing a tungsten filament or 
cathode C opposite to which is the anode plate A. Another method of 
arranging the anode plate is shown in Fig. lU in which the filament is set 
along the axis of a cylindrical form of anode. The filament is heated by a 



current from a cell and a battery of cells is connected across the anode 
plate and one terminal of the filament. When heated to the appropriate 
temperature, the filament ejects electrons and these, in the absence of an 
anode pressure, would gather like a cloud round the filament as a “ space 
charge,** thus obstructing further electron emission from the filament. 
When a positive potential is applied to the anode plate, electrons are 
attracted by the plate so that a continuous stream of electrons will flow 
from the filament into the plate and thence, through the battery back to 
the filament circuit. In the normal technical usage, a stream of electrons 
(negative electricity) passing from the filament to the anode plate corresponds 
to a current of positive electricity passing from the anode to the filament. 

If the relationship between the anode pressure and the anode current is 
measured by instruments connected as shown in Fig. 11^;, a graph such as 
that of Fig. 11c will be obtained, of which the portion x j; is practically a 
straight line. When the anode pressure is negative, the anode current 
becomes vanishingly small. When the anode pressure exceeds a certain 
positive value the anode current tends to reach a limiting value which 
corresponds to the condition of saturation^ that is, all the electrons emitted 
from the filament will be drawn into the anode plate at the same rate at 
which they are being emitted, so that no further increase of current can 
then take place by increasing the anode voltage. 

The characteristic of Fig. 11c shows that the diode valve has a rccti^iV^ 
property and it is consequently used for the detection of radio waves as 
well as for converting alternating current into direct current. 
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13b—S haw haw a three-ekctrade thermianic valve (a triade) mqy 
be used as an ampttpsr. 

Answer. —For this purpose the three-electrode valve can be connected 
as shown in Fig. 12. In between the anode plate and the cathode filament 
the third electrode, viz., the “ grid,'’ is sealed into the glass bulb. This 
electrode is a perforated plate such as a strip of wire mesh or a zig-zag 
arrangement of wire, and is connected to a battery by means of an adjustable 
potential slide resistance so that the grid is maintained at a negative pressure 
with respect to the filament, the value of this negative pressure being termed 



F%g. 12 Ftg. 13 

the “ grid bias.” Across the anode and the filament is connected a battery 
in series with a resistance R\, If the relationship between the grid pressure 
and the anode current is plotted, a curve such as that shown in Fig. 13 is 
obtained. 

A range of the curve, e.g., x to y, is practically a straight line, so that if 
the pressure which is applied to the grid is varied within this range the p.d. 
across the anode resistance will vary proportionally, that is, if the grid bias 
is set to correspond about to the mid-point c of the straight line portion of 
the characteristic of Fig. 13, and if an a.c. voltage be applied across the 
grid so that its amplitude remains within the range xy of the characteristic, 
then the voltage which will appear across the anode resistance will vary 
exactly proportionally, and with an increased amplitude. In Fig, 13 the ratio 

yk _ change of anode current 
xk change of grid pressure 

is termed the mutual conductance gm of the valve, and, for brevity, is 
sometimes referred to as the “ slope of the valve.” 

In the normal types of valves as used for post-office repeaters the ratio 

impressed a.c. voltage on the grid ^ about ^ 
a.c. voltage across the anode resistance ^ 10 
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and, consequently, the amplification factor is 10. A higher degree of 
amplification can be obtained by substituting a “ step-up transformer 
for the anode resistance Ra. 


14,—How may the cathode-glow discharge be tqtpUed as a surge 
arrester ? 


Answer. —It is an experimental fact that 
if the gap between two disc electrodes across 
which a p.d. exists is reduced say from a few 
mm., the breakdown voltage at atmospheric 
pressure of the air-space between them will 
be reduced until a minimum value of about 
350 volts is reached, even when the gap is 
reduced to about 0.01 mm. 

If the discharge between two electrodes is stabilized when the gap width 
has this critical value, it is found that a p.d. of about 300 volts is necessary 
to maintain the glow-discharge. When the striking pressure is 350 volts, 
the pressure will fall to 300 volts when the discharge is established, and 
when the pressure falls below this value the discharge will cease. 

In order to stabilize the discharge, a special resistance material is used 
formed of semi-conducting crystals with a binding mixture containing a 
small amount of conducting substance, and the volt-ampere characteristic 
of such a synthetic material is shown in Fig. 14 (plotted to a logarithmic 
scale). It will be seen from this graph that for an increase of current from 
1 kA. to 50 kA. the pressure rises only from 4 kV. to about 10 kV. 

In Fig. \Sa is shown a part of the assembly of discharge gaps as applied 
to a surge arrester, and Fig. 156 shows the glow-discharge between the 



Fig. 14. 


NEGATIVE 

GLOW 



MICA 

RINGS 


CATHODE 
RESISTANCE 
PLATES 


FARADAY'S 
DARK SPACE 



M (i>) 


W 


Fig. 15. 



CONDUCTION THROUGH GASES 


21 


electrodes. In practice, a spark-gap is connected in series with the arrester, 
and the breakdown of this spark-gap initiates the glow-discharge. Fig. 15c 
gives the pressuie characteristic of the discharge showing the effect of the 
critical gap pre$sure of 300 volts. Recent experimental results have shown 
that this type of surge-arrester can carry a current of 300,000 amperes without 
being destroyed, and there is good reason to believe that it will be capable 
of protecting a transmission line against direct lightning strokes into the 
line, thus eliminating the most potent menace to the continuity of high 
tension power transmission systems. 

f5 .—Give cat account of Townsend*s avalanche ** theory of the 
breakdown of a spark-gap. 

Answer. —The mechanism of the electric spark discharge has been the 
subject of intensive research for many years and the problem has proved 
to be an extremely difficult one to unravel since it involves the simultaneous 
operation of many interactions of electrical particles which contribute to 
the transformation of the initially insulating gas into a medium of relatively 
high conductivity. J. S. Townsend gave a simple account of the 
“ avalanche process by which a spark-discharge is evolved, and this is 
recognized in principle as a true statement of the facts. It was, however, 
soon realized that this description was not complete since, for example, it 
does not cover the case of a spark-discharge in a gas at atmospheric 
pressure and such a case is of outstanding importance from a technical 
point of view. 

The following is a brief description of Townsend^s theory. Suppose 
a plate condenser has air at a low pressure as the dielectric, and assume 
that there is applied to the plates a p.d. of slightly greater magnitude than 
the breakdown pressure. If, now, an electron is released from the negatively 
charged plate, say by irradiation by an ultra-violet ray, this electron will 
begin to travel towards the positively charged plate, and on its journey will 
ionize the air by impact and, together with the secondary 
electrons so released, will give rise to an “ avalanche-like ” + 

growth of the total number of released electrons since each 
one will, by impact, release another group and so on. 

I'he initial process of formation of this avalanche can be 
made visible by means of Wilson’s “ cloud-chamber ” 
and its characteristics (speed, diameter,, etc.) can be 
determined in this way. In Fig. 16 is shown such an 
avalanche growth and this diagram has been drawn from 
a photograph which was taken by means of the cloud- 

chamber. The principle of operation of this experimental _ 

appliance is this : When a dust-free gas is saturated j^ig, 16 . 

with water vapour, there will be produced, at a certain stage 

of cooling—and this can be obtained by a rapid expansion of the gas—a 
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condensation of the water vapour on the positive and negative ions and this 
condensation takes place more readily on negative than on positive ions. 
In this way the path of the impact ionizing electrons become visible by 
condensation of the water vapour (i.e., the cloud) on the ions so formed 
and the effect can be photographed. 

The foregoing description of Townsend’s theory of the mechanism of 
a spark-discharge leads to results which are in good agreement with actual 
observations when in the region of low gas pressures, that is, up to about 
100 tor* with 1 cm. distance between the electrodes. At higher values 
of the gas pressure—or more correctly expressed, for values greater than 
1,000 tor-cms. (pressure in tors X gap electrode in cms.), cloud-chamber 
observations show that at a certain critical increase of the electric field 
intensity, the initially formed avalanche changes during its travel, to a 
channel-form of discharge. One consequence of this extended account 
is that it explains the much shorter building-up time required at high gas 
pressures than the Townsend theory can account for, and it makes clear 
what means can be provided to control the speed of discharge and thus 
achieves a result which is of very great technical importance. 

16m—G ive an account of the principal phenomena associated with 
an electric arc. 

Answer. —A typical arc characteristic is shown in Fig. 17, in which 
Vig. denotes the pressure which is necessary to start the arc across a gap. 
The current then increases and the arc pressure falls in accordance with 
the curve A B. If the current is reduced, the arc pressure rises according 


t 


Fig. 17. Fig. 18. 

to the curve B C, so that when the arc becomes extinguished the pressure 
across the gap is Vqu, the “ quenching pressure.” This exceptional 
relationship between the pressure and current of an arc requires a special 

• The pressure of a column of mercury i millimetre high is i tor. 

A column of mcS'cury at o^C. of i sq. cm. cross section and 76 cm. high is x.03 kg./cm^. 

I Physical atmosphere «z Atm. 700 tor. 

X Technical atmosphere «>x at»i kg./cm^. 
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treatment of the circuit performance in all cases in which an arc is comprised 
in the circuit, and it is of paramount importance for the study of circuit- 
breaker and fuse performance. 

The relationship between pressure and current for a steadily burning 
arc can be taken as an average between the two branches shown in Fig. 17, 
and two such characteristics are shown in Fig. 18 for arcs of different lengths, 
between copper electrodes. This relationship may be expressed by the 
equation 

V = a + j 

from which it is seen that the pressure falls as the current increases in 
accordance with a hyperbolic law. The constants a and 6 depend upon 
the length / of the arc, viz., 

a =a + y Z 

b=fi + dl. 

For an arc between copper electrodes Riidenberg gives 
a = 30 volts : y = 10 volts/cm. 

^ = 10 volt-amperes : 5 = 30 volt-amperes/cm. 

The general nature of the arc characteristic may be accounted for as 
follows : The pressure drop between the arc electrodes has the character 
shown in Fig. 19. That is to say, the total pressure drop comprises the 

anode drop va, the cathode drop Vc, and the 
drop VI in the arc column. The anode drop 
and the cathode drop are each dependent to 
some degree upon the current strength, whilst 
the drop in the arc column is very nearly 
proportional to the length of the column. 

From the incandescent tip of the cathode, 
electrons stream out under the action of the 
electric field between the electrodes. The 
electrons strike the neutral molecules in 
their path and ionize them and the x:omponent 
parts of the ionized molecules then move 
towards the respective electrodes under the 
action of the electric field and bombard them; viz., the negative particles 
move at a high speed towards the anode and the positive components, 
being much heavier, move at a correspondingly slower speed towards the 
cathode. This bombardment gives rise to incandescent areas on the 
respective electrodes, and if this sequence of events reaches a stable 
condition, the arc persists, if not, the arc will be quenched. It follows, 
therefore, that it is not possible to maintain an arc having any given values 
of current, pressure, and length, but that there is a definite relationship 
between these quantities which is termed the “ arc characteristic.*’ The 
movement of the electric particles to the respective electrodes results in a 
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massing of electrons near the anode and of the positive ions near the 
cathode, and it is this concentration of the particle which gives rise to the 
respective drops at the electrodes. About 80 per cent, of the current in 
the arc is accounted for by the travel of the electrons. 

The temperature of the incandescent spot on the cathode for a copper 
arc is from 2,000° C. to 3,000° C. and for a carbon arc is from 3,000° C. to 
4,000° C., it being observed that since copper is a very good conductor of 
heat, the temperature of the incandescent spot is cooled by the metal in its 
neighbourhood, whilst carbon, being a relatively poor conductor of heat, 
the cooling effect on the incandescent spot is very much less. The 
temperature of the gas in the arc is from 8,000° C. to 10,000° C., the lower 
value being obtained for small values of the current and the higher value 
for‘greater current strengths. 

The current density at the cathode spot is generally some thousands of 
amperes per sq. cm., whilst for carbon arcs it is some hundreds of amperes 
per sq. cm. The carbon arc produces the highest temperatures which 
so far it has been found possible to produce by any known technical means, 
and the energy content of the arc per unit volume, that is, the “ specific 
energy,” is considerably higher than that which can be obtained in any 
other known type of furnace. 

For a carbon arc the cathode pressure drop Vc is about 10 volts and 
occurs over a length of about 10 "^ cm.; that is, there is a pressure gradient 
of about 10 ^ volts per cm. and the current density at the cathode is about 
500 amperes per sq. cm. The positive ions near the cathode therefore 
acquire a speed which corresponds to this enormous pressure gradient and, 
striking the cathode with great energy, raises the temperature to the boiling 
point. This impact of ions on the cathode produces an emission of electrons 
which move away at a very high speed under the high pressure gradient in 
the neighbourhood. The magnitude of the electron emission is governed 
by the nature of the material of the cathode and its chemical composition. 
If the cathode consists in part of metallic oxide for which the energy of 
emission is small, the cathode drop will be correspondingly small. 


t7 .—What is the Jnlemational Electrotechnical Commission (I.E.C.) 
definition for the specific resistance of standard soft copper? From this 
definition derive the temperature coefficient at 0° C. 

Answer. —The specific resistance of standard soft copper is defined as 
follows: 

At a temperature of 20° C. a soft copper wire 1 metre long and of uniform 
cross section of 1 sq. inin. has a resistance of l/58th ohm, that is 0-01724 ohm. 

The density at 20° C. is 8-89 gm. and the temperature coefficient is 25 ^ 
that is, 0-00393 per T C. 
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It follows from this definition that the resistance at 20° C. of a standard 
soft copper wire of uniform cross section, of length 1 metre and mass 1 gm., 
is (0’01724 X 8*89) = 0*1533 ohm. (See British Standard Specification 
No. 125.) 

The expression relating the specific resistance and the temperature is 

/>At = P2o(l + 

that is 

/>At = ^ (1 + 0*00393At) 

where At is the temperature rise above 20° C., so that 

= R2o( 1 + 0*00393At) 

At 0° C.: At = — 20° C., so that 

p„ = ^8 (1 - 0*00393 X 20) = ^ x 0*9124 = ^ 

Hence, the temperature coefficient at 0° C. is given by the equation 

p 20 = Po I 1 + (« X 20) I : or = g^(l + 20 a) 

from which it follows that the temperature coefficient at 0° C. is 

a = 0*0042 per 1° C. 


18. —Derive an expression which shows how the temperature rise 
of a coil which carries a current of I amperes depends upon the way in 
which the temperature coefficient of the material of the wire varies 
with the temperature. It is to be noted that the cooling is assumed 
to be forced so that the radiated heat is negligibly small as compared 
with the heat which is dissipated by convection. 


Answer. —^WTien the temperature has reached a steady final value 
the heat energy supplied will be equal to the heat energy dissipated, so that 
W = po/\t = PR,(\ + a X AO ^ 
and the final temperature rise will be 


A^ = 


1 



(i) 


where /?o is the heat dissipated per TC. temperature rise (that is, the 
jspecific cooling constant X cooling , surfaceJ), 

PRa is the heat energy generated per second for a resistance /?a at 15°C. 
a is the temperature coefficient at 15°C., viz., a = 0*004 for copper 
and 0*00384 for aluminium. 
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(i) In order to give a final 



Fig , 20. 


temperature rise (for example) of 100°C. 
let the current be / = 1 unit. If 
the temperature coefficient a is 
neglected then 

Po 

that is, the temperature will be 
directly proportional to the square 
of the current so that, for 
example, if the current is in¬ 
creased to I = 1*2 units, the 
temperature rise will be 1*44 units 
or 144° C. In Fig. 20, Curve 1 
shows the relationship between 
current increase and final tem¬ 
perature obtained in this way. 

(ii) When the temperature 
coefficient a is taken into 
account, the conditions are 
widely different. The steady 
temperature will then be reached 
when 


R, 




+ a X A* 


At 


) 


so that for 7 = 1 : == 100 : ^ = 0-14, and consequently the temperature 

xva 

rise for any other current will be 

1 


0^4 

■/2 


— a 


(ii) 


that is, if 7=1.2, then A^=1’7 instead of T44 as found in the previous 
case when the temperature coefficient was neglected. The curve 2 in Fig. 20 
shows the relationship between temperature rise and current as derived in 

this way. For example, the equation (ii) shows that when = a, that 

is, when 72 = 3*5:7= 1*7 and the temperature rise is infinitely great. 


19b—D escribe some modem form of the carbon microphone. 

Answer. —^The carbon contact type of microphone was first applied 
as a telephone transmitter by Prof. Hughes in America, and comprised a 
carbon rod supported at each end by a recessed carbon block. For many 
years this device was the basic principle for further microphone development. 




THE CARBON MICROPHONE 


27 


9 


In the form used by Hughes, however, it was subject to many dis¬ 
advantageous features, and in its original form it was little more than a 
laboratory appliance. The point-like contacts of the carbon rod were not 
stable in operation, and the least irregularity in its setting, or the least 
particle of foreign matter in the contacts, was sufficient to put it out of action. 
It was also extremely sensitive to noise in its vicinity, and this could greatly 
obscure the intelligibility of the speech 
sounds. In consequence of these defects 
efforts were directed to the use of multiple 
contacts, and a modern type of such an 
arrangement is shown in Fig. 21. 

A base of nickel-plated brass supports 
an insulated plate of carbon which forms 
one electrode. In the upper surface of 
this carbon plate a trough-like recess is 
formed to hold carbon granules. These 
granules are about 1 mm. in diameter and 
are held in the recess by a carbon 
diaphragm which is fixed slightly in front 
of the carbon plate and forms the other 
electrode. A perforated protecting disc 
is sprung into position in a groove in 
the rim of the brass supporting frame 
and so holds the carbon diaphragm at Fig. 2i 

its rim. The resistance of the micro¬ 
phone when not in operation is from 10 to 40 ohms. 

20.—A source of JD.C. supply of which the e.m.f. is E volts and 
the resistance is ohms is connected to a consumer's load of 
resistance Kx ohms. Find (i), the conditions for 
t , M — which the maximum power is delivered to the 
< i consumer, and {ii), the efficiency of the supply 

system under these conditions. 

Answer. —^The circuit diagram for the- given 
p conditions is shown in Fig. 22. 
nr (i) The power supplied to the consumer’s 

terminal AB is 

im^ watts 

where 
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Fig, 22 


Hence the consumer’s power may be expressed as 
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and this quantity will be a maximuri) when 


d 

dR. 



= 0 


from which it is found that for a maximum 


R% — Ro 

that is, when the internal resistance of the source of current supply is equal 
to the consumer’s load. 

(ii) The efficiency of the supply for the condition Rx=R is 

r? 0 / ^ Outpu t power ^ fR . 

° Total power consumed i%Ro + Ri) 

and, inserting Rx=Ro gives 

n2] = 50% 

for maximum power to the consumer. 



Chapter III 

COULOMB’S LAW : FIELDS OF ELECTRIC FORCE : 

POTENTIAL 


I 0 —When the insulation between an overhead transmission line and 
the supporting mast fails, a current will flow to earth and, for many 
purposes, a sufficiently good approximation can be obtained by assuming 
that the current passes into the earth through a hemispheric surface 
bedded in the earth and representing the foundation of the mast. Obtain 
expressions for the resultant current density and the pressure drop 
per centimetre at points in the neighbourhood of the base of the mast 
and relate these quantities to corresponding quantities for the electric 
field due to a charged sphere. 


Answer. —Fig. 1 shows the equivalent hemispherical surface of diameter 
D cms. through which the current from the live mast is assumed to enter 
the earth, the total earth current which thus passes through this electrode 
being h amperes. Fig. 2 shows an insulated charged sphere of diameter 
D cms., the charge on the sphere being 2Q electrostatic units so that the 
charge on one hemisphere is Q electrostatic units. 

It may then be said that the total earth current le which is the source 
of the current density ix in the earth at a point distant x cm. from the centre 
of the hemispherical electrode, corresponds to the charge Q on the hemi¬ 
sphere which is the source of the density of electric charge gk at a distance 
X cm. from the centre of the sphere. 

In the accompanying Table, a series of such corresponding quantities 
is given and these provide a helpful means for solving a ^number of problems 
relating to earth currents to which overhead transmission lines give rise. 
It is to be noted, for example, that the “ diffusion resistance ” i?u ohms 
as defined in item (v) of the Table is such that when the potential Vi volts 
of the live mast with respect to earth is known, then the ratio 


Vi 

Ru 


= le amperes, 


and is the total earth current which flows to earth from the mast through 
the hemispherical electrode as shown in Fig. 1. By relating this diffusion 
resistance to the reciprocal of the capacitance of a similar electrode, as 
shown in the Table, the total current flowing to earth through various 
different types of electrodes can be written down at once since the corre¬ 
sponding capacitance is known from standard formulae. The practical 
significance of this procedure will be seen from the numeric data given 
in Example 4 (See also T. F. W. “ Engineering,” p. 478, May 10, 1940). 
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2.—A$8mning the current from a live maet radiatee from a 
hemispherical surface bedded in the earth, find the potential and die 
current density at a point distant x cm. from the centre of the hemisphere. 


Answer. —From the Table (see solution to Question 1), the current 
density at a point distant x cm. from the centre of the hemispherical 
electrode is, 

tx = amperes/cm.* 

so that the pressure drop in volts per cm. at this point will be 

Vx =2 stx = volts/cm. 


where s is the specific resistance of the earth in ohms/cm./cm. 



The pressiue rise at any point distant x cm. from the centre of the 
hemisphere will be 



00 


and this relationship between Vx and x is shown in Fig. 3. 

The diffusion resistance at a point distant x cm. from the centre of the 
hemisphere is 

(Ru)x - =^Ohm8 

5 

and at the surface of the hemispherical electrode is Ra = ^ ohms. 
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3 .— An animal is standing in the neighbourhood of a live mast. Find 
the magnitude of the p.ff. which will be short-circuited by die body of the 
animal. 


Answer. —In Fig. 4 the span of the animal is shown as G cms., so that 
from the results obtained in Example 2 the p.d. which is short-circuited 
.by the animal is 

X + G X + G 

‘ sh r dx shG 

Vidx — 7 i- I — = ;;- ;—volts 


(i) If X is large as compared with G, then Vg 

(ii) If the animal is standing near 
the live mast, then 


2jix (x -f- G) 
sleG 


Inx^ 


volts 


so that 
Fg = - 

ji 


D 

Gsh 


volts 





{D)(D + 2G) 

As regards danger to life from such 
potential differences, experiment has 
shown that it is the current through 
the animal which is the criterion of its 
danger. The magnitude of the short-circuit current so obtained is dealt with 
in Example 4. 


Fig . 4 


4,—A man is walking tn the neighbourhood of a live transmission 
mast. Find the magnitude of the current which will pass through his 
body. 

Answer. —Suppose the foot of the man is taken to be equivalent to a thin 
flat disc of diameter d cms. and as an extreme case assume that the resistance 
of the man's body can be taken to be relatively of neglibly small value, then 
from the results given in the Table (see solution to Question 1), the 
diffusion resistance of such a disc will be 

I? — ^ _ 5 

where Cd is the capacitance of the electrostatic field due to one side of the 

4 ^ 

thin disc (see Chapter IV, page 103, Example 5, Fig. 6), and j = —. 

s 

Then for the man's two feet in series the total diffusion resistance will be 2Ru 
so that the p.d. Vg which is short-circuited by the man's body will be 

Vg = 2RJg =4-/6 
a 
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But it has been shown in Example 3 that 

= -r-X 


sit 


x(^x -|- G) 2/71 

where G cm. is the length of the man’s stride so that, combining these 
two equations, 

■ h- '• 

»<» + G) 2i. 

If the distance x from the live mast is great in comparison with d then 
" /g ^ J. Gd 

7e 2jt 


If, however, one of the man’s feet rests at the extremity of the equivalent 

diameter D so that jc = ^ then the short-circuit current will have its 

maximum value, viz., 

(/g) max. ^ 2 Gd 
/e 7t D(D -j- 2G) 

If the man stands with one foot at the extremity of the diameter D and 
touches the mast with his hand, then the diffusion resistance of the earth 
becomes Rn instead of 2Ru as in the foregoing cases, and the short-circuit 
current will then have twice the value given by the foregoing equation. 

Suppose D = 2 metres and tlie stride G = 1 metre, and take d == 0-2 
metres, then 

(/g) max. ^2 Gd _ 2 n X' 0*2| _ - , 

/. n D(D + 2G) 71 \ 2(2 + 2)1 ' 

If 0*1 ampere is taken to be a fatal current, then the earth current It flowing 
from the live mast must be 


0016 0-16 


to be safe. 

The danger-zone X in the neighbourhood of the mast may be obtained 
from the equation 


It 


L 9 ^ 

%i 


so that X = 




Gd h 

2n Ig 


or, taking the foregoing numerical values and a mast earth current of 100 
amperes, then _ 

^ 7 1 X 0-2 X 100 , , ^ 

A = V — / n ~ i — = 5-7 metres. 


2jc X 0-1 


For large transmission systems the earth current may be as high as 
1,000 amperes and the fatal range for such a current will be a radius of 
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about 18 metres round the mast; a fatal shock may then be obtained any¬ 
where within that region. If the earthing of the mast is made deeper so 
that the centre of the equivalent hemispherical electrode is correspondingly 
deeper, the range of the danger zone may be somewhat narrowed. 


5. —A sphere of 1 cm. diameter is charged wipi 5 electrostatic units 
of positive electricity and is suspended by an insulating support at a 
height of 1 metre above a large flat metal plate placed on the ground. 
Find the force exerted on the metal plate and the potential of the sphere. 


Answer. —Referring to Fig. 5, which shows two spheres of equal radius 
and with equal and opposite charges of quantity Q electrostatic units. The 
force on one electrostatic unit of electricity at P distant x cm. from the 
centre of the upper sphere and (a — x) cm. from the centre of the lower 
sphere, is ^ ^ 


The work done in moving this unit 
charge from the surface of the upper 


tO" 

h 

J. 

Fig, 6. 



sphere to the surface of the lower sphere, that is from x djlXo x (a — ^//2), 
is 

If rf is small with respect to a, this expression becomes 

= 4 J ergs, 

and this is the p.d. between the two spheres expressed in electrostatic units. 

In Fig. 6 is shown a metal sphere of diameter d cms.,'fixed with its 
centre h cm. above a large flat metal plate, so that the electric field in Fig. 6 
will be precisely the same as the electric field in Fig. 5 between the upper 
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In Fig. 8 the traces of the equipotential surfaces are shown in full 
lines for the case in which two concentrated electrostatic units of positive 
electricity are placed at A and B respectively, where AB = 5 cms. 

The lines of force are given by the equation (see Fig. 7) 

cos 0 — cos 01 = a constant 

and are shown by broken lines in Fig. 8. The derivation of this equation 
for the lines of force will be clear from page 81, “ Principles of 
Electrical Engineering. The point C is midway between the points A and B 
and the equipotential surface through this point forms a double symmetrical 
loop, the potential of points on this loop being 1*6 electrostatic units. For 
points at a higher potential than 1*6 units the equipotential surfaces are 
two separate surfaces, viz., one in each part of the double loop through C. 

7 .—Give an account of the main types of insulation materials for 
heavy and light current work respectively. Describe the principle of 
one method of testing the insulation strength by means of high tension 
rectified alternating current pressure. 

Answer. —For the reliable and economical operation of electrical 
machines and apparatus, a fundamental requirement is the choice of suitable 
dimensions and the economic utilisation of the insulation material. From 
the point of view of electric strength, the quality of the insulation is 
ascertained by means of electric breakdown tests. 




TEST 

SAMPLE 


The most commonly used materials for heavy current work for the 
insulation of conductors is cellulose in the form of paper or cotton. In 
addition, for small motors, and the tiny motors which are built for special 
services, enamelled wire is available, whilst for high temperature require¬ 
ments, asbestos, mica, and heat resisting enamel can be used. For light 
current work, according to the purpose in view, the insulation materials 
available are paper, cotton, artificial silk, enamel, rubber, and, latterly, 
synthetic sheet materials such as zellophone. 
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The insulation material is applied to the conductor in the form of thread, 
tape, or sheet, usually in several layers bound together with suitable adhesive 
material. The insulation material may also be applied by fusion or by 
pressure. For the requirements of special conditions of operation, the 
insulation may be built up from several different materials. The thickness 
of insulation depends upon the material used and on the diameter of the 
wire, and may be from 0-01 to 1 mm. During the insulating process or 
subsequently, when the insulated conductor has been assembled in position 
in the machine or apparatus, the mechanical and electric strengths of the 
overall insulation may be increased by embedding in compound or in 
insulating oil. 

In order to test the electric quality of an insulated conductor, samples 
are subjected to electric breakdown tests. In the case of all solid insulating 
materials the breakdown strength of the insulated conductor depends 
upon (i) the type of applied pressure, (ii) the rate and the time for which 
the pressure is applied, (iii) the type of electrodes used, (iv) the impregnatiqn 
process which has been used, (v) the temperature of the conductor, (vi) the 
thickness of the insulation. 

In Fig. 9 are shown the circuit connections for insulation testing by means 
of rectified alternating current pressure. The secondary winding of the 
alternating current transformer is connected through two rectifying ther¬ 
mionic valves (diodes), and a smoothing condenser is shown at C. The 
breakdown strength can be measured by means of the voltmeter on the low 
tension side of the transformer, provided the whole equipment has been 
previously calibrated. Otherwise, the breakdown pressure may be measured 
at the rectified A.C. terminals by means of a spherical or plate spark-gap 
equipment. 

8 .—Give an account of the electron theory of the action of a crystal 
detector. 

Answer. —The crystal detector for the reception of electromagnetic 
waves was discovered by Dunwoody in 1906 and, on account of its simplicity, 
sensitivity and cheapness has been very widely used by amateurs for radio 
reception purposes. It was found that carborundum (a carbide of silicon) 
crystals had the property that when in contact with another conductor the 
conductivity across the contact was greater in one direction than in the 
other and, consequently, it could be used as a rectifier. Subsequently, 
it was found that many other pairs of conductors had the same property. 

The explanation of this effect is not yet fully understood, but the most 
satisfactory theory yet advanced is that of Schottky which can be briefly 
explained by reference to a mechanical model as follows. In Fig. 10 is shown 
a shallow dish in which are a number of small shot in a state of continual 
movement. If some of these tiny balls have a higher velocity than others, 
only those which have a sufficient velocity will be able to reach the rim and 
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to escape. In order to enable a greater number to escape it is necessary 
eitivet to mctease their velocity or to reduce the depth of the dish. 

The dish in this model represents the inequalities in the surface of a 
conductor, and the tiny shot represent the electrons. If an electric field 
is impressed on the conductor, the velocity of the electrons will be increased 
so that more will be able to reach the rims of the hollow places. For a 
completely smooth surface, for example, in the case of tungsten, a field 
strength of 1-4 x 10® volts per cm. is necessary for this purpose. Actually, 
however, such a completely smooth surface is not realizable in practice, 
and hollows of 10“® cm. can be detected by the microscope, whilst it is 
certain that there is a profusion of such depressions of depth less than 
10“® cm. Owing to the concentration of the electric field at the edges of a 
conductor, a smaller average applied electric field intensity than would 
othertvise be necessary is sufficient to produce an overflow of electrons, 
viz., for tungsten, an intensity of about T8 X 10^ volts per cm. 



Figr^ 10 . Fiff, 11 . 


In a detector, two electrodes are in extremely close contact and, 
according to Schottky, the action may be represented by the use of two 
shallow dishes, which are so close together that their rims coalesce as 
shown in Fig. 11. If the depth of the two dishes are the same, then an 
equal number of electrons will pass from A to B as will pass in the opposite 
direction. If, however, one dish is deeper than the other (say, A is deeper 
than B), then more shot will pass from B to A than in the reverse direction. 

In the contact of two dissimilar conductors, the free energy of the 
electrons corresponds to the depth of the dish, and accordingly more 
electrons will be able to pass in one direction than in the other. By 
altering the strength and direction of the impressed electric field, the 
effect corresponds to an alteration in the relative depths of the two adjacent 
dishes of Fig. 11. This electron theory satisfactorily accounts for a large 
number of observed facts of the operation of such detectors, but requires 
a modification in some respects to be completely in accordance with the 
observed phenomena. 
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CAPACITANCE 


DIELECTRIC CONSTANT; ENERGY OF THE 
ELECTRIC FIELD. 


1 r~^ 

rp. 




Fig . 1 


f .—A condenser discharges through a resistance and spark-gap in 
series. Obtain the current and pressure relationship showing how the 
time taken for the condenser to discharge may be found. 

Answer. —When the pressure of the condenser C of Fig. 1 is equal to 
the ignition pressure of the spark gap (see Example 16, Chapter II), the 
arc will start across the gap and the subsequent 
course of events will be as seen from the following 
considerations. In Fig. 2 is shown the arc charac¬ 
teristic with its two branches A B and B C, where 
A defines the ignition pressure v^g and C the 
quenching pressure Vqn- The resistance characteristic, 
viz., = iR is shown by O D and is drawn 
below the abscissa for convenience. The pressure 
across the condenser at every moment will be 
defined by the equation + ^aic. At the instant of ignition the 

arc pressure will immediately fall (at a very high speed) from the ignition 
pressure to the value defined by the point B, so that the broken-line curve 

A B of Fig. 2 will be traversed in a 
time which may vary from a few 
millionths of a second to a few 
thousandths of a second and the 
arc proper will start at the point 
B with practically the full ignition 
pressure, the current then having 
its maximum value I amperes. 
The condenser pressure will then 
fall due to the flow of current, and 
the full-line branch of the charac¬ 
teristic will be traversed up to the 
point k at which point the condenser 
pressure reaches its minimum 
value, that is to say the intercept 
Vco between the arc characteristic 
and the resistance line O D 
reaches a minimum. The arc 
current then also reaches its 
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minimum value since any further fall of current would mean a rise of 
the condenser pressure which is impossible, and consequently the arc 
goes out. There will then be a residual charge left in the condenser 
corresponding to the pressure Vco. 

The time taken for the whole sequence of events to be accomplished 
can be determined graphically as shown in the diagrams of Fig. 3. Thus, 
the quantity of electricity in the condenser at any moment t will be ^ = Cvc 
so that the current will be 


, = ^ ^ C 


dt~'' dt 

and consequently, the time for which the arc 
persists is 

.- 

This integral may be evaluated as shown 
by the diagrams (a), (b), (c) and (d), of Fig. 3. 
The range of operation of the arc discharge is 
shown by the shaded area of Fig. 2 and the 
corresponding values of the condenser pressure 


Vig. 




0 


^; _ 2lA 

- 1, 



’n 1 

_ 




4^1 
X 


z 








(a) 


1 


(b) 


(i) 



Fig, 3 


Vc are shown in Fig. 3 (a) as a function of the current: the resistance 
characteristic line being shown by O D, In Fig. 3(b) the condenser pressure 

Vc is given as a function of i so that, for any point X, the corresponding time 

occupied is given by the shaded area x y X z and the value of this area is 

/ t 

is consequently proportional to the time as defined by 


the equation (ii). In Fig. 3(c) the time so found is plotted as a function of 
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the condenser pressure and the current/time curve of Fig. 3(d) is then 
easily derived from the graphs of Figs. 3(a) and 3(c). For all the four 
diagrams the point X for example is a corresponding point. 


2 . —A condenser is charged from a source of direct current by means 
of an arc across the switch gap. Give an account of the ourrent and 
pressure relationships and derive an expression for the time taken 
to charge the condenser. 



Answer. —This type of condenser charging process (Fig. 4) is met with 
in practice in high tension circuits when a spark jumps across the contacts 
as the switch is being closed. As in Example 1, the arc characteristic is 
shown by the curve B C in Fig. 5 and the resistance characteristic line O D 
of Fig. 1 is shown by V B. The relationship between the applied pressure 
V and the component pressures of the circuit is given by the equation, 

F = + z;c + z^arc 

so that, 

e;© =:= F — % ^^arc = F — Z>arc.(i) 

The arc will go out when the condenser pressure Vc becomes a maximum 
and that value will be reached at the point k at which the tangent drawn 
to the characteristic curve is parallel to the resistance line characteristic 
O D. If the arc were to persist beyond this point that would imply a decrease 
of condenser pressure and a consequent reversal of the direction of the 
current, which is impossible. When the arc is extinguished at the point k 
it is seen, from the diagram that the condenser pressure is very much less 
than the applied pressure. The time required for the charging process 
corresponds to the shaded area in Fig. 5 and this can be evaluated by 
graphical integration as in Example 1, Fig. 3. 

When the applied pressure is alternating, the arc characteristic may be 
taken to be of the form shown in Fig. 6, in which case the arc pressure 
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is constant except just at the moment of ignition. In this case the time 
relationships can be calculated, thus; 



since V and ©are are now both constant. Hence, from (ii) 

dt = - Rci 

t 

and / s= — RC . logd\^^ = — RC . loge j 

so that y = : where t = RC (the time constant) 

I = where / = — - .(iii) 

The condenser pressure will then be given by the expression 

Vc = V ^ Varc — RIe~^^' = (F — t?arc)(l — 

When ^ = TT: = 0-045, SO that the condenser is then charged to 

within 4-5 % of its final value and this time will therefore about correspond 
to the condition defined by the point k in Fig. 5. That is to say, the 
charging time will be of extremely short duration. See also Chapter IX, 
Fig. 44. 

3 .—Derive an expression for the pressure distribution along a string 

of high tension insulators. 
(NOTE .—To onstoer this 
question knowledge of the 
contents of Chapter XV is 
desirable.) 

Answer. — A diagram¬ 
matical representation of a 
string of high tension 
insulators is given in Fig. 7. 
The capacitance to earth for 
the total length of the string is 
Cg farad, so that for the 
element of length Ss the 

capacitance will be C y farad. Thecapacitanceof the total series connection 
g i 

of condensers is Cw farad, so that, for an element of length ^5 the capacitance 
will be Cw The increase of the pressure vector 693s in the elementary 
increase of length 6$ will be 

^ ^ <oQJ ^ ds ~ ^ wCw/ 


I— IHHI-HI-Hmi " ■ 



(i) 
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where co is the circular frequency of the sinusoidally vaiying pressure S3, 
which is applied to the system at the end of the string, that is the phase 
pressure. 

Similarly, the increase of current <5!35 m the elementary increase of 
distance will be 

< 53 , = jcoCg ^ Sis, so that*^’ =>«) y* SS.(ii) 


Differentiating (i) with respect to s and substituting from (ii) gives 
_ Cg 

~C^P'^ . 

The general solution ot this equation is 

18, = sa/i 4-' . 


where the vectors 5!l and 93 are arbitrary constants depending upon the 
terminal conditions. Differentiating (iv) twice with respect to s and 
substituting from (iii) gives 


. 




Since the end of the string is earthed, it follows that 9Ss = 0 for 5 = 0 and 
93s = 9Si for f = /, from which it is easily seen that 91 = — 93. Also by 
substitution in (iv) it is seen that 

Sl = -S = —- 

eoL — e^oL 

Then from (iv), 


- Cfe?) 


Sinh 
Sinh a 


as is shown by the curve 1 of Fig. 8. The potential gradient is then, 

^93s _ m a Cosh a ® 
ds ^ I Sinh a 

and the maximum gradient will occur when 
ss-k'v 5-1. viz.. 



‘1 “ *•? 
J max I 


Coth a 


It is also of interest to note that, for small 
values of a and, in the limit, for a = 0 : Cosh a 

^ ~ ^ « — a. The pressure gradient is then 


Fig , 8 
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ds 


1 

1 


and is constant throughout the line as is shown by the chain' 



T 

Fig. 9 


dotted line 2 in Fig. 8. (See also : “ Engineering/’ 
May 22,1942, page 401.) 

An important practical example of a condenser 
chain for controlling the pressure gradient is the 
condenser type of bushing as used for high tension 
transformers. With such a constructional type it is 
possible to tap off a definite percentage of the total 
pressure for measurement purposes. Fig. 9 shows an 
example of a condenser type of bushing with a 
tapping point. 

The condenser bushing is constructed of layers 
of paper treated with synthetic resin varnish and 
having sandwiched layers of aluminium foil. Such 
condenser bushings are used on the British Grid for 
the 132 kV. transformers, and have several advantages 
over the oil-lilled porcelain shell type. Although they 
are more expensive, condenser type bushings are 
smaller and lighter, and the reason for this is 
that the axial pressure gradient at the ends of the 
bushing can be controlled. 

It will be seen from Fig. 9 that the bands of 
aluminium foil are progressively of shorter axial length as 
the distance from the axis of the conductor increases. 
I'his gives a graded capacitance chain such that the 
capacitance is relatively large near the surface of the 
conductor and diminishes towards the outer periphery 
of the layers of paper insulation. The result is that 
the pressure gradient is reduced in the neighbourhood 
of the conductor surface and is increased in the 
neighbourhood of the outer layers of the insulation, 
this approximating to the straight line relationship 
of Fig. 8. 


4. —Express the relationship 

Q in coulombs == {V in volts) X (C in farads) 
in electromagnetic units. 

Answer. —{V in volts) X (C in farads) = {Q in coulombs). 

( V in electromagnetic units \ / C in electrostatic units \ 

-- hi -93non-} = 

10 in electromagnetic units) 

so that, V in em.units = O in em. units — -:—^ 9 x 10^® 

^ \ Cm es, units J 
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hence, Fin em. units = Q in em. units f - - -r— ) 

where C in em, units = (C in es. units) X 9 X 10^® =z x {C in es. units) 
and ^: = 3 X 10^® cm. per sec., and is the velocity of light in open space, 

5b—F ind the potential at any point due to a long straight wire which 
is free in space and is charged with q coulombs per centimetre length. 
Apply the result to the determination of the capacitance per kilometre 
of a symmetrically arranged three-phase transmission line. 

Answer. —If a long straight wire free in space is charged with an electric 
quantity of q coulombs, i.e., q(3 X 10^) electrostatic units, per cm. length, 
the electric force at a distance R cms. from the axis of the wire will be : 

F = ^ X 3 X 10*^ dynes = ^ (9 x 10^^) volts/cm. 


—R—O'^Q 

Fig. 10 


since 1 electrostatic unit of pressure = 300 volts. 
Now the electric force in any direction is measured 
by the rate of fall of potential in that direction so that 
if u is the potential at the point P Fig. 10, then, 

^ = F = ^ (9 X 10^^) volts/cm. 


so that, 


u = — 2q X 9 X 10^' loge ^ volts 


where A is an integration constant which will be defined later. 



Fig. 12 


If there are several charged wires 1, 2, 3 .. ., as shown in Fig. 11, the 
potential u at any point P is obtained by super-posing the potentials at P 
due to each of the charged wires, viz., 

= — [2q^ loge Ri + 2^2 loge ^2 + ^9i loge 9 X 10^^ + , .(u) 

where is an integration constant. As a practical example of the application 
of these results, consider three symmetrically arranged wires as shown in 
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Fig. 12 connected to a three-phase supply. The potential at the surface 
of conductor 2 

«p= - 2 log. ^ + 93 log. ^ + 92 loge g] 9 X 10" volts 

— 2 X 9 X 10" 1^9, log. ^ + 92 log. ^ + 93 loge g + 92 loge g — 92 lOge | j 
and since, for a symmetrical three-phase supply pressure 9 i -f- 92 + 9 $ = 0 , 
this expression reduces to Up = 2 x 9 X 10" x 92 log. ^ volts : so that the 
capacitance per phase is 


C = 2-^ =- 


(2 loge 


X 9 X 10® 


farad per km. 


since 92 is the charge per cm. This formula for C will be seen to be the 
same as that given on page 105 of “ Principles of Electrical Engineering.** 

6.— Ttuo spheres each of radius r cm. and distant a cm. apart in 
air, are equally and oppositely charged with Q electrostatic units. Find: 
(i.) The potential difference between the spheres. 

(ii.) The capacitance of the condenser formed by the two spheres. 
(Hi.) The energy stored in , 

this charaed condenser. 


this charged condenser, 
(iv.) The electric force acting 
on each sphere. 




Answer. —If the distance I T 7 X j I 

apart a is large as compared with \ J V j >/ 

the radius r of each sphere, it 

may be assumed that the action !- X —H ! 

is the same as if the charges Q U- a\ _►! 

were concentrated at the centres ^3 

of the respective spheres. 

The force on a unit positive charge at a point P (Fig, 13) will be : 

Q-S-Q-— dynes 
{a—xf 

and the work done by the electric field when the unit charge is moved from 
24 to 5 is 

[? + =e [- -i +~]r 


a — 2f 


that is. 
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The capacitance of the condenser is then 
Q r (a—r) 

^2;) *•*•’'“**. 

The energy stored in this charged condenser is 

U=^ Q.V ^ =Q^ . 

The electric force on each sphere is 

and, when r is small in comparison with a 

F ^ —7 dynes.(iv) 


This solution should be compared with that of Question 5, Chapter III. 

7.—TTiree Umg straight horizontal and parallel wires are sapported 
at different heights above the earth*s surface and each is charged with 
q coulombs per centimetre length. Find the potential at any point and 
apply the result to the calculation of the capixcitance per phase of a 
symmetrically arranged three-phase transmission line. 

Answer. —In example 5 it was assumed that the wires were 
suspended in free space. Transmission lines, however, cannot be dealt with 
as though they were far removed from all other conductors, since they 
are in the neighbourhood of the earth’s surface, and the influence of this 
surface on the capacitance must be taken into account. This is of special 
importance when an earth wire is carried by the transmission line masts. 
The effect of the earth conductivity can be taken into account quite easily 
by means of the principle of electric images. That is to say, if in Fig. 14 
a line is assumed to run horizontally at a height h above the ground, the 
force at any point P due to an electric charge of q coulombs per cm. length 
of the line will be the same as that due to the combined effects of the line G 
and its image G' in the earth’s surface. In this way the conductivity of the 
earth’s surface is taken into account and the wire G charged with + 9 
coulombs per cm. and its ims^e G' charged with — q coulombs per cm. 
can then be assumed to be situated in free space. Thus, the potential at P 


will be 

ttp = [ — 2^ loge f?i + 2y loge 9 X 10“ + . (i) 

For any point Q on the earth’s surface the potential will be 

Up = [ - 2? loge R' +2q loge R'] 9 X 10“ + A^ .(ii) 
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But the potential at the earth’s surface is zero so that the integration constant 
in expression (i) and (ii) is also zero. That is to say, the potential at 
any point P as given by the expression (i) may now be written 

Up — 9 X 10“ ( — 2q loge Ri 2q loge volts.(iii) 

Suppose now that there are several parallel horizontal wires as shown 
in Fig. 15 the radius of each wire being r, cm. It will be assumed that the 
electric charge on each wire will act as though it were concentrated on its 



Fig. 16 


axis, and in general this will be true very closely for the conditions which 
hold in practice for overhead transmission lines. The potential at the 
surface of the wire 1 will then be (see Fig. 15), 


u^=9 X 


{ 


— loge r,— 2 q 2 loge — loge rfij ) 
+ 2qi loge ( 2 hi) + 2qj log, log, ) 


that is 


«, = 9 X 10“ j 2q, loge + 2?2 loge + 2q, loge 7 ^' } • • • -(iv) 


Writing (see Fig. 16) 

fll, == 2 X 9 X 10“ ^ loge 

aaa = 2 X 9 X 10“ [ loge 

033 = 2 X 9 X 10“ ^ loge j 
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Also (see Fig. 17): 

«i2 = 2 X 9 X 10“ ^loge = a^i : a, 3 = 2 ^loge 9 X 10“ = «3i 



that is, 


«*y = 2 flog. \/^"4-l|l 9 X 10“ 

L ▼ (wxyj 


.„ = 9xl0..{log,[;^' + l]}. ,.i) 


B 
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In Fig. 19 is shown diagrammatically a general example of a sym¬ 
metrically “ transposed three-phase overhead transmission line. The 
purpose of such a system of transposition is to protect neighbouring electric 
circuits (e.g., telephone lines) from electromagnetic and electrostatic inter¬ 
ference to which the high tension lines would otherwise give rise. 

In this arrangement, the geometric mean height may be used as the 
height of each conductor, viz,, 


A = yA, X *2 X A, I 

Since the radius r of each wire is the same, it follows that, 

[ 2A1 

The mean distance between any two wires may be taken as, 

d = ^dx2 X ^23 X d^i 
so that from equation (vi), 


•12 


2^3 = ^23 = 9 X 10^^ 




and the system of equations (v) may now be written 
Ml = ax\qx 4* ^12?2 + ^12?3l 


^2 = “f" ^ ^12931 

^3 = ^1291+ ^1292 + ^ll93^ 

These equations may be transformed as follows: 

Ul =flll9l+ai292+«1293 ] 

— «2 = («U «12) 9l + («12 ~ «u) 92 + 0 y 

u, = -ai2)qi + 0 + (ax2 — axx)q^) 

Multiplying the second and third of these equations by 


•12 


adding together the three equations so obtained, gives, 


^12 


and 


+ («i ~ " 2 ) 


•12 


or. 


Uix — ^12 

(«t - " 2 ) 


+ («i - Ui) 


a,, — a 


12 


— (^11 “I" 2fli2)9» 


= I “ 2 ; ^12 , -^3 ^12 

^11 4 “ (^11 4 ” 2^12) f^ii — ^12) (^11 4 * 2^212) (^11 — ^12) 

Writing, 

Y , !.. ) : K,,tor— 


K„ for 


\<*n + 2ai2 


K, 


gives 


?i = «i^ii + («i - “ 2)^12 + («i - «3) K 


12 


(Vii) 
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equation shows that the electric charge qi on conductor 1 can be 
considered as being due to the superposed effects of (see Fig. 20): 

(a) The phase pressure «, acting across the capacitance .^ji,and, 

(b) The line pressures («, — Uj) («, — «j) acting across the capacitance K 12 
between the lines. 

The equation (vii) may now be written : 

qi = UiKu + (2ui - U 2 — Uj) K,j.(viii) 

and since for a symmetrical three-phase supply 

Ui + U 2 -I-U 3 = 0 . 



Qi — -H 3 K 12 ) 


fix) 






Fig. 21 


7T7Y77~?-ry //T 


The capacitance Ki, + 

IS the “ working capacitance 
per phase of the line to the star 
point: it being observed that the 
capacitance of a line to the star 
point is three times the capacitance between any 
two lines (see Chapter IX, page 305). 

Hence (see Figs. 20 and 21), 

qi = UfC 

where Cs “f* ^^12 ^11 “b Kphase 


F%g, 20 

Taking the following numerical values, viz., 

h, == 7 m.: h, = 9| m. : h 2 == 121 m.: 

h = V7 X 9| X 12JI = 9-4 m. 
d,2 = 6 : d2, = 4 : dji = 4-5 

d = f/b X 4 X 4-5 I = 4-8 m. 

2h ^ 1,880 
r 0-5 


(x) 


r = 0-5 cm. 


3,760 


an = 2 (loge 7 ) 9 X 10“ = 2 (log. 3,760)9 x 10“ 147 x 10“ 

»n = + l]}9 X 10“ = |loge[(i^)' + 1 ] }9 X 10“ = 


•• K„ = 

3K,2 = ; 


1 


25 X 10“ 
1 


(a,i 23 , 2 ) 

3 X 3,2 


0-51 

10« 


farad per km. 


‘11 


»12 


Ki,= 


(147 -f 50)10“ 

3 X 25 0-51 0-31 ^ j 

~T22" farad per km. 
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so that the “ working capacitance ” per phase is 

Cs = K ii + 3 Kj2 = 0'82 X I0“® farad per km. 

It is of interest to see how the result given by the expression (x) compares 
with that obtained from the formula which was derived in Example 5, for 
the condition that the effect of the earth’s surface on the capacity was 
negligibly small. Thus 

Cs =- 7 -r farad per phase per km. 

9x 10«(21og,J) 

in which a = 4-8. m.: r = 0-5 cm., so that 


a 

r 


4,800 

5 


= 960, hence 


Cs = 


1 

9 X 10^ X 2 X 2-3 X 2-98 


= 0-816 X 10~“ farad per phase per km., 


so 4:hat the effect of the earth’s surface on the capacitance in this case 
is seen to be very small. 


8 .—A transformer bushing is built up as follows:^ 


Layer 

No. 


Dielectric 

constant 


Copper rod 

outside radius 

2-0 cm. 


1 

Layer of varnished paper 

outside radius 

2-3 cm. 

4 

2 

Layer of ** compound 

outside radius 

5‘0 cm. 

2.6 

3 

Porcelain shell . 

outside radius 

7 6 cm. 

5 


Maximum pressure gradients :— 

For the paper insulation . • • . 30,000 voltsfcm. 

For the “ compound ** . . • . 40,000 „ 

For the porcelain . 9,500 „ 

Find the potential of the copper rod and the pressure gradient in the 
air at the outside surface of the porcelain shell. 

Answer. —A cross-section of the bushing is shown in Fig. 22. Then 
for the paper layer ( 1 ) of insulation the conditions are :— 

Fornax f I ro Fjmin Cj r^ = 

At the boundary of the paper layer (1) and the compound layer (2) the 
conditions are :— 

F]mir] Cj r^ = £ 2 ^ 1 ^^ ^2 

At the boundary of the compound layer (2) and the porcelain layer (3): 

£ 2^31111 £7 = £3max ^3 r 2 
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At the boundaiy at the 
porcelain shell (3) and the 
outside air (4) ; 

£3111111 E4mix ^4 

E4max r3 

since for the air 64 = 1 . 

For any radius r within 
any one layer, e.g., the 
compound layer ( 2 ); 

E2max S 2 = (E2)r €2 T 


or E 2 r 


_ R M 


In Fig. 23 is shown the 
diagram for the pressure 
gradient across the whole 
section of the bushing and 
for the outside air. If the 
area of this graph which is 
enclosed between the two 
ordinates AB and CD is 
evaluated in (volts per cm. 
gradient) X cms. unit, the 
result gives the potential of 
the copper rod, viz., 

Vo = 100,000 volts. 



Fi(/, 23 


9 .—What significance has corona phenomena for the design of over¬ 
head transmission lines ? 

Answer. —From the results given in Chapter III, page 85, “Principles 
of Electrical Engineering ” it is seen that the electric force on a charged 
element dS of a conductor surface and due to all the rest of the charged 
surface is 

FdS = -j- dS dynes. 

where a is the density of the charge in electrostatic units per sq. cm. so 
that the intensity of the force is 

2jza^ 

F = — dynes per sq. cm. 
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and since the intensity of the electric field is 

E=^ 

e 


it follows that 


F = dynes per sq. cm. 


Taking the breakdown strength of dry air at normal temperature and 
pressure to be 32,000 volts per cm., that is 

32,000 __ ^ _ 


SO that 


E = ■ joQ. =107 electrostatic units per cm. 

I, £ 107^ . 

F = —g-— tr=r 460 dynes per sq. cm. 


and this quantity has already been defined as the “ electrostatic pressure,** 
[see page 85, expression (12)]. 

If, therefore, the force at the surface of a charged conductor (i.e., the 
“ electrostatic pressure **) is greater than about 460 dynes the air ceases 
to insulate the conductor and the charge escapes. 

When the field strength exceeds 
the breakdown strength of the air 
an electron stream issues from 
the conductor (e.g., an overhead 
transmission line) and ionizes the 
air in the neighbourhood. This 
becomes visible as a luminous 
halo or ‘‘ corona ** surrounding the 
conductor, and if the pressure 
further increases, a powerful brush 
Ftg. 24 discharge develops which can reach 

to a distance of a metre or more 
from the line. Such “ corona ** effects involve serious energy losses and 
consequently the diameter of the overhead line must be carefully designed 
to eliminate the possibility of such brush discharges. 

An immense amount of experimental work has been done in order to 
obtain complete information regarding the characteristics of corona phenomena 
on overhead transmission lines, and it is known that the field strength at 
which the glow discharge appears is not a fixed quantity but depends upon 
the diameter of the wire, viz., for wires of large diameter the field intensity 
at which a glow discharge begins may be 20 kV,/cm., whilst for wires of 
small diameter it may be as much as 50 kV./cm. 

The effect of corona discharge on an overhead transmission line.may 
be diagrammatically represented as shown in Figs. 24 and 25. The region 1 




Fig 25. 
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of Fig. 24 denotes the range of the ionizing effect of the electrons which are 
discharged from the line and the region 2 marks out the range of the 
capacitance current and the current due to the travelling ions and electrons. 
In Fig. 25 the respective ranges are denoted by a spark gap and a capacitance. 

It is to be observed, however, that the visible glow discharge is not a 
criterion of the commencement of energy loss since a dark discharge precedes 
the glow effect and can give rise to serious energy losses. For specified 
conditions of smooth wire surface, with dry air, and normal temperature 
(20° C.) and pressure (760 mm.) the energy loss commences when the field 
strength is 21 kV./cm. and is independent of the diameter of the wire. 
In practice, however, these conditions are seldom realized : the wire surface 
is usually rough, polluted, and weather-worn, the ajr is not always dry, and 
rain and mist may envelop the line. The temperature, especially in the 
summer, may rise well above the normal value of 20° C., whilst the pressure 
follows the usual barometric variations and at high altitude becomes 
notably reduced. Fortunately, the unfavourable circumstances seldom 
appear simultaneously, and it is usual practice to allow a factor of safety 
of about 30 per cent, in the conductors for overhead transmission Jines, 
provided the altitude is not greater than 500 m. from the sea level datum 

to .—What significance has corona phenomena for the design of 
underground cables ? 

Answer.—A dominant factor in the design and reliable operation in 
service of a high tension cable is the question of corona effects, and one 
safeguard in this respect is the relatively low values which have been fixed 
for the permissible temperature rise. Thus, for cables which operate at 
pressures up to 6 kV. the permissible temperature rise is limited to about 
35° C. and for cables operated at higher pressure the permissible rise is 
about 25° C. The way in which the temperature influences the develop¬ 
ment of corona discharge may be seen from the following considerations. 

As the temperature of the cable rises the 
insulating compound expands at a greater 
rate than the paper and consequently .the 
compound becomes forced against the lead 
sheath which yields and stretches to a corre¬ 
sponding extent. When the cable cools 
down again it draws the compound back with 
it but cannot reabsorb it completely so that 
hollow spots may in this way be formed in 
the body of the paper. Such hollow spaces 
promote the formation of glow discharges and this in turn, by its mechanical 
action, drives the oil out of the adjacent paper whilst, at the same 
time, polymerisation causes the insulation material to disappear and 
consequently increases the size of the original minute cavities. 


. 0 012-] 

AFTER COOLING 

t 

CO 

TO^ 

2 0*008" 

"aTIT-C. 


ATAO'^C. 

0-004- 

“T--- 1-1 
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The permanent stretching of the lead sheath already referred to gives rise 
to vacant spaces at the inner surface of the sheath and oil gas can form there 
through which glow discharge can pass. To eliminate this particular danger 
a method has been evolved for coating the outer layer of the paper insulation 
with metal foil and in this way prevent any electric field becoming established 
in such vacant spaces. 

The development of glow discharges in cable dielectrics can be experi¬ 
mentally demonstrated by measuring the “ loss angle ” d (see Example 12 
of this Test Paper and also pages 64 and 362, “ Principles.” Usually 
the dielectric loss in a cable is only about 1 per cent, of the copper loss and is 
quite negligible from the point of view of efficiency tests, the angle of 
loss provides a very sensitive indicator as to the decay of the dielectric 



Fig. 28 (right) 


CAPACITANCE 
OF DIELECTRIC 
OF FIG.27' 



^INSULATION 
/resistance 
OF THE 
DIELECTRIC 


rCAPACITANCE 
Cz\ OF AIR GAP 
[ OF FIG. 27 


quality. In Fig. 26 is shown the value of tan 6 as a function of 
the applied pressure at temperatures of \T C. and 40'’ C. respectively 
from which it is seen that tan e5 changes very little with the applied 
pressure. When the cable cools down from 40° C. cavities develop 
in the insulation and if the values of tan 6 are then measured as a 
function of the applied pressure the angle of loss suddenly changes its 
rate of increase and this sudden change is a sign that a glow discharge has 
commenced. The characteristic feature of gas- and oil-filled high tension 
cables is that the construction is such that no hollow spaces can develop 
in the insulation and consequently, corona effects are eliminated. 

A cable structure of core, insulation, and lead sheath can, for experi¬ 
mental purposes, be represented by the arrangement shown in Fig. 27 
the equivalent circuit for which is given in Fig. 28. When A.C. is applied 
to this system glow discharge will develop in the 1 mm. gap when the 
peak value of the applied pressure wave is greater than about 3 kV., and such 
a glow discharge corresponds to the discharge of the condenser C 2 in Fig. 
28, this condenser becoming charged whilst the pressure is below the 
critical value. In this way a glow discharge will occur twice during each 
cycle, that is 100 times per second for a supply frequency of 50 cycles/sec. 
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11.—A ctpacttmce is formed from two flat parallel pUWes as 
electrodes. A slab of solid insulation material of thickness t| mm. and 
of dielectric constant 4 is close against one electrode and the air-gap 
between the other electrode and the insulation slab is tj mm. wide. 
If a pressure V is applied across the electrodes, find the pressure 
drop across die air-gap. 


Answer. —If is the field strength (i.e., the pressure gradient) in the 

solid insulator and fo*" the air gap, then at the boundary surface of the two 


c, = ©262 ...(i) 

The pressure drop across the solid insulator will therefore be Cj and 
across the air-gap, so that the total applied p.d. will be 

F = ©1 -f- ©2 ^2.(“) 

Combining (i) and (ii) gives 

f I (^1 + < 2 ) = t'2 (^2 + j .(iii) 


If V 2 = 3kV./mm. = 10 mm. ^2 = 1 nim. 

= 4 : 62 = 1 

then F = 3(1 + i 10) 7-5 + 3 = 10-5 kV. 

so that the pressure drop in the air-gap will be 3 kV. and in the solid 
insulator 7*5 kV. (see also. Example 10, Fig. 28a of this Test Paper). 

t2.—i4 condenser is built up of 11 plates as shown in Fig. 29a, the 
surface area of each plate is 50 sq. cm. and the distance between adjacent 
plates is 0.003 cm. If the condenser is charged to a pressure of 250 
volts and the dielectric constant is e — 9, find — 

( 1 *) The capacitance of the condenser. 

{ii) The energy stored. 

{iii) The force of attraction between two adjacent plates. 


Answer. —The complete condenser is shown diagrammatically in 
Fig. 29a, from which it is seen to comprise 5 units in parallel of the 
dimensions shown in Fig. 29b. The capacitance of this unit is 


Cr 


X 25 


4W X 9 X 10® 




9 X 100 
113 X 300 


=0.0265 i^F 


so that the complete condenser shown in Fig. 29a will have a capacitance 


C = 5Ci = 0-1325 .(i) 

The energy stored in the condenser is 

U = ^l,QV = = ^(250)* X 0*1325 x 10-« joule 

that is, U = 0*00415 joule.(ii) 
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The energy stored per unit volume of dielectric is 

where E is the intensity of the electric field in electrostatic units. That is, 
„ Volts per cm. 250 , 

^ “ 300 — 0-003 X 300 “ 

SO that the total energy stored in the dielectric between two adjacent plates 

is 

£(278)2 X Sd 
£/ = .-S—i--erg. 

If it be assumed that the 
distance d between two 
adjacent plates is increased 
by the small amount and 
if the force between these 
two adjacent plates is P 
dynes, then 




. / A - 

a«0 003 CM. 


(O) 


tHg, 29 


( 6 ) 


SO that 


P X 6 ergs will be the work expended when the distance is increased 
by the amount 6 

f E{2nyS(d + (?) _ e(278^] 

8:71 8:t 


Pxd = 


from which P = 


L 

€(278)2.9 

8;7r 


9 X (278)250 
Sti 


J ergs 


1*38 X 10^ dyne.(hi) 


Note ,—This solution is identical in form with that for the force of 
attraction between two magnetised surfaces shown in Examples 7 and 8 
of Test Paper VII, pages 101 and 102. 


13.—Describe a method for determining the dielectric resistance 
by measuring the rate at which a charged and insulated cable loses 
its potential 


Answer. —The insulated cable can be represented by a capacitance of 
C farad in parallel with 


a resistance of R ohms, 
as shown in Fig. 30^, 
where C is the 
capacitance of the cable 
and R its dielectric 
resistance. Suppose 
a single-core cable is 
connected to an a.c. 
pressure of V volts at 




c 

I 

II 

WW 

R 

(«) 


w 




ib) 


Fig. 30 
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one end, the other end of the cable being insulated. The vector diagram 
will then be as shown in Fig. 306, where 

Ic amperes is the capacitance current 
Ik amperes is the resistance current 
d is the angle of loss 

(o = Tjif is the circular frequency of the applied pressure, 

V 

Then = Jc tan 6, so that ^ = VcoC tan d 

or R = —- 5 ohms 

CO C tan 0 

If, for example, C = 5 X 10 farad : tan 3 = 0*0063 : co = ZttSO = 314 

10 ® 

“ = BH x ' 5 k 0 0063 ~ 



Suppose such a cable is charged by means of a d.c. source to a pressure 
Vq volts, an electrostatic voltmeter being connected across the core and 
sheath and, when the cable becomes charged, the d.c. source is disconnected. 
The charged condenser will then begin to discharge through the resistance 
i?, and at any moment t second subsequent to the commencement of the 
discharge the pressure will be given by the equation 

v = {v.)r-- 

where t = CR second and is the “ electrostatic time constant.” 
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Applying the numerical data given in the foregoing, then 
T = CR = 5 X 10“® X 10’ = 0-5 sec. 
and if Vq = 1,000 volts, then 

V = l,000c“^‘ volts 

and the pressure/time curve given in Fig. 31 has been drawn to represent 
this equation. 


It is of practical convenience to note that e = 2-718 : - = 0-366, so that 
if <1 is the time taken for the pressure to fall to m = 0-366 = 366 volts. 


then 


V = 0-366Fo = 



or 


0-366 = - 
e 


t 


that is, T = tj = CRy and hence 

i? = ^ ohms 

so that it is only necessary to obtain in order to find the resistance when 
the capacitance is known. The point P in Fig. 31 defines these relationships 


u .—Find the capacitance due to the two long cylindrical conductors 
of an overhead single~phase transmission line the diameter of each of 
which is comparable with Ifte distance between the axes of the cylinders. 

Answer. —Let d cms. be the diameter of each cylinder, Fig. 32, and let a 
cms. be the distance between their axes. 

It is first noted that the surfaces of the cylinders are equipotential surfaces, 

and the equation for these circles may be 
written— 

ri=Ar, 

where -4 is a constant, M : are the points 

from which the distances r and are measured, 
and O : Oj are the centres of the circles. The 
distance between the centres of the cylinders 
is a cms., and the distance between the points 
M : Ml is b cms. It is easy to show that 

d\ 

d being the diameter of each cylinder (Fig. 32). 
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This may be proved as follows:— 

Suppose Oi is taken as the centre of Cartesian co-ordinates. Then tor 
points on the circle whose centre is at O,— 


But since the origin is at Oi, the coefficient of x must be zero—^i.e., 


or 

and the radius of the circle is 


f^A^f+b), 
f 






Therefore 

and 

Hence 


d lAHf+by-P 

2 ~ V 1 _ ^2 


= Vp +fb. 


f2+fb-^=0. 


2 /=(a-6). 

{a-by (a-b)b 

—-— +—^-4 =o; 


or ^ — d^. 

Now for equipotential lines of which the equation is— 

ri= A r, 

the corresponding lines ol force will be given by the equation— 

0 ^ -f 0 = a constant, 

as may be seen from page 92. These lines are circles passing through M 
and M^. It follows, therefore, that the effect of two oppositely charged 
cylinders of diameter d, and whose axes are distant a apart, is the same 
as if the charges were concentrated on lines whose traces are shown at M 
and Ml in Fig. 32, the distance between M and M, being 

Va^ - d\ 

From this it is seen that if d is small compared with a the points M 
and Ml very nearly coincide with the centre points O and O, respectively, 
as was assumed to be the case previously. 

d . 

The capacities of the cylinders for the case when - is not small may 
now be deduced by the aid of these results. 

The force at P (Fig. 33) is ^ ^ dynes. 
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The work done in moving unit charge from the surface of one conductor 
to the surface of the other is 

.—( 1-0 




r-|-/ 


^[los, (‘ - 5 +/)’ - ><>& (j 


4} *-5+-^ 




2-f 

'Va^-d^-{d-a) 


, + (d 

since — d^, and If = a — h 


Zlf)] 

-a)]’ 



Fig. 33 


Hence the capacity per cm. length of cable is— 


C = ^ = 


or 


4 log 


‘ V — d^ — {d — o) 1 


log. [ 


V id — a) \ 

e 

~ ^ 2 ^ ^ 1 electrostatic c.g.s. units per cm. length 


If the logarithm base be changed from e to 10, and the capacity expressed 
in practical units, then 

€ 


C = 


51-4 logio [ 


V— d^ al microfarads per mile. 


.d . 


If - is small this formula reduces to that given in expression 9, page 
103. viz.. 
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f .—A chain of two resistance ceils is shown in the accompanying 
diagram. Find the resistance as measured between the terminals XY. 

Answer. —Method (i). In Fig. 1 the arrow shows the direction in which 
the resistance calculation is worked back to the input terminals XY. The 
numbers shown on the diagram give the resistance in ohms of the individual 
links. Then: 

Resistance just behind BB = 1 + 4 = 5 

Conductance just behind BB = J == 0*2 siemens. 

Conductance just in front of BB = J -f 0*2 ^ 0*7 siemens. 

Resistance just in front of BB = ^ — l*43f2. 

Resistance just behind CC = 2 + 1*43 = 3*43 Q, 

Conductance just behind CC = = 0*29 siemens. 

Conductance at XY = | + 0*29 = 0*79 siemens. 

Resistance at XY = = 1*26.Q. 



Fig. 1 


Method («*). In Fig. 2 it is assumed that an e.m.f. E is applied to the 
terminals XY by means of leads without resistance. Writing down the 
equations for the three cells I, II, III defining the total e.m.f. round a closed 
circuit to be zero, then 

I = ii2 122 + 0 ) 

II 0 = — ij2 + — I 32 > 

III 0 = 0 - ul + hi ) 
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The detenninants are 


E 

-2 

0 



U 

6 

-2 

= E(42 - 

- 4) = 38E 

0 

-2 

+ 7 



2 

-2 

01 



-2 

6 

-2 

= 2(42 - 

4) — 2 X 14 

0 

-2 

7 

= 48 


2 

-2 

0 




.ED* 38E 

Then = 5 — = fr •" "To" ''o that 

/vxy IJ TO 


48 


~ 38 ~ where Rxy is the resistance of the chain measured 

at the terminals X and Y. 



Fig. 2 


Method {Hi). The three simultaneous equations given in method (ii) 
can be solved directly, viz,, 

E = — 2i2 

0 = — 2f I 6i2 2^3 

0 = 0 — 21*2 + 7i, 

2 

Substituting 13 = ^ I 2 gives 



that is, Rxy = -r = 1*26 jQ 
h - 
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2. —A chain of three resistance cells is shown in Fig. 3. Find die 
resistance measured between the terminals XY. 


Answer. —Method {i ): In Fig. 3 the arrow shows the direction in which 
the resistance is worked back to the input terminals X Y. Then 


Resistance just behind AA = 

Conductance just behind AA = 


9Q 
1 , 


siemens 


Conductance just in front of AA = 
Resistance just in front oi AA = 
Resistance just behind BB = 


, , 1 10 . 

1 + g = siemens 


lo^ 

10 ~ 10 


Conductance just behind BB 

Conductance just in front of BB 

Resistance just in front of BB 

Resistance just behind CC 

Conductance just behind CC 

Conductance at terminals XY 

Resistance at terminals XY 


10 

49 


siemens 


1 10 69 . 


% 

69 


Q 


69 ^ 69 " 


69 

236 


siemens 


1 . 69 187 . 

2 + 236 = 236 ®'^“®“ 

— = 1-261 Q 


Method {ii ): Again assuming an e.m.f. applied to the terminals XY 
by means of leads of no resistance, as shown in Fig. 4. 



•p 
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Resistance 
Cell No. 

I : £ = 2 I, — 2 I 2 

II : 0 = — 2 /, + 6 *2 — 21, 

III : 0 = 0 — 2 I 2 + 7 I 3 — »4 

IV : 0 = 0 + 0 - X 1 + 10 14 

Then substituting • *4 = ^ gives 

2i2 = 7t,-^j3 = 6-9*3 
2 

»s - 6.9 *2 


or 


2*, 



_ 37-4 
“ 6-9 


j - 13-8 / 37-4 - 13-8 \ 23-6 

and hence E = 2», - z, = ,, ^- ^ - j = 18^7 

23*6 

so that ^ = l»261i3 



3. —A ring-main ts fed at one 
point and there are three con¬ 
sumer's tapping points, as shown 
in Fig, 5. Find the current dis¬ 
tribution in the ring. 

Answer. —Method {t) : The ring 
main is assumed to be cut at the 
feeding point and opened out as shown 
in Fig. 6 , so that the problem becomes 
that of feeding a line from both ends 
which are at the same potential. 


Then : /' X 0-1 = 8 x 0-03 + 5 x 0*07 + 12 x 0-09 
= 0-24 + 0*35 + 1*08 - 1-67 
r = 16'7 amperes : /" 25 — 16’7 == 8*3 amperes. 

Method {it) : Assume that each separate consumer is alone being supplied : 
find the corresponding current distribution, and superpose the results for 
all three consumers. 

In Fig. 7a the 12 ampere tapping point is alone supposed to be operating. 

rru h 0-09 

Then - = 7 ^ 4 - 23 = 12, so that 

$2 0-01 ^ ^ 

I, =sr 10*8 amperes : t 2 = T2 amperes. 
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Similarly, from Fig. = = j 

and ti + ii = 5, so that 
3 7 

fi + ^ ij = 5 : ij = — X 5 = 3-5 amperes 
fj = 1*5 amperes 



Superposing the three results of Figs. 7«, Ih and 7r, it is seen that of 
the 25 amperes supplied to the ring at the feeding point 


10*8 + 3*5 + 2*4 = 16*7 amperes goes in the direction towards 
the tapping point of 12 amperes and 8*3 amperes in the other direction 

as shown in Fig. Id , 



Since the tapping 
point of 5 amperes is 
seen to be fed from both 
sides, this is the point of 
maximum pressure drop. 

4 .—A closed ring- 
main, shown in Fig, 8, 
is fed at one point A and 
supplies three separate 



consumers. Find the 
current distribution by 
assuming the main is 
cut at any pomt, such 
as Bn 

Answer. —The ring¬ 
main is assumed to be 
cut at the point B and 
opened out as shown in 
Fig. 9. The equation can 
then be written down 


Fig , 7 
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expressing that the potential at the two ends of the line is the same, 
viz., 

0-003A: = 0-002(390 - X) + 0-004(240 - X) + 0-004(130 7 - X) 
where X amperes is the current which flows in the section ACB in Fig. 8 . 

This equation reduces to 



0-003Z = 2-26 - O-OlJf 
so that X = 175 amperes 

and the current distribution is shown in 
Fig. 9. 

X ISO 110 (130-X) 

I 215 65 45 ” 

390 


5. —A star connected system of resistance is loaded, as shown in 
Fig, 10, and the supply points 1,11 and III are all at the same potential. 
Find (i) the current distribution in the system, and (ii) the potential 
difference between the star point and the supply points. 

Answer. —Method (i): Assume that two of the star limbs in Fig. 10 
are each cut through at points indefinitely near the star point O, as shown 
in Fig. 11. Suppose the current which is crossing at A before cutting 
is X amperes and at 5 it is amperes. Then : 

For the circuit I^II : 

[60 -(x+ y)]0-3 - {X + j;) 0 -l = (20 + :r) 0-2 + ;c0-3 
that is 9x + 4y = 140 

I / 
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Similarly, for the circuit IRIII: 

(50 + v)0‘2 + 0-4y = [60 — (* + y)]0-3 — (* + 3 ^) 0*1 
that is '' l()y -f- = 80 

From the two equations for x and y it is found that 

X = 14'6 amperes : y = 2*15 amperes : * -|-jy = 16’75 amperes. 
The current distribution in the system is then as shown in Fig. 12. 

The pressure drop from I — O = 43-25 x 0-3 = 16-75 X 0-1 

= 1T3 volts 

The pressure drop from II — O = 34-6 x 0-2 + 14-6 x 0-3 

== 1T3 volts 

The pressure drop from III — O = 52-15 x 0-2 + 2-15 x 0-4 

= 11-3 volts 

Method (it): The current in each limb of the star connection is referred 
to the corresponding supply point and the star point O Fig. 13. 



Thus, for limb I O : 

r = Q ^ - — 15 amperes : I" =45 amperes 

For the limb II O: 

20 X 0-3 j,, o 

r = —= 12 amperes : T = 8 amperes 


For the limb III O: 

_ 50 X 0-4 


= 33i amperes : I” = 16| amperes 


0-6 
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and those component currents are shown in Fig. 13, from which it is seen 
that the total current at the star point = 69§ amperes, and this would be 
the current which would have to be fed in at the star point O if that point 
were at the same potential as the supply points I, II and III. But no current 
is actually fed in at the star point, so that the current of 69 § amperes must 
pass through the parallel connection of the three star limbs as shown in 
Fig. 14. 


N HI 


' i 

1 


69-67 



0-4 

►—H 

0-5 


O 

Fig, 14 


.220 

VOLTS 


K 


-150 


0-6 


4 


50 ^ 

-- 30 >l j 

I— 40 ->J 


IL 

■ J 


450 470 


-130 


J 


Fig. 16 


224 




The resistance of the parallel combination of Fig. 14 is 

1 1 

Ro = _L 4 _ J_ , J_ = 2-5 4- 2-0 -t- 1-67 
0-4 0-5 ^ 0-6 

= ^ = 0-162i3. 

0*17 

The pressure drop due to the passage of 69f amperes through this 
resistance is 

69-67x0-162=ll-3 volts. 

The current distribution in the star is then easily found thus (see Fig. 10), 
For limb 10: i x 0*3 + (i — 60) x 0-1 =11-3 volts. 

so that i = 43-25 amperes 

For limb II O : i x 0-2 + (i — 20) 0-3 = 11-3 volts. 

so that i = 34-6 amperes 

For limb III O : f X 0-2 + (/ ~ 50) 0-4 = 11-3 volts. 

so that i = 52-15 amperes 

thus being in accord with the results obtained by method (i). 

6 .—A distributor of copper wire 150 metres long, as shown in 
Fig. 15, is fed from each of the ends A and B, the end A being supplied 
at 220 volts and the end B at 224 volts. Loads are connected to tapping 
points as follows {distances measured from the end A): 
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50 amperes at 30 metres; 25 amperes at 40 metres ; 40 amperes 
at 70 metres ; 50 amperes at 100 metres ; 70 amperes at 130 metres. 
Find what'current is fed in at each end of the line and the maximum 
percentage drop. The cross section of the distributor conductor is 
22 sq. mm. 

Answer. — (t) The currents which would have to be fed to the line from 
the two ends A and B if their two feeding points were at the same potential 
would be (Fig. 15): 


EndB: I" 

End A: 1' 


70 X 130 + 50 X 100 + 40 X 70 + 25 X 40 + 50 X 30 
^ 150 

= 129 amperes. 

= |^(Total current taken) — 129j amperes 
=235 — 129 = 106 amperes. 


Resistance of the distributor = 
Resistance per metre = 0-000812. 


150 


150 


^Xq 56 X 22 


= 0*12i2. 


(ii) The compensating current flowing from end B to end A and due 
to the p.d. of 4 volts is 

4 

Ic = Q-J 2 = amperes 


so that the current fed in at end 5=162*3 amperes 
so that the current fed in at end A = 72*7 amperes 

giving the current distribution shown in Fig. 16, from which it is seen that 
the maximum pressure drop occurs at the 25 ampere tapping point. The 


\0 


J 06-33-3 


i2^-^33 


72 


4 14 4 






1623 


SO 25 


40 

Fi(j. IG 


50 70 


pressure drop at this tapping point referred to the potential of 220 volts 
at end A is 

A® = 30 X 0-0008 X 73 + 23 X 0-0008 x 10 = 1-75 + 0-184 = l-934t>, 
and for “ go ” and “ return ” : drop = 2Aw == 3-868 volts. 

3-87 

Maximum percentage pressure drop is then 2 ^ X 100 = 1.85 percent. 
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7. — Find by the method of determinants the current dtstribution in 
the network shown in the accompanying diagram. 

Answer. —^The three simultaneous equations for the network of 
Fig. 17 are: 

E, = Ii2R - I^R 
E2 = l23R-IiR - I,R 

E3 = I32R - IjR 

that is, E, = Ii2R + I 2 (— R) + O 

E2 = I,(-R) + l23R + l3(-R) 

E3 = 0 + l2(-R) + I,2R 
so that the resistance determinant is 
2R -R O 

D= -R 3R-R = 2R(6R" - R2) - R(2R*) 

O -R 2R 

- 2R - R O 

- R 3R - R 

hence D = 8R* 


Then ij = ^ where D, 

is obtained by replacing 
column 1 of D by the res¬ 
pective e.m.fs. E, : E 2 : E 3 
thus: 

El - R O 
Ej 3R - R 
Ii - E 3 - R 2R 
D 



and, putting E 2 = O : E 3 = fEj then 

E,5R2 -f iE,R2 11 E, 
“ 8R’ ~ 16 R 


Similarly, 


l2 = 


^2 

D 


where 


2R E, O 

D 2 = -R E 2 -R =2R(2E2R-bE3R)-R(-2EiR) 
O E 3 2R 


2R Ej O 
-R E 2 -R 

and, as before, putting Ej = O : Ej = JEi 

D 2 = 2E,R* + 2E,R» = 3E,R* 
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and 
Also 


I — 5b _ ^ 

* ~ D ~ 8 R 


Ds 


D 


2R 

-R 

O 


R El 
3R 

R Ej 


D 


[2R^(3E3 + Ea)-RM- Ei + E 3 ) ] 

D 


and for E, = O : Ej 


P, 

I,= 


3*5E,R* 

D" 


Ih 

16 R 


A check on these results can be obtained as follows: 

n _ 5 

16 

' 5^3^ 1 


V,=Ei-IiR = Ei-^Ei=j-^E. 


V, = Vi-l3R = ^^E.-3Ei = -j^E. 

also, 


V, = I,R - UR 




The resistance of the cell MKWN is 

1 




B. — Apply Thevenin's 
Theorem to determine the 
current distribution shown 
in the network of Fig. 18. 

Answer. —(i) Assume the 
link QS in Fig, 18 has been 
removed and find the p.d. eo 
across Q and S as shown in 
Fig. 19. 


so that the resistance between the terminals XY in Fig. 19 is 9-714/2. The 
E 

cunent is / = amperes, so that the pressure across Q and 5 is 

3E 

FtR 

(ii) Assume the points Q and S are short-circuited as shown in Fig. 20 
then the short-circuit current is 

E 

‘-=3 


eo = E- /x3 = E- = 0-692E. 
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and the short-circuit resistance as measured from QS is 
rk = ? = 0-692 X 3 = 2-076i2 

tk 

Hence the current in the link QS when replaced in position will be: 

, eo 0-602^ 

The currents in the rest of the system are then at once obtainable. Thus 
3/i = JS: - 0-17E x2:=E X 0-66 
/j = 0*22 E amperes 

(0*22 - 0-17)£ = 0»05£ amperes 
^2 = is X 4 = - 5^2 = 2/a -- 5/2 

. •. 4/b = rO-34 - 0-2S)£: == 0-09F 
/b = 0*0225E amperes 


= ^ 1b = (0-05—0-0225)£ — 0*0275£ ampere s 

These results should be confirmed by solving the problem by means of 
the full set of simultaneous equations for the system. 



9.— Give an account of (i) the Varley test and {ii) the Murray test for 
determining the position of faults in cables. 

Answer. —These tests are Wheatstone Bridge type of d.c. methods for 
measuring the position of a fault due to insulation breakdown in a cable. 
They are usually applied when faults in light-current cables are to be located, 
because in such multiple core cables it is generally possible to find a sound 
conductor to use as the return lead and also there are frequently neighbouring 
cables available for the purpose. 

When the fault is near the place at which the test is set up, the Varley 
method is not sufficiently sensitive, in which case the Murray test is preferable. 
If, however, the Varley test is to be used here also, it is desirable to use a 
slide wire resistance in place of the Bridge resistance. 

(i) The Varley Test : Fig. 21. For this test it is necessary to have a 
sound line by means of which the testing bridge can be connected to a 
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point beyond the fault in the defective cable as shown in Fig. 21, The 
resistance of the loop (/ -f- m) is first measured by the normal Wheatstone 
Bridge connection and let this value be K ohms. The connections are 


then arranged as shown in Fig. 21, and when balance is obtained by 
adjusting Q, then 

■R Q * i-h——JT”"””” ’> 

S~K-x 

If R is made equal to S, then ^^ 

.«) F 


and, knowing the resistance per 
mile of the cable the position of 
the fault is obtained. 



Fig . 21 


(ii) The Murray Test : Fig. 22. In this arrangement of the Bridge 
connections when balance is obtained 


so that X = 


KxS 

R-\- S 



(ii) 


It is to be observed that these two 
test is used to give the approximate 
test to locate its exact position more 



Fig . 22 


errors in the measurement of the 
in the same percentage. 


tests are associated in that the Varley 
position of the fault and the Murray 
closely. 

Thus in the preliminary test the 
fault may have to be located in a long 
line of cables in series so that in ex¬ 
pression (i) K and Q will both be 
relatively large, as well as the differ¬ 
ence K—Q, so that small percentage 
errors in the measurement of K and 
Q will not give rise to large per¬ 
centage errors in the measurement 
^ of X , When, however, the fault has 
been traced down to a single length 
of cable the expression (ii) for the 
Murray test does not involve the 
difference of two resistance measure¬ 
ments so that small percentage 
resistances appear in the final expression 
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10b—D escribe the ** universal shunt ** and explain its purpose. 

Answer. —When using a shunted galvanometer to compare the strengths 
of two currents, it is not necessary to know what is the exact fraction of the 
main currents which pass through the galvanometer. By means of the 
universal shunt the currents can be compared if it is known what fraction 
of the galvanometer shunt resistance is tapped off by the supply lead. 
This will be apparent from the following relationships, it being assumed that 
the galvanometer deflection is proportional to the galvanometer current. 



In Fig. 23 a resistance RsQ is shown connected across the galvanometer 
terminals, the internal resistance of the galvanometer being RgQ^ so that, 


P'^R 


and the main current is 


that is ^ 4 . 

In Fig. 24 the main current /' is supplied through a tapping point of the 
resistance Rs, so that the portion Rs becomes a series resistance to 

the galvanometer, and the portion is then in parallel with the resistance 

R. + Rs galvanometer circuit. The following relationships 

will then hold, viz. 


will then hold, viz. 




~ 
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that is, 




.(ii) 


Hence from equations (1) and (2) 


9 ' 




(iii) 


where 0' and 0 are the respective values of the galvanometer for the two 
conditions. Thus, if «=100, the ratio of the main currents will be 



6 ^ 

0 


and is independent of the individual values ot the resistances R, and 
That is to say, a shunt resistance of R,Q with suitable tapping points can be 
used with any galvanometer of internal resistance R^Q and for this reason 
it was termed the “ universal shunt ” by Ayrton and Mather to whom the 
idea is due. 





Chapter VI 

THERMO-ELECTRICITY : PIEZO-ELECTRICITY 


f.—When on electric current passes across a junction of two different 
metals the '' Joule effect ’’ and the Peltier effect ” are superposed. 
How may these two effects be separated ? 

Answer. —In Fig. 1 is shown the relationship between e.m.f. and current 
for a copper-constantan couple from which it is seen that when the current 
is flowing in the direction across the junction from copper to constantan 



Lo-1 

Fig , 1 

the curve rises steeply as the current increases. For this direction of current 
the Joule effect (PR) and the Peltier effect each produce a heating action so 
that the temperature rise is that due to the sum of the two effects. When, 
however, the current is flowing across the junction in the direction from 
constantan to copper, the Peltier effect produces a cooling action whilst the 
Joule effect is still a heating action, so that the actual temperature acquired 
by the junction is that due to the difference of the two effects. I'his is 
seen from the portion of the curve on the right-hand side of the ordinate 
axis in Fig. 1 for which the current was passed from constantan to copper 
across the junction. For low values of the current the e.m.f. developed is 
first negative—reaching a maximum negative value for a current of about 
6 amperes—and then gradually falling until it becomes zero when the 
current is 12.2 amperes For higher current values the e.m.f. becomes 
positive. 

It is seen, therefore, that for this couple structure the Peltier cooling 

78 
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eftect just neutralizes the Joule heating effect when the current is about 
12-2 amperes and this result provides a means for separating the two effects 
as follows :—Referring to Fig. 2, the two chain-dotted curves A, C, B and 


d 

V 




I—i r • I I ' I 
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-1 
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ho-z^ 
i 
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1 

4 


.oV 




i/ 




p 

4 Q 16 20 

CONSTANTAN TO COPPER 


CURRENT ACROSS JUNCTION: AMPS. 
|-0*i 


^ 0-2 

Fig . 2 


G, Ky H are reproduced portions of the curve of Fig. 1. The ordinate 
CF is drawn to correspond to the current of 12*2 amperes, that is, the 
current corresponding to the point of Fig. 2 where the curve GKH 
crosses the abscissa axis. This ordinate CF is bisected at D and the straight 



line DO is drawn through the origin. Then the ordinates of the straight 
line DO give the value of the Peltier effect and by subtracting the ordinates 
of DO from the corresponding ordinates of the curve in Fig. 1 the chain- 
dotted curve marked “ Joule effect in Fig. 2 is obtained. 

In Fig. 3 are shown the values of the fall of temperature for a copper- 
constantan junction (curve I) and for an iron-constantan junction (curve II). 
(See : T. F. Wall The Electrician,” March 16th, 1928, p. 297.) 
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2.—S/ioti; hou’ the Peltier cooling action may be calculated from 
the e^m.f./temperature relationship of a thermo-junction. 


Answer. —It can be shown that the rate of heating or cooling of a junction 
of two dissimilar metals due to the passage of a current across the junction 
is given by the expression 


that is 


j.dV 

dT 


joules per ampere per second. 


dV 

0*2397'— calories per ampere per second. 


In this expression T is the temperature of the junction measured in 
dV 

absolute degrees, and ^ is the slope at the temperature T of the curve 

connecting e.m.f. in volts and the temperature difference in deg. C. of the 
hot and cold junctions. 

Referring to Fig. 4 it will be seen that for an iron-constantan junction 
at 15 deg. C. 



TEMPERATURE,®C.—► 


Fig . 4 


_ = 0*055 X 10*"' volt per 1 deg. C. 

Now, 15 deg. C. is equal to 288 deg. absolute, so that 
dV 

T — = 0*0158 joule per ampere per second, or, 

0*0038 calorie per ampere per second. 

For the particular design of iron-constantan junction used it is seen by 
reference to Fig. 5 that when a current of 11*2 A is flowing from constantan 
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to iron across the junction, the cooling due to the Peltier effect is just equal 
to the heating due to the Joule effect, that is, 

dV 

where R ohms is the resistance of the junction. 



5 

Hence, 

= T 



or, 

I dT 

that IS, 


R = 0*0014 ohm. 

It is also seen by reference to Fig. 6 that when a current of 5*6 A is 
flowing across the junction from constantan to iron the rate of absorption 
of heat due to the Peltier effect is twice the rate of generation of heat due 
to the Joule effect. That is to say, the net cooling effect on the junction due 
to a current of 5*6 A will be 

dV 

\T —I joule per second, 


= I X 0*0158 X 5*6 joule per second, 
= 0*0444 joule per second, 

that is, 

0*0106 calorie per second. 
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It is of interest to inquire what can be done by means of a cooling effect 
of this magnitude. 

If a cooling effect of 0.01 calorie per second be allowed to act for one 
hour, the amount of heat absorbed would be 36 calories. That is to say, 



when a current of 5*6 A is passed across this particular junction for one 
hour it would have caused an absorption of heat sufficient to lower the 
temperature of one pint of water by 0-06 deg. C. Further, a single junction 
of iron-constantan of the design used would absorb sufficient heat to cause 
the temperature of one pint of air to fall in one minute by 5-5 deg. C., taking 
the specific heat of air at constant volume to be 0T7 and the density of air 
to be 840 c.c. per gm. 

(See: T. F. W. “ The Electrician,” March 16th, 1928, p. 297.) 

3. —Quartz plates for piezo^electric oscillating systems are usually 
cut from the crystal, as shown in Fig. 7. If such a quartz plate is held 
between two metal plates so that the electiic axis of the crystal lies at 
fight angles to the metal plates, then, according to the frequency of the 
p.d. which is applied to the plates, longitudinal or transverse (i.e. 
thickness) oscillations of the quartz will he produced. What is the 
structure of the electric circuit which is equivalent to this system of 
quartz and metal plates ? 


Answer. —The selection of the quartz plate from the crystal is shown 
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in Fig. 7 and the arrangement of quartz and metal plates is shown dia- 
grammatically in Fig. 8a, and in Fig. 8ft is shown the equivalent electric 
circuit, the values of the circuit constants being given in Table I. 


Z^OPTICAL AXIS 



CS 

TUT 


C=] 


-►y 

Fiy , Bo 



Fig , 7 


Fig , 86 


TABLE I 


Circuit 

Constant 

Longitudinal 

Oscillations 

Transverse 

Oscillations 

R (Ohms) 

Tt^Qp d 

L (Hfnry) 


8 e\, ft/ ^ ^ 

C (Farad) 

8£^, ft/ 1 

8 ft/ 1 

n^E d 9 X 10“ 

n^E d9 X 10“ 

Ck(F arad) 

s bl 1 

c ft/ 1 

An d 9x 10“ 

An d 9x 10“ 
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where: 

/ cm. = length of the crystal. 
b cm. == breadth of the crystal. 
d cm. = thickness of the crystal. 

Q = 107‘5 = coefficient of internal friction of the crystal, 
p = 2,654 gm. per c.cm. is the density of the crystal. 

s,i = — 4-77 X 10^ = piezo-electric constant. 

E == 8'51 X 10^^ dynes/cm.^ is Young’s modulus for the crystal. 
s = 4*55 is the dielectric constant of the crystal. 

If thesre numerical values are inserted for the constants in Table I, the 
results given in Table II will be obtained. 


TABLE II 


Circuit 

Constant 

Longitudinal 

Oscillations 

Transverse 

Oscillations 

R (Ohms) 

z-nxWL 

1-395 X 10' n 
bl 

L (Henry) 

m" 

0 


C (Farad) 

2-405 X 10-" X 
a 

2-405 X 10-” j 

Ck (Farad) 

4-02 X 10-” ^ 
a 

4-02 X 10-' ^ 
a 


The individual numerical values mav vary somewhat according to the 
quality of the quartz crystal. 

The impedance 3 of the crystal is mainly defined by the constants /?, 


L, and C, viz.. 

For resonance 


3 = 




1 


2jtVLC 


Hz 


and, inserting the numerical values for L and C, 

, k /F~ k 

Jo — 2jy 7 ~ 7 2*835 X 10' Hz for longitudinal oscillations. 
f _ k fE“ k 

Jo — 25^ 7 ~ 5 2'835 X 10' Hz for transverse oscillations. 


A= 1 = 3 X 10« ^ ^-' z T s l fx iO' == 'k 
X = 1,060 g metres for transverse oscillations 


longitudinal 

oscillations. 
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The factor A = 1, 2, 3, ... is the order of the oscillations since, in 
addition to the fundamental frequency {k = 1 ) a series of higher harmonics 
can be produced. For the even harmonics, however, multi-electrode 
arrangements are usually necessary. 

The damping factor ^ = 57 and the logarithmic decrement of the 


crystal A = i^R ^ j are respectively : 


^ 1065 

^ = -jr 

^ 1065 


: A = 3*75 X lO^^-lfor longitudinal oscillations. 
: A == 3*75 X 10”^ ^ for transverse oscillations 


4. —Give a short account of the problem of measuring high tempera^ 
tures such as are required for many industrial purposes. 

Answer. —Methods for the measurement of high temperatures within 
the technically important range round about 1,000° C. are required for 
many technical processes such as the melting, annealing, and hardening 
of steel. At present, such methods are almost entirely confined to the use 
of Seger cones, thermo-couples, and radiation pyrometers. These 
appliances are fundamentally unsuitable for the direct automatic recording 
and regulation of furnace temperatures, since, for example, in the case 
of the thermo-couple method, the small magnitude of the electrical 
quantities involved requires sensitive amplifying apparatus. 

In order to meet the multitude of varieties of industrial requirements, 
a whole series of instruments for temperature control have been developed 
in recent years and the various problems involved are being energetically 
investigated. 

In one case, for example, it may be necessary to maintain the temperature 
of an incubator constant to within a fraction of 1 °; in another case it may 
be required to indicate the occurrence of excessive temperature rises in the 
pipes of a heating system without having to measure such temperatures; 
in yet another case it may be necessary to measure accurately and to record 
the steam temperature at the inlet pipe of a steam turbine. Another type 
of problem is to maintain a furnace at constant temperature by the accurate 
dosage of energy supply, or to vary the temperature according to a process 
chart, with or without continuous recording. 

For platinum thermo-couples, as are commonly used for temperatures 
above 1,000° C., refractory protective tubes have been developed which 
lengthen both the life of the thermo-couple and the suitable intervals 
between calibrations of the couple. In practice, a gas-tight protective 
tube is essential to prevent any deleterious action on the couple, and only 
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ceramic materials can be used for the high temperatures which are involved. 
Good protection is given by porcelain such as “ pythagoras ** porcelain. 
Sinter-corund tubes are gas-tight for temperatures far beyond that which 
can be regarded as a safe limit for a platinum thermo-couple. 

A new method for measuring surface temperatures has been developed 
which comprises the formation (by means of a lens) of a view of an extended 
heat-radiating surface on a photographic plate. This method depends 
upon the action of the electromagnetic waves radiated from a hot surface 
and caught by a photographic plate which is made sensitive to infra-red 
rays. Different temperatures produce different degrees of blackening of 
such plates, and in this way a clearly defined chart of the temperature 
distribution and of the equi-temperature lines is obtained. Such measure¬ 
ment can be made with about the same degree of accuracy as that which 
can be obtained by the use of thermo-couples, and a notable feature of the 
'method is that it does not involve any disturbance of the temperature field 
by the introduction of a measuring appliance. The limit of application 
of this method is dependent on the intensity of the radiation and the 
sensitivity of the photographic plate : for the present stage of development 
of the method, the lower limit is about 250° C. and, of course, there is no 
upper limit, 

Seger cones are small pyramids about 2|in, high, and are composed of a 
mixture of felspar, china clay, and quartz. They are so graded that they 
indicate a series of temperatures in steps of about 20° C. They are placed 
in suitable positions in the furnace where they can be seen through a sight- 
hole in the wall. As the temperature rises, each cone in turn gradually 
softens and bends over, the specified temperature of a cone being reached 
when the tip of the pyramid bends over sufficiently to touch the base of the 
support. 


5b—D escribe some form of resistance thermometer which is suitable 
for measuring temperatures in the neighbourhood of lflOO° C. 

Answer. —^The silicate and oxide of aluminium, as well as quartz and 
some carbides, i.e,, ceramic substances, have the characteristic feature that 
they retain their chemical and physical stability up to the highest temperatures 
required for most industrial processes. They also have the peculiar 
characteristic of “ semi-conductors,” viz., the specific electric^ resistance 
decreases as the temperature increases, and this change of resistance with 
temperature is surprisingly large so that they would appear to be well suited 
_ for use as resistance thermo- 

a 


r 


UfiiliiilillliliiiiHiUliUiililiilllliliiUllitf 

. ~ Fig . 9 


meters. The most suitable of 
all such semi-conductors appears 
LEADS to be sinter-corund which is a 
form of sintered alumina, 
exhibiting resistance variation 
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with temperature, up to about 2,000° C., whereas quartz and porcelain, 
for example, give a flattened characteristic at high temperatures. 

An important reason for selecting sinter-corund as a material for resistance 
thermometers is that it can be produced with a high degree of purity in a 

great variety of forms 
and retains its definite 
chemical characteristics 
in all the variety of its 
manufactured form. It 
is widely used, for 
example, for sparking- 
plugs owing to its high 
insulation quality and 
its great refractiveness. 
Up to 1,600° C. it retains 
a mechanical strength 
which is hardly reached by any other material, and it is extremely difficult 
to reduce or to alter its chemical stability in any other way. Its high 
heat-conductivity is an additional advantage for its use as a resistance 
thermometer because, for this reason, the time lag of the resistance change 
with temperature becomes correspondingly small. 



The main feature of the construction 
of such a resistance thermometer will i.©. 
be seen by reference to Fig. 9. In 
order to eliminate the effects of 
changes in surface conductivity, the < 
basic principle of the construction is 
so to arrange the electrodes that the 
path of the current is perpendicular § 
to the surface. For this reason the 
thickness of the sinter-corund discs ^ 

{a and b Fig. 9) utilised for the current ^^ 

path is very small in comparison temperature "c—► 

with the adjacent walls which serve as Fig . ii 

insulation. Between the platinum 

electrodes and the sinter-corund is fused a layer of porcelain glaze about 
0.5 mm. thick, thus ensuring that the electrodes become firmly bound to 
the sinter-corund dies. Tests made over periods of months have shown 
that within a temperature range of 800-1,100° C. the resistance characteristic 
remains perfectly constant. 


The circuit connections for this type of resistance thermometer are shown 
in Fig. 10. A constant pressure supply of direct current is obtained from 
a single-phase transformer T by means of a vibrating’reed rectifier K (see 
also Test Paper, Chapter X, Example 14). The moving coil ammeter Am 
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gives a measure of the resistance of the sinter-corund thermometer G, from 
the calibration of which the corresponding temperature can then be read 
off. 

Fig. 11 shows the relationship between the ammeter current readings and 
the temperature, from which it will be seen that, for a wide range of tem¬ 
peratures, this characteristic is very approximately a straight line. 


6 »—Give a diagram of connections for a Bridge method of measuring 
temperatures by means of a thermo-couple. 

Answer. —The Bridge method shown in Fig. 12 is a null method and 
consequently is particularly well suited for the temperature control of 
annealing and hardening furnaces and drying ovens and also for recording 
the steam temperature, for example, in the inlet pipe of a turbine. The 
null method ensures that the measurement is independent of contact resist¬ 
ances and also of the resistance of the leads. 

In Fig. 12 the thermo-couple Th is 
shown in series with the galvanometer 
G. The resistance Cr is so constructed 
that it is dependent on the tempera¬ 
ture, so that it can compensate for the 
temperature changes at the cold 
junction of the thermo-couple. The 
potentiometer resistance Pr enables 
the e.m.f. of the thermo-couple to 
be compensated so that no current 
will flow in the galvanometer G. If 
the galvanometer shows a deflection, 
the movement of its pointer is used to 
operate a mechanism which adjusts the 
potentiometer resistance Pr until balance 
has been restored, and the amount of such adjustment can be calibrated to 
provide a measure of the temperature of the hot junction of the thermo¬ 
couple. The whole operation can be made automatic and incorporated with 
a temperature recording chart. 



7.—What is the technical definition of a black body and what is its 
practical significance ? 

Answer. —Heat waves are electromagnetic waves of the same nature 
as light waves from which they differ only by reason of their greater wave¬ 
length. Consequently, the well-known laws of optics are also applicable 
to the propagation, reflection, and refraction of heat waves. The following 
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table gives, for comparative purposes, the more important ranges of electro¬ 
magnetic waves: 


T}rpe of Radiation 

Wavelength in microns ia 

Short (gamma) waves 

X-rays 

Ultra-violet rays 

Visible light 

Ultra-red (heat) rays 

Electric waves 

0.466x10-6 

O.lSSxlO--*.660x10-' 

1.3x10-2.36x10-2 

0.36.0.78 

0.78 .340 

340 . 00 


{ 0.001 mm. 
10 ~^ cm. 
10-6 


o o 

Also: 1//=10^A (Angstrom) 
1 A=10*® cm. 


The term “ completely black ” refers to those bodies which completely 
absorb all incident rays, and no such bodies exist. It is, however, possible 
to obtain substances which are practically “ black by means of a 
construction such as that shown in Fig. 13, which comprises a hollow space 
with a relatively small opening S. The inner walls of this hollow space are 
covered with a layer of material which is a powerful absorbent for heat rays 
so that such rays as may 
pass through the opening S 
will, after reflection at the 
inner walls be practically 
completely absorbed, that 
is to say, practically no 
heat rays will emerge from 
the opening S. The 
arrangement is used for 
radiation measurements. 

In accordance with the foregoing, the conception “ black is not to be 
understood in the optical sense. Substances with bright surfaces can 
in certain circumstances be “ black ’’ in so far as heat radiation is 
concerned. 

“ Grey bodies ” are those which reflect all wavelengths with equal 
strength. 

“ Coloured bodies reflect selectively, that is, certain wavelengths will 
be reflected more strongly than others. 

If, from an incident ray, only a single reflected ray is produced, the 
reflecting body is said^to have a “ smooth ’’ surface; on the other hand, if a 
single ray is diflFusely reflected, the surface is said to be “ rough.’* The 
terms “ smooth *’ and “ rough ** refer, of course, only to rays of definite 





Vig. 13 
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wavelengths; tor example, a surface which is found to be “ smooth ” for 
long waves may be “ rough ” for very short waves. 

Surfaces may be “ rough ” for very short waves because the unevenness 
of the surface in relation to the wavelength may not be negligible. If a 
“ smooth *’ surface reflects all incident waves, it may be said to be a “ mirror 
surface.” If a “ rough ” surface reflects all incident waves, it is said to be a 
” white surface.” 



Chapter Vll 

MAGNETISM: MAGNETIC MEASUREMENTS 


—Describe a method for measuring the horixontdt component H 
of the earth’s magnetic field. 


Answer. —The value of the horizontal component H may be found in 
several ways, but only one method will be described—^viz., that due to 
Gauss. 

This method consists in measuring (1) the angle through which a very 
small, freely suspended, horizontal magnetic needle is deflected by a 
magnet in a given position, and (2) the period of vibration of the same 
magnet as used in (1), when suspended horizontally in the earth’s field, 
and free to oscillate about a vertical axis. 

The measurement of (1) gives an equation involving the ratio of the 
magnetic moment M of the magnet and the horizontal component H of 
the earth’s field. * 

The measurement of (2) gives an equation involving the product of the 
same two quantities. Hence the value of H may be deduced from these 
two equations, and incidentally the same two equations give the value of 
the magnetic moment M of the magnet. 

M 

Experiment 1. Determination of the Ratio jj .—In Fig. 1 let NS be the 
deflecting magnet of moment M. If this magnet is of a length 21, which 



is great compared with its lateral dimensions, say a cylindrical magnet of 
which the ratio is about 100, it is very approximately correct to 

assume that 21 is the distance between the poles, and that the strength of 
the poles is 
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Let n's' be the small, freely suspended magnetic needle, the centre of 
n's' being on the prolonged axis of NS, and let M' be the magnetic moment 

length 

of the needle, and 2V its length. If the ratio -r :—of the needle be 

° diameter 

M' 

sufficiently large, the strength of each pole may be taken as 2 ^. 


Let 0 be the angle which the needle makes with the magnetic meridian 
when the relative positions of needle and magnet are as shown in Fig. 1. 

The deflecting force on the pole «' will be the resultant of the repulsion 
due to iV, and the attraction due to S. If the distance r between the centres 
of magnet and needle be great compared with / it will be very approximately 
correct to assume this resultant magnetic intensity Q at n's' due to NS to 
be parallel to the line through SiV, as shown in Fig. 1. The magnitude 
of the force on is given by the expression— 


M' MM' r 1 • 1 ] M' r 

2V ^ ““ 41/' L- ly ^ (r + iyj (r^ - /^ 

that is 

This will also be the resultant force on the pole s' of the attraction due 
to iV, and the repulsion due to S, Hence the effect of the magnet NS on 
the needle n's' is a deflecting couple of moment— 

M' 

Q21' cos 0. 


This couple will be balanced by a couple due to the horizontal 
component H of the earth’s field, which tends to set the needle in the 
magnetic meridian. The magnitude of this couple will be— 

^ H2l' sin 0 = M'H sin 0. 

For equilibrium of the needle these two couples must be equal. 


Hence 

M' 

21' 

Q2l^ cos 0 = M'H sin 

that is 


^ ® “ M'H 

Q 

~ H 



^ M 

2t 

or 


H {r^ 

- py ' 

and 


M (r* - Pf 

tan 0. 


H~ 2r 
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If r is very large compared with / this expression reduces to— 

M . 

Tj-jone. 


It is advisable to take another reading for 6 by turning the magnet NS 
end for end, and the mean of the two readings is then taken as the true 
value of the deflection. 

The values of 6 may be measured by the movement of a spot of light 
reflected on to a scale from a mirror attached to the needle n's\ 


Experiment 2. Determination of the Product MH ,—For this purpose 
the magnet which was used in Experiment 1 for the purpose of deflectifig 
the small suspended needle is now hung in a horizontal position by means 
of a single fibre of unspun silk, precautions being taken that there is no 
torsion on the fibre when the magnet is at rest in its position of equilibrium. 
The magnet is then deflected by Approaching a small magnet, care being 
taken that a true oscillation is obtained, and not combined with a pendulum 
motion. The time of a complete oscillation is taken when the amplitude 
of vibration has died down to a small amount, say about 3° deflection each 
side of the neutral position. 

If 0 represents the angular deflection of the oscillating magnet from 
the neutral position, then for small values of d and neglecting the damping 
effect of the air, etc., the equation of motion is— 


d^O 

dt^ 


MH 

K 


0, 


where K is the moment of inertia of the magnet round an axis through its 
centre and at right angles to its length. 

The solution of this equation is— 

6 = A t -aj, 

where A and a are constants. 

The time of a complete oscillation is therefore— 


Since, as was assumed in Experiment 1, the diameter of the magnet is 
small compared with its length the moment of inertia may be written— 

„ WP 


where W is the mass of the needle. 


Hence 


MH = 


\n^m 


zr ■ 
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Combining this equation for the product MH with the equation given 

M 

by Experiment 1 for the quotient gives— 

ti 

™ _ 8 nHhW 

3 tan 0* 


or, neglecting I compared with r— 


Similarly 


_ 8 nHm 

ji/f 2 ^ 2 TihrH^W tan 0 
3 • 


The data of the earth *s field in England are— 

H = 0‘18 : dip d = 67° 14': intensity F = 0*475. 

For a more detailed account of this and other standard measurements the 
reader is referred to Professor A. Gray’s book on “ Absolute Measurements 
in Electricity and Magnetism.” 

The total intensity F of the earth’s field is connected with the dip d and 
the horizontal component H by the expression— 

H ^ F cos d. 


See also example 6 Test paper for Chapter VIII. 


2 .—Findfhe potential at apoint P in the field of a small bar magnet. 


Answer. —Since Coulomb’s Laws for the force between two magnetic 
quantities and the force between two electrical quantities respectively, are 

identical in form, many of the fundamental 
propositions which apply to electric fields of 
force also apply to magnetic fields of force. 
Thus, since the potential at a point distant r 



cms. from an electric charge q 


is — units, 
er 


the potential at a point distant r cms. from a 


m 


magnetic quantity is — unita where, for air. 


the dielectric constant e and the magnetic permeability are each unity. 

Referring now to Fig. 2 in which iV 5 is a small bar magnet of length 
/ cms. and pole strength m units, the distance between some given point P 
and the centre C of the magnet being r cms. The potential at P due to the 


N pole of the magnet is and due to the S pole of the magnet is pp 
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so that the resultant potential at P due to both poles is, 

(See page 87, expression (14) of “ Principles of Electrical Engineering.”) 

Now draw ACB at right angles to CP and draw PNA and PB5. 
If then CP is large as compared with NS the lines NA and SB will be very 
approximately at right angles to AB ; also, PA, PB, and PC will be very 
approximately equal—that is, PA — PB — r very approximately. Hence, 

PN==PA-AN = r-icaa B 

PS =PB-\^ BS = r + ^ cos 0 
SO that the potential at P is— 


V = m (- 


— ^ cos 6 
£ 


r + 2 ® 


m I cos 0 


M cos 0 




cos^ 0 


Where M ml and is the moment of the magnet NS and J is 

negligibly small compared with r^. 

If the magnet is in the form of a small 
cylindrical bar having its magnetism con- 

r centrated on its end faces as shown in Fig. 3, 

the area of each end being 3S, the magnetic 
intensity being and the length of the bar 
being I cms, then the potential at P will be 

« M cos 6 y X I X dS cos d 

r2 y.2 

Now since / is very small the solid angle subtended at P by either end 
face dS is 

6S cos 0 

0(0 = - 5 — 

so that the, potential at P is 

t; = <5ca c.g.s. units.(1) 


If the small cylindrical magnet of Fig. 3 is regarded as an element of a 
“ magnetic shell ’’ (see example 3) this result can be expressed by stating 
that the potential at P is given by the strength of the shell multiplied by 
the solid angle subtended at P by this element of the magnetic shell. 




96 


ELECTRICAL TEST PAPERS AND SOLUTIONS 


3. —What is a magnetic shell of uniform strength/* and what is 
its practical significance ? 

Answer. —Imagine a thin sheet of magnetisable material of uniform 
thickness and uniformly magnetised in a direction perpendicular to its 
surface, such a magnetised sheet is a “ magnetic shell of uniform strength.” 
The importance of the investigation of the properties of a magnetic shell 
lies in the fact that such a shell is equivalent in its magnetic effects to a 
current of a certain strength flowing in an electric circuit of which the shape 
is the same as the boundary edge of the shell. 

This equivalence of a uniform magnetic shell and electric circuit was 
first stated by Ampere and all subsequent observations and experiments 
have confirmed the statement. The results deduced for a magnetic shell, 
e.g., potential at a point outside the shell, force on the shell when placed 
in a magnetic field etc., can be immediately applied to the equivalent electric 
circuit. 

The properties of the magnetic shell can be deduced from Coulomb’s 
Law and although such a shell does not actually appear in practice, the 
fact that it is equivalent to an electric current circuit means that the investi¬ 
gation of the properties of a magnetic shell is also an investigation of the 
magnetic properties of an electric circuit and in this way, a linking up of 
the phenomena of magnetism and electric currents is obtained. 

The strength of a magnetic shell is the product of the intensity of 
magnetisation and the thickness of the shell, or, otherwise stated, is the 
magnetic moment per unit area. If the thickness is t cm. and the intensity 
of magnetisation is J —this being also the density of magnetism on the 
surface of the shell—then the strength of the shell is 

0=Jt 


4»—Find the potential of a magnetic shell at a point P. 


Answer. —In Fig. 4 consider a filament AB of the shell taken in the 
direction of magnetisation—that is perpendicular to the surface of the 
shell. Let dS sq. cms. be the element of surface on 


each side of the shell forming the ends of the filament 
and let P be distant r cms. from the centre Cof the 
filament. If A is magnetised with an intensity -f- J and 
B magnetised with an intensity — J then the magnetism 




Fig . 4 


Fig . 6 
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on the end surface A of the filament is JdS and the end surface B 
is + JdS. Three cases will be considered, viz.: (i) the point P is on 
the positively magnetised side of the shell; (ii) P is on the negatively 
magnestised side ; (iii) P is within the material of the shell: 

Case {i ): The point P is on the positively magnetised side. —This condition 
is shown in Fig. 5, and the potential at P due to an elementary magnet 
such as AB in Fig. 4 is : 

Jt dS cos 6 ^dS cos 0 

V == -5-= 0-5-. 

Where 0 is the angle which CP makes with the axis of the magnet 
(Fig. 4) the end A being positively magnetised as already stated. 

If do} is the solid angle which the end surface A subtends at P then 

d(o = the potential at P is (P 5co, that is, the strength of the 

shell multiplied by the solid angle subtended at P by the element of the 
shell (see also Example 2). A similar result holds for each element of 
the shell so that the potential at P due to the whole shell is equal 
to the strength of the shell multiplied by the solid angle subtended at P 
by the whole shell, i.e. 0o). 

P 




The solid angle subtended at Pby the shell is the solid angle subtended 
by the boundary of the shell so that the potential at P depends only on 
the strength of the shell and the shape and position of the boundary of the 
shell. If the shell is completely closed then co = 0, so that the potential 
at a point outside a completely closed shell is zero. 

Case {ii) : The point P is on the negatively magnetised side of the shell, 
as shown in Fig. 6.—By exactly similar considerations as those of case (i) 
it will be seen that the potential at the point P on the negatively magnetised 
side is — 0 a>. If the shell is completely closed and the point Plies inside, 
the solid^ngle will be 47r, and hence the potential at a point inside a closed 
shell is An 0 according as to whether the inside surface is negatively or 
positively magnetised. 

It is also to be noted that if, in Fig. 7, P and P be points close together. 
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P being on the positively magnetised side and Pi on the negatively magnetised 
side, then 

ft) = 4jr — coi 

where co is the solid angle subtended at the boundary by P and coi by Pi. 
Case (tit ): The point P lies inside the material of the shell. 


+ 4 - 4 . 4 .. p 4 . 4 . Suppose P (see Fig. 8 ) is distant 

■- X from the positively magnetised side 

\ ^ Xt p / and y from the negatively mag- 

, 1 netised side, then P may ht 

considered as being on the negatively 
** magnetised side of a shell of thick- 
ness X and on the positively 
magnetised side of a shell of thickness from which it follows that the 
potential at P is 

V = Jyo) — ( 4 jc —■ (o)yx = jeot — \7i Jx, 
or V ^ 00 ) — 47tyx, 

If a; = 0 : P comes to Pj and v = 0co as in Case (i). 

If ^ t: P comes to P 2 and v = — {4jt — co) 0 as in Case (ii) 
so that in passing from Pj to P 2 the potential changes by the amount 
0)0 + ^^0 ~~ (00 = 47Z0, 

These results should be compared with those which are derived on 
page 215 of ‘‘ Principles of Electrical Engineering.’^ 

5 .—What change of direction takes place when lines of magnetic 

induction pass from one 

j medium into another ? 

® l ifoiJ Answer. —In Fig. 9 is 

^ T shown a tube of magnetic 

/ induction Pi passing from 

\ / / ! the medium ® to medium 

1 / / ® across the boundary AB, 

the flux in this tube remaining 

\\y^'j\®\\\\'' Then: 

\r\ \ \ \ =CDxB, = FGx B, 

\ \ fv \ \ \ \ ^ that is, B 2 CG x Cosa^ 

\. \ \ H \ \ ,, ^B^CGx Co^«, 

\ \ W \ N 

Fig, 9 -82 CosOLi 


\ @\\ W \ N H'Z 
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Further, if, for the closed path shown in Fig. 10, the points a, 

Cy d are very close to the boundary surface, the potentid difference 
between a and c is indefinitely small, as is also the p.d. between b and d. 
Hence, since the work done in moving unit magnetic pole round the closed 
path Uy bf rf, c is zero, the p.d. between a and b must be equal to the p.d. 
between c and d and consequently. 



Fig. 10 

sin ai == H 2 sin a 2 . 

Combining this relationship for the magnetic force with the one already 
obtained for the magnetic induction it is seen that 

Cos ocj ^2 Cos 0 C 2 

Hi sin ai H 2 sin 0 L 2 

that is Cot ai=jW 2 Cot 0 L 2 

tan a 2 M 2 

or -= — 

tan a I 

A corollary of this result is that magnetic lines of force in air will enter 
or leave a highly magnetic material {e.g. a pole shoe) very nearly at right- 
angles to the surface. 

Suppose, for example, that the medium ® Fig. 10 is air so that = 1, then 

tan a 2 _ 

tan ai 

If the medium ® Fig, 10 has a permeability ^^2 = 300 the relationship 
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between the angles aj and aj is given in the Table I. In this Table are 
also given the corresponding value of the angles and for = 3000. 

TABLE I 


/^2 == 

3000 

fl2 = 

300 



“2 


(iron) 

(air) 

(iron) 

(air) 

0° 

0° 

. 

0° 

0° 

10° 

0° 0' r 

10° 

0°2' 

30° 

0° 0' 40" 

30° 

0" 7' 

50° 

0° r 30" 

50° 

0 14' 

o 

O 

0°3' 

70° 

0" 32' 

b 

oc 

0° 6' 

80° i 

1 

1° 5' 

85° 

0° 13' 

85° 

i 2 ° 11' 

89° 

1 1° 5' 

1 

89° 

o 

O 

89J° 

' 6° 36' 

89r 

48° 45' 

90° 

90° 

90° 

90° 


6 .—Explain the principle in accordance with which a space may be 
screened from a magnetic field. 


Answer. —It has been seen in the solution to the Example (S) how 
the lines of magnetic induction become deflected when they cross the 
boundary between two media at any angle which is not 90° to the boundary 
surface, and the Table there given shows how the amount of this deflection 
depends upon the permeabilities of the respective media. 

A little consideration will show that a consequence of this effect is that 
if an iron tube is placed in a uniform magnetic field in air, the lines of 
magnetic induction will be deflected as shown in Fig. 11, so that the space 
wi^in the tube is magnetically screened. The extent to which this 
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screening can be realised in practice depends upon the radial thickness of 

_ _ the iron wall of the tube and on the 

permeability of this iron wall. 

If a spherical iron shell of 
permeability n is placed in a uniform 
magnetic field in air (see Fig. 12), it 
can be proved that the intensity of 
the magnetic force Hq within the hollow 
space is given by the expression— 



Ho = 


H 


H„ = 


H 


■^9 u 




where, 




1 + 


6,000 


[-9 


590 



An iron shield surrounding a galvanometer is 
sometimes used to protect the galvanometer 
from external magnetic fields. The magnetic 
shielding of cathode-ray tubes is also effected by means of a tube of high 
permeability material such as mu-metal. 


7. —Discuss the magnetic force conditions which will exist when two 
magnetised surfaces are placed parallel to each other in a gaseous or 
liquid material of permeability ni. 

Answer. —If a magnetised surface ABy Fig.’ 13, is placed so that it is 
parallel to the surface CD of a solid magnetisable material of permeability 

/«2 the medium between the two 
surfaces AB and CD being a gaseous 
or liquid material of permeability 
there will then be a force either of 
attraction or repulsion acting between 
the two surfaces AB and CD. The 
direction of this force can be found 
from the following considerations. 



Fig. 13 
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The energy stored in the gaseous or liquid medium of permeability ni, 
that is, in the space between the two surfaces AB and CD will be, 

5 — ergs per c.cm. 

and the energy stored in the solid magnetisable material of permeability 1^2 
will be 


871/^2 


ergs per c.cm. 


Now the direction of the force between the two surfaces AB and CD will 
be such as to tend to make the total energy of the system a minimum. If 
the permeabilities of the respective materials are such that < H 2 then 
the energy of the system will be reduced if the volume of the space between 
the two surfaces AB and CD is reduced: it follows from this that the 
force between the two surfaces will be one of attraction. Conversely, if 
/^i > M 2 energy of the system will be reduced if the space between the 
two surfaces is increased, so that in this case the force will be one of repulsion. 


8b — Wh(xi mechanical force is necessary to drag a block of iron from 
the end of a magnetised bar of circular section and 2 cm. diameter, when 
the induction density at the end of the bar is B = 3,200 gauss ? 


Answer. —The energy stored in a magnetisable material is 

BH 

If P is the required mechanical force and 5 sq. cm. the area of the end of 
the bar, and if Acm. is the thickness of the air layer between the two surfaces, 
viz., the end surface of the bar and the surface of the block, then 


= A joules 

or joules/cm. 

9*81 

If P is in kg. then, since 1 kg.m. = 9.81 joules, 1 kg. cm. = Joules, 


so that 




9-81 


inserting B = 3,200 : H = B, since /* = 1, for air 


5 = ^ 2^ = TT sq. cm. 
P = 1-3 kg. 


gives 
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9. —Successive deflections of a ballistic galvanometer with smatt 
damping are as shoum in Fig. 14, viz.: Ai: Az: Af ... , where 



Fig. 14 


Ai = 10 cm.: A 3 = 9-5 cm., and so on. Find the undamped deflection 
Ao from the following data: 

(i) The logarithmic decrement is 1 nepers per i period of swing. 

(ii) The logarithmic decrement is A nepers per period of swing. 

Answer. —^The general equation for such a lightly damped oscillation is 

_ t_ 

so that Ao e ^ sin cat : 

271 

and the periodic time of oscillation is T = — sec. 

O) 

— ^ iL ^22? 1 gto 

Ai=Aoe : A2 = Aoe~^^ : A3 = Aoe~'’^ 

A 1.3 A 

and 

A 2 Aj 

(i) Ao derived from the log. dec. A nepers per i period of swing. 

A = loge 4^ = J log* 4-* = f —^ loge ~ where Aa is the nth peak 
A3 A3 — 1 / Aa 
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value. That is 

, 1 1 ^ II 10 1 V, 0 1 1 10 

A = loge^“ = -- = J log. ^ = i X 2-3 logio 
or A = 1-15 logio^ = 0-0253 


11 n 1;^ 

SO that Ao = Ai = Ai ^ :^Ai(l + |A) = 10 X 1*0126 
or Ao = 10*126 


(it) Ao derived from the log. dec. A nepers per period of swing. 

_1 Tc 1 57r 

Ai = Ao ^ : A3 =Ao e ^ ^ 



A = loge^| 


1 /« /« « 


10 

9.5 


SO that A = 0.0505 =2K 

1 jt 1 

and Ao = -4, = A^ ^ 2 = (1 + JA) 

hence, (1*0126) = 10*126 

as in (i). 


fO .—Explain the principle of action of the thermo^magnetic motor. 



Answer. —In Fig. 15 is shown a wheel, the 
rim of which is of sheet nickel, the spindle 
being mounted in a horizontal plane so that the 
wheel is free to turn. A flame is held against the 
lower part of the rim and heats it, in consequence 
of which the magnetic permeability of the lower 
part of the rim is reduced relatively to that of 
the upper portion of the rim. If now a magnet 
is held as shown in Fig. 15, the magnetic attraction 
which will act on the cool upper portion of the 
rim will be greater than that on the heated 
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lower portion, so that the wheel is maintained in rotation in the 
direction shown by the arrow. This is an example of the conversion of 
heat into mechanical energy without the use of some intermediate fluid such 
as steam or gas. The disadvantage of the thermo-magnetic motor is that 
its efficiency of energy conversion is extremely small. 


ft k —Show how the principle of magneto stricUon may be applied to 
the measurement of Young^s modulus for a rod or wire of iron, nickel, 
or cobalt. 


Answer. —The wire under test is supported symmetrically in a long 
solenoid which is excited by direct current. Arranged at the central part 
of the solenoid and embracing the wire is a search coil of a large number 
of turns, e.g., 50,000. The search coil is connected through a valve amplifier 
to an oscillograph, the inclusion of the valve amplifier making it possible 
to operate the oscillograph without taking any appreciable current from the 
search coil. 

The wire is set in a state of longitudinal vibration either by drawing 
a piece of resin-coated leather along its surface or, alternatively, by means 
of a gentle tap applied to one end. When the solenoid is excited and the 
wire is set in a state of longitudinal vibration, the consequent extension 
and compression of the wire produces corresponding changes in the per¬ 
meability, so that the flux which is linked with the search coil changes, 
and an e.m.f. is developed which is of the same frequency as that of the 
vibrations of the wire. If an oscillographic record is taken of the e.m.f. 
induced in the search coil and if, simultaneously, a photographic 
record is taken of a wave of known frequency, a time scale is obtained 
and the frequency of the induced e.m.f. in the search coil and con¬ 
sequently, the frequency of the vibrations of the wire, can be determined. 
In Fig. 16 is shown an example of such an oscillogram, and the main 
relevant data are also given on page 106. 

In order to derive the value of Young’s modulus from such a record 
it is to be noted that the natural frequency of the longitudinal vibrations 
of a wire which is supported at one end is given by the expression, 

f = vibrations per second, 


where c is the velocity of sound in the wire in cm. per sec. and / cm, is 
the free length of the wire. Since the velocity of sound in the wire is 
related to Young’s modulus E and the density p of the wire by the expression 
c^p = Ey the formula* for the natural frequency of vibration may be written 



vibrations per second. 
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where E is expressed in dynes per sq. cm. and p is the density in gm. per 

c.cm. It follows, therefore, that 
E = p{4fl)^ dynes per sq. cm. 
or 

E = 14-5 X X p(4//)2 lb. persq. in. 

For the test to which the oscillogram 
of Fig. 16 refers, the frequency of the 
J"' diameter Armco iron rod was found 
to be 646 cycles per second, the 
density of the iron was 7-85, and the 
freely vibrating length was 199-5 cms., 
then 

E—p{Afl )^=20‘9 X10^^ dynes per sq. cm. 

=30-3 X 10® lbs. per sq. inch. 

For further information on this subject see Journal of the I.E.E., Vol. 75, 
December, 1934, page 784 (T. F. Wall). 

12. —Explain the principle of operation of the magnetic-'potential 
meter. 

Answer. —Fig. 17a shows a uniform magnetic field of intensity H and 
placed in this field with its axis parallel to the direction of H oersted is the 



(a^ (b) 


Fig. 17 

flexible magnetic-potential coil AB of length I cms. Under these conditions, 
each turn of this coil will embrace the same magnetic field and the magnetic 
potential between the ends A and B will then be: 

H.l ergs. 

Referring now to Fig. 17ft, in which AB represents the axis of the coil. 
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and the ordinate at any point Xy represents the magnetic potential at that 
point. The magnetic flux which threads each turn of the coil will be 

0=H.Q maxwell, 

when Q sq. cm. is the mean area of each turn of the coil. The total flux- 
linkages of the coil will be given by the expression 

y = 0 n./. = H.Q.nJ .(1) 

Where n is the number of turns per cm. length of the coil, this quantity 0 
can be measured directly by means for example, of a ballistic galvanometer. 
The magnetic potential difference between the two ends A and B of the 
coil in Fig. 17a will then be 

^ j ^ Flux-linkagesy 

Next suppose that the flexible coil AB remains straight as indicated by 
the horizontal line AB in Fig. 18, but that the component of magnetic intensity 
in the direction of the axis of the coil is no longer uniform as in Fig. 17a, 
but is now represented at each point along the coil by the ordinates of the 
curve FKG» If the magnetic potential coil has only a few turns, say, for 
example, 7 equi-spaced turns, then if at the point /, which is 
midway between the two consecutive turns 1 and 2, the ordinate fg is 
drawn, then the mean value of the flux which is embraced by each of the 
coils 1 and 2 will be given by the shaded area of the rectangle, as shown 
in Fig. 18. Similarly, if corresponding ordinates are drawn, each midway 

between two neighbouring turns, the 
stepped rectangular diagram of Fig. 18 
will be obtained, and the area of this 
rectangular diagram will be a first 
approximation to the area of the 
diagram AFKGB. If the number of 
equi-spaced coils is increased, the stepped 
rectangular figure will become a closer 
approximation to the area AFKGB^ 
and when the number of equi-spaced 
coils becomes indefinitely large, the 
stepped diagram of Fig. 18 will coincide 
with the smooth curve FKG. That is to say, the mean ordinate of 
the magnetic intensity curve FKG will be (see expression (1)), 

ifav = oersted. 

Q,n,l Q.n,l 

Where 7 = -T {0m) and is the total number of fli x linkages of the flexible 
coil. Consequently, the magnetic potential between the two ends A and^jB 
of the coil will be 
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Similar considerations show that if the flexible coil is bent, as shown 
for example in Fig. 31, page 205 of “ Principles of Electrical Engineering ’ ’ the 
difference of magnetic potential between the two ends of the coil will be 


Nav.d 


Flux-linkages 


(4) 


where d cm. is the distance between the two ends of the coil. If ff is the 
intensity of the magnetic force in the iron between the two ends of the 
coil, then H = Hav as given by the expression (4). 

If the calibration of the flexible coil is carried out by the method 
described on page 204 with reference to Fig. 31 of “ Principles of Electrical 
Engineering so that when the number of ampere-turns of the magnetising 
coil is (AW)cai. the throw on the scale of the ballistic galvanometer is a°, 
then a throw of X° will correspond to a magnetic potential difference of 


Xjjt 

a 10 


(AW)c^ 


so that the required value of H will then be given by 

= (AIF)cai ) 2 oersted, . (5) 

in which expression, d cm. is the distance between the two ends of the 
flexible coil as has been stated already in the foregoing. 

Although the principle of the magnetic-potential meter has been known 
for about thirty years, it is only comparatively recently that its practical 
significance for testing the magnetic qualities of iron and iron alloys has 
begun to be realised. Exhaustive tests have shown, for example, that it is 
possible to obtain results of a remarkably high degree of accuracy 
in tests of the magnetic properties of single crystals of iron.’**' 

f 3. —On page 204 , Fig. 30 of Principles of Electrical Engineering ” 
the method is explained for calibrating a magnetic-potential meter 
flexible coil. Describe two methods for calibrating the non-flexible 
semi-circular coil system shown in Principles of Electrical Engineering*^ 
___ on page 205 , Fig. 31 . 


ANSWER—Method 1.—The 
coil system is arranged in a 
magnetic field of uniform 
intensity as shown in Fig. 19 ; 
for example, at the middle of a 



Fig. 19 


(* Sec “Archiv fUr Elektrotcchnik/* 1929, rage 145.) 
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long, straight solenoid. If there are w turns per cm. length of the solenoid 
winding and the solenoid current is I amperes, then the intensity of the 
magnetic field at and near the middle of the solenoid will be 

H = ^ ^ 7 w ^ oersted. 

If, then, L cms. is the mean span of the magnetic-potential coil system 
the magnetic potential difference between the ends of the coil will be 

^7C 

H.L.= 7 .(O.L oersted-cm. 

If a mm. is the throw on the ballistic galvanometer scale when the 
solenoid current is reversed, then a throw of 

1 mm. represents a potential difference between the ends of the coil of 

— f ~ Lw.L ) oersted-cm. 

a V 10 / 

If, then, the magnetic potential coil is in use as shown in Fig. 32, page 
205 oif “ Principles of Electrical Engineering,” and if when the magnetising 
coil current is reversed the throw on the ballistic galvanometer scale is X 
mm., the magnetic potential difference between the ends of the coil 
will be 

„ j. X 4711,zv.L 

H,L = — ryr 

a 10 

and consequently the magnetic intensity which is being measured is 

„ X4tcJ.w ^ 

H -- oersted.(1) 

a 10 

A great advantage of this method 
of calibration is that the span L 
of the coil is taken into account 
in the calibration constant. 

Method 2.—For this method 
the coil is arranged in the 
magnetic field due to a current 
I amperes in a straight wire. 
The magnetic-potential coil is 
arranged to stand on a flat 
horizontal surface, the plane of 
which passes through the axis* 
of the wire as shown in Fig. 20. 
If H oersted is the magnetic intensity in the mean semi-circular path 



Fig. 20 
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through the coil, and if r cm. is the length of this path, then the magnetic 
potential difference between the ends of the coil will be 

H.S = ^ ^ ^ ^ oersted-cm.(1) 

If a mm. is the throw of the galvanometer scale when the current I 
is reversed, then a throw of 1 mm. represents a magnetic potential difference 
between the ends of the coil of 

^ °«»^®ted-cm.(2) 

This method of calibration has the disadvantage that a large current / 
must be used, and the section ofthe wire must be correspondingly large. The 
arrangement may therefore be modified by using a number of individual 
wires laid side-by-side on the plane through the centre of the magnetic- 
potential coil and connecting these wires in series. Such an arrangement is 
permissible because perfect symmetry with respect to the coil of the field 
due to any one wire is not necessary ; what is essential, however, is perfect 
symmetry of the field with respect to the plane on which the coil stands, 
and this is obtained by the arrangement described. 

If, then, there are N such wires in series, laid side-by-side, and each carrying 
a current of / amperes, the required calibration is given by the following 
modification of the expression (2), viz., 

A throw of 1 mm. on the scale of the ballistic galvanometer will represent 
a magnetic potential difference between the two ends of the coil of 

(w .(^) 

W. Wolman (Arch. f. Elek., 1928, page 385), has carried out a large 
number of magnetic investigations with a rigid semi-circular coil 
system of which the leading particulars are as follows: 

The coil winding consists of 10 layers of 0,1 mm. diameter, enamel 
insulated, copper wire, the essential data of the coil system being : 

Span of coil .. .. .. .. = 30 mm. 

Breadth of coil .. .. .. =16 mm. 

Mean cross-section of the coil .. =0.6 cm^. 

Number of turns per cm. length of coil = 700 

Accuracy .. .. .. rii: = 0.5 per cent. 

Sensitivity. H = 0.146 oersted per mm. throw 

with a scale distance of 
1 metre. 
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14b—D escribe the procedure for measuring static magnetic fields 
by means of a ^[bismuth spiral.*^ 

Answer. —For the measurement of stationary magnetic fields two main 
methods are available in practice. One of these makes use of the ballistic 
impulse currents which are induced in a test (i.e., search) coil when the 
magnetic field is suddenly reversed in direction. The second method 
depends upon the change of resistance of a bismuth spiral when placed in a 
magnetic field (see page 48, “ Principles of Electrical Engineering 

The ballistic method has the advantage that it can be used for the 
measurement of fields of very low intensity (e.g., the Earth’s field) as well as 
of fields of the greatest intensity which occur in practice. The 
disadvantages of this method is that the setting up of the apparatus and the 
taking of the measurements involves a good deal of time, and the evaluation 
of the results necessitates a considerable amount of calculation. 

The second method, based on the change of the electrical resistance of a 
bismuth spiral when placed in a magnetic field, has the advantages of the 
rapidity and ease with which the tests can be made. The greatest 

disadvantage, however, is the 
much smaller degree of accuracy 
and reliability which can be 
obtained by this method and 
for this reason the practical 
applications are at present very 
limited. 

The improved method of 
procedure as described by 
G. S. Smith {Electrical 
Engineeiing (New York), 1937, 
p. 441) has greatly extended 
the usefulness of the test and 
has extended the range of its 
application, particularly as 
regards the measurement of 
fields of low intensity. Fig. 21 
shows the general arrangement 
of circuit connections. Two 
bismuth spirals 1 and 3 are 
used and these are placed 
respectively in two opposite 
arms of the Wheatstone Bridge. In order to obtain the full benefit of the 
increased sensitivity of the method, it is necessary so to construct the Bridge 
that sources of disturbance shall be eliminated, the chief cause of disturbance 
being of thermal origin. That is to say, high values of the thermo-e.m.f. 
will be produced at the junction of bismuth and any other metal (see 
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‘‘Principles*', page 159) and special means must be provided to ensure 
that all such junctions are maintained at the same temperature. 

Changes of resistance of the bismuth spiral due to the heating effect of the 
Bridge current or due to changes of atmospheric temperature have to be 
compensated and for this purpose the two other arms (2 and 4) are of nickel 
spirals of which the temperature coefficient is greater than that of bismuth 
(see page 45, “Principles**) and the absolute value of the resistance changes of 
these arms of the Bridge are always equal to those of the corresponding 
bismuth spirals. For the purpose of ensuring an exact elimination of 
temperature change of resistances, manganin resistances (5, 6 and 7) are 
connected to both pairs of Bridge arms, one of these resistances being 
adjustable as shown in Fig. 21. In order to ensure an equalization of heating 
over all the arms of the Bridge the bismuth and nickel spirals are inter-wound. 

15b—W hat is the ** Hall Effect and how may it he applied to 
the measurement of the strength of a magnetic field. 


Answer. —In the year 1880, E. H. Hall published an account of his 
discovery “ On a new action of magnetism on a permanent electric current,’* 
and this may be briefly described as follows. Suppose a rectangular metal 
plate is carrying a current in the direction of its length, then if a magnetic 
field is impressed on the plate in a direction at right-angles to its surface, 
an e.m.f. will be developed in the plate in a direction perpendicular to the 
current flow. 


In Fig. 22 AaBb is the rectangular metal plate and a current of / amperes 
is flowing in the direction from A to B, If a stationary magnetic field of 
intensity, H oersted is directed at right-angles to the surface of the plate. 



Fig, 22 


then an e.m.f. of E volts will appear 
between the points a and b of the plate. 
The mutual relationship between the 
directions of the current flow, /, the 
magnetic field H and the developed 
e.m.f. E are shown by the respective 
arrows in Fig. 22. It will be seen, 
therefore, that these three arrows are 
mutually at right-angles and can be 
represented by the left-hand if the 
middle-finger, the forefinger, and the 
thumb are placed mutually at right- 
angles and are taken to represent the 
respective arrows in Fig. 22. viz., 


The forefinger points in the direction of H 


„ middle-finger „ „ „ „ „ I 


thumb „ „ „ „ „ E 


and this rule should be compared with the left-hand rule given in Fig. 37, 
page 234 of “ Principles of Electrical Engineering.” 
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If either the direction of the current flow or the direqtion of the magnetic 
field is reversed in sign, the direction of the e.m.f. also becomes reversed. 

Hall found from his first experiments that the numerical relationship 
between the individual quantities is given by the following expression: 




( 1 ) 


where K is the “ Hall Effect Constant,’* and d is the breadth of the metal 
plate, that is the width ab in Fig. 22. Further investigation showed that the 
full effect is obtained with the plate ratio : 

breadth 2 


length 3 

The constant K in the expression (1) has different values and different signs 
for different metals. The most pronounced Hall Effect is obtained with a 
plate of bismuth» 



For the application of the phenomenon to the measurement of the 
strength of a magnetic field, the circuit system of Fig. 23 may be used, where 
AaBb represents the bismuth metal plate. The measurement of the e.m.f. 
E, which is developed between the points a and b, is made by balancing this 
e.m.f. against the p.d. of the slide-wire so that the galvanometer G reads zero. 


I 




Chapter Vm 
ELECTRO-MAGNETISM 

f .—The pole shoe of a direct current dynamo is shaped as shown 
in Fig. 1. Explain how the total flux per pole crossing the qir-gap per 
pole may be determined. 

Answer. —In Example 5, Chapter VII, the change in direction of the 
lines of magnetic induction as they pass from one medium to another has 

been considered. In Fig. 1 are now shown 
the lines of magnetic induction between the 
pole face and the armature surface of a 
dynamo machine, the pole faces being 
“ shaped ” in the neighbourhood of the two 
sides as seen in Fig. 1. The induction Bq 
gauss will, therefore, be constant over the 
width of pole face 6(, cm., for which the air- 
gap length d cm. is constant, whilst in the 
neighbourhood of each of the sides of the 
pole-shoe the tubes of induction will spread, 
and the flux density in each of these regions 
will become correspondingly reduced. The 
distribution of induction density under the pole face will be such that 
the total energy of the magnetic field in this space will be a minimum. 

The pole-shoe face and the armature surface are each equi-potential 
magnetic surfaces, so that the magneto-motive force across all the tubes 
will have the same value. For the pole breadth the relationship between 
flux density and m.m.f. is— 

m.m.f. = Bq ^ 

and the flux which crosses the gap under the central part of the pole face, 
that is, over the breadth cm., will be— 

0Q = Bo 6o ^ 

where I cm. is the axial length of the pole and armature. That is, 

00 m.m.f. 

For a tube of flux in the neighbourhood of the edge of the pole shoe, the 
magnetic conductivity is—^ 



so that the magnetic flux comprised by this tube will be— 
A = m.m.f. X Ax = Bo d ^ / 

Ox 


X 
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The total flux for both the shaped sides of the pole shoe will then be— 

20x = 2z(BodlyJ =2Bo<J/i:^ 

and consequently, the total flux per pole which crosses the gap will be— 
0 = 00 +20x = Bo2bol+ 23^161 T 

Ox 

where b, = 2^bo + 26 2:^ 

Ox 

and is termed the ‘‘ ideal pole breadth.” Hence, the total flux 0 per pole 
is the same as that which would be the uniform gap of 6cm. if the pole 
breadth were bi cm., the flux density everywhere in the gap having the 
constant value of Bo gauss. 

2 . —A magnetic separator, capable of dealing with large blocks of 
iron, comprises a "" magnetic pulley ** driven by a belt on which the 
material to be separated travels. The pulley is magnetised by means 
of an exciting coil as shown diagrammaUcally in Fig. 2. Find what 
magnetic pull is exerted on the block when it is symmetrically placed 




over the axis of the pulley as shown in Fig. 3. The diameter of the 
pulley is 36 inches and the belt is ^-inch thick. The surface of the block 
is 6^ X 24 inches, the effective length in the direction of the pulley axis 
being 12 inches. The exciting ampere-turns of the magnetising coil 
is 12,000. 


Answer. —In Fig. 2 the tubes of force between the block and the 
magnetic pulley are shown, as before, the guiding principle in drawing 
these lines of force being that they enter and leave the magnetised surfaces 
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practically at right angles to the surface, ^inct the system is symmetrical 
about the median line XX it is only necessary to calculate the pull due to 
one-half the total number of tubes and then multiplying the result by 2 
to obtain the total pull. Each tube of force will cross the gap twice (see 
Fig. 1), so that the mean value of the flux density in any one tube will be 
given by the equation— 

^ ampere-turns = H2 Sk 2Bx Sk 

since /n=l and B=H for the air-gap. In this equation, <5x cm. is the mean 
length of gap in any one tube. Then— 


JSx 


^ 12,000 

Ox 


7,560 

dx 


gauss. 


The mean breadth of each tube is 1 cm. and the effective length in a 
direction perpendicular to the plane of the paper (see Fig. 2) is 12 inches, 
that is, approximately 30 cm., so that the total effective surface of the block 
for each tube is about 30 X 1 = 30 sq. cm., The pull, therefore, which 
is due to each tube of the half-surface 0§f in Fig. 3 will be given by the 
expression— 


P = 0-042 



kg. weight 


where Bx gauss is the mean value of the flux density in the tube considered. 
The calculation can then be arranged in tabular form as follows— 


Tube Number 

Mean Length 
of Gap : 
d cm. 

Mean Flux 

Density : 

^ 7,560 

B = gauss 

Magnetic Pull 

‘■“ (tIo) “s- 

weight 

1 

1-6 

4,750 

28-5 

2 

1-6 

4,750 

28-5 

3 

1-6 

4,750 

28-5 

4 

1-7 

4,470 

25-5 

5 

1-8 

4,220 

22-5 

6 

1-9 

4,000 

20-2 

7 

2-1 

3,630 

1 16-5 

8 

2-4 

3,160 

12-7 


Total : 183 kg. weight. 


The same pull will be produced on the other half of the block surface O^, 
so that the total pull on the block will be 366 kg. weight. 
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3 .—A current of 8 amperes is flowing in a long straight wire. What 
is the force on a unit magnetic pole placed at a distance of 7 cm. from 
the axis of the wire ? What will be the radius of a circular coU of one 
tarn which will produce the same force at the centre of the coil for the 
same current of 8 amperes in the coil ? 


Answer. —The force at a point distant 7 cm. from a long straight 
wire which is carrying a current of 8 amperes is— 


F = 


li 

\Qd 


~ dynes. 
10 X 7 ^ 


The radius r cm. of a circular coil of 1 turn which will produce the same 
force at the centre of the coil for the same current of 8 amperes will be 
given by the expression— 


F - 0-23 


Zm 

lOr 


2nS 

lOxr 


so that 


l/i 


= 22 cm. 


4 .- 


A lifting electromagnet and armature of soft iron are shown in 
Fig. 4, the air-gap d being 2 mm. and the total 
length of the magnetic circuit in the iron being 
130 cm. The section of the iron is 9 x 9 cm. 
and the permeability is 2,500. What flux 
density in the air-gap will be required to hold 
a load of 1 metric ton, and what number of 
ampere-tums must be provided to produce 
this flux density ? 

Answer.*— The pull exerted on the armature 
by the electromagnet is 



1 

HOO- 



( 

( 

1 

1 

5 < 

) ^ 

1 _1 

+ 

) 

) 

Y 

6 ^ 

□lj 

T 

nn 

' ^ 
'8 


—30— 




rig. 4 


P = 0042 




B Y 

5 kg. weight 


where S = 2x9x9 = 162 sq. cms. P = 1,000 kg. 
B Y 1,000 1,000 


so that 


f—y 

V 1,000 y 


0 042 X 162 “ 6-8 


= 147 


B 


roOO ~ ^ ^ ~ gauss. 
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Then, ampere-turns = -f Zj 

where oersted and ;= 23 cm. refer to the air-gap 

where H 2 oersted and 1 2 cm. refer to the magnetic path in the iron. 

^7t 12 100 

Hence ampere-turns = 12,100 x 04 + X 130 

= 4,840 + 630 = 5,470 


that is ampere turns = 0-8 x 5,470 = 4,376 


5 . —In order to generate the required direct current e.m.f., the flux 
in the armature of the turn-pole dynamo of Fig, 5 must be 5-75 X iO* 
c,g,s. lines and the magnetic permeability is m = 3,000. The magnetic 



Fiq 5 


leakage factor is 1,2: the mean length of path in the poles and yoke 
is 100 cm. and the cross-section is 650 sq. cm.: the length of the single 
air-gap is 1 cm. and the cross-section is 1^00 sq. cm.: the length of 
path in the armature is IS cm. and the cross-section is 500 sq. cm. 
Find what exciting ampere-tums will be required. 

Answer. —Since the armature flux is 5*75 X 10® and the leakage factor 
is 1-2 the flux in the poles and yoke will be 1'2 x 5-75 x 10® = 6-9 X 10® 
c.g.s. lines. The following Table then gives the necessary data for the 
component parts of the magnetic circuit from which the required total 
number of exciting ampere-turns is found. 
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In this Table the symbol aw is used to denote ampere-turns per cm. 
length of path and AW to denote the total number of ampere-turns. 


Component 

0 

S 

sq. 

cm. 

B 

gauss 

oersted 

aw 

= 0-8^7 

1 

cm. 

AW 

Poles and 
Yoke .. 

6-9 X 10" 

•650 

10,600 

3-53 

2-82 

100 

282 

Air-gap .. 

5-75 X 10" 

1,300 

4,400 

4,400 

3,520 

23=2cm. 

1 

'7,140 

1 

Armature 

5-75 X 10" 

j 550 

10,400 

3-47 

2-78 

15 

42 


Total : 7,464 


6 .—A short-circuited circular coil of 150 turns has a mean diameter 
of 25-5 cm. and is arranged so that it can he rotated about a vertical axis. 
The coil is set with its plane perpendicular to the horizontal component 
of the earth*s magnetic field, the intensity of which is 0-2 oersted. If 
the resistance of the coil is 20 ohms, find what quantity of electricity 
will be set in motion when the coil is turned through 180"*. 


7C 

Answer. —The mean area of the coil is ^ X 25*5^ = 510 sq. cm. 

The magnetic flux embraced by the coil in its initial position is 
0 = 0-2 X 510 = 102 c.g.s. lines (maxwells), so that the flux-linkages will 
then be <Pw = 102 X 150 = 15,300. 

When the coil has been turned through 180° the flux-linkages of the 
coil will have become reversed so that the change of flux-linkages due to 
this half-rotation will be 20w 30,600. The quantity of electricity set in 
motion by turning the coil through 180° will therefore be— 


2<Pw 30,600 
^ “ r 10« ^ 20 X 10« 


= 15-3 X 10“^ coulomb. 


7 . —Show how the mutual inductance of two coils can be measured 
by means of a ballistic galvanometer test. 



Answer. —In Fig. 6 .4 is the primary 
and B the secondary of two mutually 
inductive coils and it is required to 
measure the coefficient of mutual induc¬ 
tion M henry. Let a current of 
i amperes flow in the coil A and let B 


Fig. 6 
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be connected to a ballistic galvanometer through a suitable resistance. 
The flux-linkages of coil B due to a current of i amperes in coil A is then, 

10® Mi c.g.s. lines. 

If Q coulombs is the quantity of electricity which is discharged through 
the ballistic galvanometer when the current circuit of coil A is broken 
then, 

^ 10® Mi Mi , ^ 

Q --:j 7 r 5 = — coulombs 

^ r X 10® r 

where r ohms is the total resistance in the circuit of the coil B and the 
galvanometer. Hence, 

M = ^ henry. 

S*—Two coils, 1 and 2, are in inductive relationship to one another, 
the resistance of each coil being negligible. If a d.c. pressure of 10 volts 
is applied to coil 1, obtain a graph showing the current in each coil and 
the stored electromagnetic energy of the system as a function of the 
time, when L\ -~ 1 henry: Li^ 2 henry : M ~ 1.2 henry. 

Answer. —The two coils are shown in mutually inductive relationship 
in Fig. 7, and the following two simultaneous equations define the current 
in the respective circuit as functions of the time, viz, : 


V = Lf-h+M^] 




eliminating ^2 between these equations gives 

j._ , M^ dii 
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then 


M 


_ , , M . 

L,-M^ 


The total stored electromagnetic energy in the system at any time t 
is then 


that is, 


so that, 


U-. 


/ t yi yz 

Vijt = j T^W ^ 

0 o -^2 


U = 2^1 -|- 2^2 ^^2 — ^2 ^^2 


and hence, 

U = \i^ ^Lj + 1/2 ^ 1.2 — I, {2 M joules 

Inserting the numerical values 

Li = 1 henry : L 2 = 2 henry : M = 1*2 henry 


K = 10 volts. Then — — = 0*28 henry 

ti = ZS'lt amperes : 2*2 = 21*4^ amperes 

U = 179^2 joules 

These results arc shown by the graphs of Fig. 8. 

An interesting demonstration of _ 

the growth of current in circuits which 




Fig, 9 


are electromagnetically coupled, and of which one is connected to a source 
of d.c. pressure, can be obtained with the arrangement shown in Fig. 9, 
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A solenoid is provided with a core consisting of a bundle of iron wires and 
an aluminium ring is placed over the projecting end of the iron core. The 
solenoid is connected through a switch to a battery, and it will be found 
that at the moment of closing the switch the ring will be shot up into the 
air. This is an example of electromagnetic repulsion, and can be accounted 
for as follows : 

When the switch is closed the current in the solenoid winding and, 
consequently, the flux in the iron core, grows in accordance with a logarithmic 
curve. This increasing flux induces a current in the aluminium ring, the 
direction of the current being such that it opposes the rising flux in the 
solenoid core (Lenz’s Law). A force therefore acts on the ring tending to 
drive off the core of the solenoid, and thus prevent it from becoming linked 
by the rising flux in the core. 

These conditions are fundamentally the same as those which are defined 
by the graphs of Fig. 8. 

9 . —A two-pole short-circuit occurs at a power station which is 
operating in parallel with a number of other stations on 10 kV. bus bars. 
The short-circuit current reaches a peak value of 93,500 amperes. If 
the length of conductor between two supports is 160 cm. and the mean 
distance between two neighbouring conductors is 40 cm., find what 
mechanical force will be developed between two conductors. 

Answer. —The mechanical force between the conductors is given by 
the expression 

, P-2-04/2^10-8 kg. 

Inserting the numerical values given in the question, viz., I = 160 cm., 
/) = 40 cms., gives 

2-04(93,500)2 X X lO"® = 720 kg. weight 

and the supporting structure for the conductors must be able to withstand 
this force. 

10 . —Obtain the relationship between torque €md speed for a direct 
current series wound traction motor. 

Answer. —The connections for the series type of traction motor are 
shown diagrammatically in Fig. 10, in which A is the armature and M the 
field winding. The direction of rotation of the armature will remain the 
same whether polarity of the supply terminals is as shown, or whether it 
is reversed, since reversing the polarity will reverse the current in both 
field and armature winding, this leaving the direction of the torque unaltered. 
It follows from this that the torque on the armature will be continuously 
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in the same direction whether the supply is single-phase alternating current 
or direct current. When a.c. is used the whole of the magnetic circuit 

must be laminated, that is, the field structure 
as well as the armature core. 

Suppose the motor is supplied from a 

d. c. source of constant terminal pressure V 
volts and let i? ohms be the resistance of the 
field and armature windings, then the induced 

e. m.f. Ea will be given by the equation 

Ea==V--LR .( 1 ) 

If 0 is the magnetic flux per pole and 
n r.p.s. is the speed of rotation of the 
armature, then 

Ea=-k0n .( 2 ) 

^^9- where A is a constant of the machine. 

The mechanical power developed by the motor will then be EJ watts 
so that if the torque is r kg.-m. units, then, 

Ea la = 271 X 9*81 T.« 



or, substituting for Ea the expression given in (2), it is seen that 

k0 nl = iTin 9*8lT.n 

that is 

T = 0-016A 0 / kg.m. 

For railway work the tractive effort ” F is usually specified instead 
of the torque, viz., the tractive effort is the * 

force in kg. at the rim of the driving wheels, ^ 
so that (see Fig. 11), ^ 

Torque in kg.-m. = (tractive effort) X ^ \ 

where D metres is the diameter of the i j 

driving wheels. / 

The speed of the train is given by 
v==7tD N/60 metres per sec. 
where N revs, per min. is the speed of 

the driving wheels ; the power developed by the motor is then, 

W^vF 9*81 X 10-3 kw. 


11.—The switch shown in Fig. 12 comprises two surfaces in contact, 
the process of opening the switch consisting in sliding these two surfaces 
so that the area of contact gradually becomes zero. Obtain the relation¬ 
ships between contact current and time and contact p.d. and time. 

, Answer. —If S is the full contact area and if y second is the time taken 
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for operating the switch, then the surface contact at any moment t will be 

If r ohms is the contact resistance for the full surface S then at the moment 
t the resistance will be, 


r 




ohms. 


The equation defining the current at any moment t is then 

Lj + Ri^r-^i= V . 

at y — t 


•( 1 ) 


The complete solution of this equation involves complicated processes 
and for practical purposes (e.g., a study of resistance commutation) it 
is sufficient to examine the conditions which obtain when the switch is 
about to open. At the commencement of the switching operation the 


AAA/^JT - 

R L 



Fig. 12 



ty 

Fig. Ill 


contact resistance r will be small and the p.d.v across the contact will also 
be small. When approaching the moment at which the contacts will 
separate the resistance increases rapidly and the current falls to zero as 
shown in the diagram of Fig. 13, the pressure v being given by the equation 



( 2 ) 


Near the moment of opening, the rate of fall of the current can be expressed 
by the relationship 


di i 


dt 


y-t 


and inserting this value in equation (1) gives 




(3) 
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As t approaches y the current becomes small and the ratio ~ ^ 

becomes large so that the term Ri becomes negligible and hence, from 
equations (1) and (3) 

O' 


or 


V] 


VL 


1 ^ 


L 

ry 


It is seen, therefore, that the conditions which must hold if the p.d. across 
the switch at the moment of opening is not to become indefinitely large is that 

— > 1 that is 
ry 



12 . —An electron is moving in a steady homogeneous electric field 
and a steady homogeneous magnetic field, these two fields acting in 
directions which are mutually at righUangles. Obtain the equations 
which define the motion of the electron. 

Answer. —Suppose, for example, that the electron is emitted from a 
hot filament and that it is moving in the plane of the x, y co-ordinate axes 
as shown in Fig. 14, where P shows the position of the electron at any 
moment t. The steady homogeneous electric field of strength E electro¬ 
magnetic units is acting in the plane of the y co-ordinate axes, and the 
steady homogeneous magnetic field of strength H oersted is acting in the 
direction of the z co-ordinate axis, that is, at right-angles to the direction 
of E as is shown in Fig. 14. 






Vx 



Fig. 14 


X 


Fig, 15 




126 ELECTRICAL TEST PAPERS AND SOLUTIONS 

Now an electron of charge e electromagnetic units, moving with a velocity 
of V cm. per >sec. forms an electric current of strength.* 

C* = — c. electromagnetic units...(1) 

If®, crri. per sec. is the velocity component in the x direction, the electron will 
experience forces as follows : 

(i) A force in the direction Oy due to the magnetic field //, viz.. 


= —H C^ = dynes.(2) 

(ii) A force in the direction Oy due to the electric field E, viz., 

Fy]^ = F.e dynes . (3) 


Hence the mass-acceleration of the electron in the direction Oy will be 


m. p = E^-H.e.v, . (4) 

at 

Similarly, the electron will acquire a mass-acceleration in the direction 
OXy viz., 

m ^ = H.e.Vy .(5) 

at 

Solving equations (4) and (5) for v, and Vy respectively, gives 

E \ 

», = M sin [oi [t-to)] 4- ^.(a) I . 

Vy = u COS [(JO (t—to)].(^>) ) 

E 

where ^ is a velocity of translation of constant magnitude in the direction 

H 

Ox. Apart from this uniform velocity of translation, the equations (6) 
define a circular motion of linear velocity u cm. per sec. and angular velocity 

(JO = radians per sec.(7) 

m 

as shown in Fig. 15, the initial conditions being defined by to. 


• It is to be observed that the standard definition of the direction of a current is 
the direction in which positive electric charges are moving, so that an electron moving in the 
direction »» forms an electric current of which the direction is given by — v^. 
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13 . —Derive the equations which define the path of the electron 
motion of Question 12 for the following initial conditions, viz., 

t=:o:Vj, = o:Vy=:o 


Answer. —Choosing the origin of co-ordinates such that x=o : jv=o: 
when t=Oy the general equations for the motion of the electron for the 
prescribed initial conditions may be obtained. 

The general equation for the motion of the electron as already derived 
in Example 12 are, 

E 

Vx = u sin {cot’—coto) + ^ 
h. 

Vy = U cos (cot — COto) 

When the initial conditions are inserted in these equations, it is found 
that the motion of the electron is defined by the equations, 



— (1 — cos cot) 
H 

= - sin CO < 

H 


( 2 ) 


The path of the electron is then defined by the relationships, 


dt 


*=/' 

y == J' Vy dt = 


E . E . , , ^ 

— COS 0>t -{■ K 
Hco 


(3) 


where K and C are arbitrary constants which again are defined by the 
initial conditions. That is to say, inserting in equations (3) the conditions, 

f == o : jc = o : j=o, 


it is found that C 


o: K== 


Hco 


and consequently, the path of the particle is found to be defined by the 
equations, 
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These are the standard equations for a cycloid*, for which the origin of 
co-ordinates lies on the base on which the generating circle rolls as shown 
in Fig. 16. The radius of the generating circle is at once obtained from 
the equations (4), viz., 


r 


E 

H.CO 


(5) 



O 


- 

Ftg, 16 

The principle which is illustrated by this problem is applied in the 
operation of the “ Magnetron ” valve for generating ultra-high-frequency 
oscillations (see also : T.F.W. : Engineering,” Feb. 8, 1946, p. 126). 


* See, for example, Lamb’s Calculus.** 





Chapter IX 

ALTERNATING CURRENTS : THE USE OF COMPLEX 

QUANTITIES 

1 , —A condenser of S/jF capacitance is placed in parallel with a 
resistance of ISO ohms and the parallel system is connected to an a.c. 
supply of 600 r,m.s. volts at 500 frequency. What is the power factor 
and the magnitude of the current which is supplied by the mtUns ? 
If the resistance and capacitance are now placed in series across the 
same supply terminals, what will he the current and power factor ? 


Answer.—( i) Current in the Parallel System of Fig. 1 . 

lo = jcoCV = j3,140 X 3 X 10“® X 600 = j 5-68 amperes. 

T V 600 , 

Ir = p = TTn = 4 amperes. 






Fig. la 


The vector sum of these two currents is (Fig. la), lo = 'v/5-68* + 4^ 
= 6-95 amperes : tan ^ 


that is 


Ir 


* .X "CV 3,140 X 3 X 150 , , 

tan* -^-«.CR =-jjj-1.4 


4 = 55® : cos 4 — 0-573. 


(ii) Current in the Series System of Fig. 2. 

I_ 


R-j 


coC 


R2 4- 


\(oCj 


1 _ 10 « 
(oC 3,140 X 3 


106 : lo = V 


105 + jl06 
150*+ 106* 


129 
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SO that 

lo = 2-67 -|- j 1'89 amperes. 

Magnitude of current is lo = 'v/2’67^ + — 3-27 amperes and 



so that 

<!> —35 : cos ^ = 0-819. 


2 . —In order to protect a group of relatively small power cables 
from a short-circuit which might produce a destructive effect, a choking 
coil can be arranged between the generator and the cables as shown 
in Fig. 3. 

A water-driven three-phase power station of 150 MVA. capacity at 
6.6l-\/3 kV. per phase supplies a nitrogen plant by means of cables. The 
reactance of the station is 15 per cent, and the reactance of the protective 
choke coil is 8 per cent. Find the value of the short-circuit current. 

What will be the short-circuit current if there is no protective choking 
coil ? What is the ratio of the consequent mechanical stress in the 
two cases ? 


Answer. —The circuit system is shown in Fig. 3. 


6600 

Vs 


3,820 volts. 


Pressure per phase 


150 MVA. = 150 X 10« VA. 


Normal current per phase 


150 100 

3 ^ 3,820 


13,100 amperes. 


Station reactance per phase Xs is given byXsXl3,100 = 0-15 X 3,820 : 
so that Xs = 0.044 Q. 

Choke coil reactance per phase X. is given by XcX 13,100 =0-08 x 3,820 : 
so that Xc=0-0234 Q. 


Total reactance per phase = 0-0674 Q. 
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3 820 

Short-circuit current per phase is Is.o = ~ amperes. 

When no choke coil is used, the total reactance per phase is 0.044 Q, so 
that the short-circuit current per phase will then be 

Is-o = = 87,000 amperes. 

0-044 

^fm T. i “ 

DO^ 

Fig, 3 



Since the mechanical force developed by a current-carrying conductor 
is proportional to the square of the current, the relationship of the 

mechanical forces developed in the foregoing cases is 


87,000 V - 0 
57,000/ 


3. —A laminated cylindrical iron ring of 45 sq. cm, cross-section 
is uniformly wound with a coil of 100 turns, and an alternating p,d. 
t; = cos ojt is applied to the terminals of the coil. If the resistance 
of the winding is negligibly small, obtain an expression for the magnetic 
induction B as a function of the time and discuss the implications of 
this expression. 

Answer. —The induced back e.m.f. of the coil is e = — ^ volts 

10» dt 


where 0 is the magnetic flux in c.g.s. lines linked with the coil at any 
moment t and since v e — o :v ~ Fm sin w/ = ^ volts so that. 


and hence, 


d 0 


0 = 


1^ 

w 

Vm 10 ^ 

W(0 


Vm (sin cot) dt 
cos o)t + K 


( 1 ) 


where K is an arbitrary constant depending upon the initial conditions. 
Two special cases will be examined in what follows. 
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(i) If the switch is closed when t = o, that is, when the e.m.f. wave 
is passing through its zero value, then the initial conditions are, t = o : 
V ilO® 

0 = o : so that K — — — and consequently, 

WUJ 

0 = (1 — cos (Ot) = (Pm (1 — COS cot) 

W(o 

V 10® 

where, (Pm = —— c.g.s. lines (i.e. maxwells). 
zvco 

If == y'2 X 100 volts : w = 100 : ft> = Ijtf = 27r50 = 314 then (Pmax = 

0-45 X 10^ maxwells = 0*45 x 10~^ webers and since the cross-section of 
the ring is 45 sq. cm. it is seen that 

B = BmaLX (1— COS COt) . (2) 

where £max = 10,000 gauss. 

The values of the induction B gauss as defined by this relationship 
are shown in Fig. 4, from which it will be seen that the magnetic flux remains 
wholly positive. If the magnetisation curve for the laminated iron ring 



is as shown in Fig. 5, in which the magnetomotive force is defined by the 
number of ampere-turns per cm. length of the magnetic circuit, then from 
the fundamental equation for m.m.f., viz., 1*26 (ampere-turns) = HI it is 
seen that 1*26 ampere-turns per cm. = H oersted or : ampere-turns per 

cm. = 0*8//. If the length I is 250 cms., then ampere-turns per cm, = 

or i = 2-5 (ampere-turns per cm.). Neglecting hysteresis effects, the 
current wave which corresponds to the wave of magnetic induction as 
defined by the equation (2) is shown in Fig. 4, from which it will be seen 
that the peak value of this current wave is about 900 amperes^ 
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(it) If the switch is closed at the moment when the applied p.d. is 
passing through its first positive peak value, tl^en the initial conditions are : 

7t 

^ = 2 ^ : 0 = 0: so that the arbitrary constant in equation (1) is zero and 
consequently, 

0 = 0ui cos (ot and B — BmAx cos cot .(3) 

In Fig. 6 this wave of magnetic flux density is shown as^well as the 
corresponding magnetising current wave, from which it will be seen that 
the peak value of the current wave is now not quite 20 amperes. A com¬ 



parison of the current waves of Figs. 4 and 6 shows what immensely heavy 
magnetising currents can be developed if the switch is closed when the 
applied p.d. is passing through, or near to, its zero value. As already 
stated, the effect of the resistance of the winding has been neglected in 
the foregoing treatment, but it is to be observed that, although the resistance 



may be very small, yet when the current approaches such immensely high 
peak values as those shown in Fig. 4 the pressure drop due to the resistance 
will be relatively large and, in this way, the peak current values will be 
drastically reduced. Even so, the magnetising current may reach values 
which are dangerously high for the mechanical safety of the coil, it being 
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observed that the mechanical forces due to the current are proportional 
to the square of the current value. A further effect of the resistance of the 
winding is that the current wave will not remain wholly positive as in 
Fig. 4 but will gradually assume the symmetrical current condition shown 
in Fig. 6, that is, symmetrical about the abscissa axis. The conditions 
illustrated in Fig. 4 apply to the case of switching in an unloaded transformer 
and it might quite well happen that the switch closes when the applied 
p.d. is passing through its zero value, so that if proper precautions are not 
taken, destructive results may ensue. 

One method of eliminating dangerously high current peak values due to 
this cause is to incorporate in the switch a suitable resistance which is 
momentarily connected in series with the transformer winding as the switch 
closes, and when the switch is fully closed the resistance becomes 
automatically short-circuited. 

4 . —Show how the magnetising current wave of a transformer may 
he derived from the hysteresis loop. 

Answer. —In Fig. 7 is shown the hysteresis loop for a peak value of the 
induction density B = 17,000 gauss, the corresponding value of the mag¬ 
netising force being//m = 45‘3 oersted and the corresponding value of the 
magnetising current being Im = 2*25 amperes, thus for w = 1,600 and 
for a length of magnetic circuit / == 100 cm. 

1-26 Im 1,600 = Hm 100 
or Hm = 20*2 Im 

The method by which the magnetising current wave may be derived 



Fig. 7 

from the hysteresis loop through the intermediate step of the cosine wave 
of flux density B will be clear from a reference to the two selected points 
C and G. 

It is to be observed that the applied pressure wave is assumed to be 
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a sine function of the time, and consequently the induced magnetic flux 
must also be a sine function of the time, since the rate of change of a sine 
wave of flux gives a sine wave of induced e.m..f. 


5 . —In Fig, 8 is shown cm oscillatory circuit to the terminals of which 
is applied a d.c. pressure of V volts. Find the logarithmic decrement 
and the amplitude of the undamped current. 

1 R 
IL 


. 1 

is less than the current will be oscillatory as 


Answer- 


-if( 


shown in Fig. 8 and is defined by the equation 


i= V 



The frequency / is given by the relationship 

1 

and the time of one complete oscillation will be 

T = j = 2^ VLC 




The first positive peak value will be 


7^1 1 R T 

e” 2 L 4 


and the second positive peak value will be 


h 



_ 1 R 6T 
e 2L 4 
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The logarithmic decrement will be 

I -l^x 

A = loge — — loge e 2 L 

The undamped peak value will be given by the relationship 


j Y _ 1 ^ JJf 

11 — lo € 2L4 

thatis =/i(i+-4a) 


6 .—What is meant by the ** Q ** value of an alternating current 
circuit ? 

Answer. —The ‘‘ O value is the ratio and is a convenient factor 

for expressing various characteristic relationships of tuned circuits* For 
example, in a series resonance circuit as shown in Fig. 10 for small values 


of R the condition of resonance is coL = so that 

coC 



In the parallel circuit of Fig. 11 

At resonance cd^LC — 1 and the 

/ 


8.= 


?). 


the input admittance is 
_ jcoCR — (o^LC 4- 1 
R +j(oL 

input impedance is then 
'fcoCR 
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For relatively small values of i?: 

o (oL r oL 

that is, 3 . = A g = t»LQ 

7 . —A condenser is connected in parallel with a series arrangement 
of resistance and inductance. This parallel system is then connected 
to a source of a.c. supply. Discuss the resonance conditions of the 
system. 

Answer.— The circuit connections are shown in Fig. 12. The input 
impedance is 

•o* — f 2 \ 2 


EmSinOJt 




Ih 


T 


Fig. 12 

Taking the following numerical data : 

R = 50Q: C = 2-5 X 10-^ F: L = 10"^ H : Fm = 1,000 volts. 

1 


Case i : 


CO = COo = 


Vlc\ 


so that 
and 


COo 




10« X 10^ 


2-5 


= 2 X 10« 


Q, = 800 - y 200 = 825H i*" 

So = = 1-212 (see Fig. 13a) 


Capacitance current is /o = 5 amperes 

Case a : <o — wa = \J coo* — ^ natural frequency 

of the circuit. 

then con = -^4 X 10^^ - (0-25)^ X 10^^ I ±= 1-983 X 10® 
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3. = 809-53 -y 146-1 = 825-6 e-^ ‘o* i*' 

% = = l-2100eJ“'»2' (see pjg 13 

Capacitance current is h = 4*95 amperes. 

Case Hi : The Current is in Phase with the Supply Pressure. 

For this condition they component of the input impedance must vanish, 


that is, 


so that 


that is, 

and Zi = 820 Q 

M = 1-938 X 106 


So = “ 1.2195 amperes in phase with the supply 

— o2u - 


Fig. 13c.) 

Capacitance current is h == 4-87 amperes. 


CASE I 



pressure. 


CASE ir 




Fit. 13 
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8 . —The two circuits 1 and 2 shown in Fig. 14 are electromagnetiadly 
coupled, the coefficient of mutual inductation being M henry, and thk 
coefficients of seljf-induction respectively L| md Li henry, and the resis>- 
tances Ri and Rt. If it be assumed that there is no magnetic leakage, 
obtain an expr^sion for the transformation ratio. 


Answer. —^The transformation ratio is defined as the ratio of the induced 
e.m.f.8 in the two circuits (see Fig. 14), viz., 



where circuit d) is the primary, i.e., the one connected to the supply and 
circuit (D is the secondary or consumer’s circuit. If o) is the circular 
frequency of the supply, then 

El — 0) Li Ii 

and, by the definition of mutual inductance, 

E 2 = 0) M Ii 

so that the transformation ratio is 


u ■= 


Ei-h 

E2~ M 


( 1 ) 



Similarly, if the circuit (2) is connected to the supply, then 
E 2 = (o L2I2- El CO MI2 


so that 


( 2 ) 


Ei-¥. 

El L2 

Combining equations (1) and (2) gives 

= Li L 2 

If there are w, turns on the inductance Li and Wj turns in the inductance 

El El El 

M ~~ to, ^ ~ W 2 


E, then 




E 


to. 


Lx 


toi _M _Ei 

tOj E2 M 


that is. 
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9 . —Two co/upled circuits shown in the accompanying diagram, 
the primary circuit of which is connected to an a.c. supply pressure 
V„ cos cat. Obtain (i) the two simultaneous equations whidt define 
the current in each of the coupled circuits, and {ii) the simple series 
circuit which is electromagneticaUy equivalent to the coupled system 
of circuits. 


Answer. —The circuit system is shown in Fig. 15 . 



M 

Ftg, 15 


(a) To solve these equations, assume the solutions to be 




pj (at - Cp2) 


Writing Vm for the supply pressure and substituting 
for ii and 7*2 in the original simultaneous equations, {a) and ( 6 ) gives 

= Lijca + Mj co /jm e’ /im e’ 

0 = L2jca 1 2m + Mj CO /jm e’ R2 /^m e’ 

Eliminating /jm ~between these two equations, gives 

f'. {(R. +y » L.) +y » M I 

which reduces to 

Vm = /im + y CO Le } = /im 6^ 

D _ D I ^ T> _ D 1 1 


where Re = Ri + ' R^ = R^ + R,‘ 

U = L2- ' ^2 = Li - Lji V,n COS at |l^ 

3e = Re j CO Le ^ 

SO that ' ^^ 9 - 

R2^ is the effective resistance of the secondary circuit reduced to the 
primary circuit. 
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is the effect!/e inductance of the secondary circuit reduced to the 
primary circuit, 

and the equivalent simple series circuit is shown in Fig. 16. 

If the resistance is small in comparison with then ^2 — ^^2 



Fig. 17 


The same general solution holds for the case in which either, or both, 
circuits contain capacitances as shown in Fig. 17. If instead of is written 
then : 



fO .—A trip coil for a circuit-breaker has an inductance of 0.1 mH 
and a very small capacitance, e.g., the leading-in conductor from the 
circuit-breaker, the capacitance of which might be 10*"^ fiF. Find the 
natural frequency of this coil. 

Answer. —The natural circular frequency is 

COo = " 7 - ^^==^ = yr . ■ . ■ "V: ... ' ■. ==, = 10^ 

VLC Vo-1 X 10-3 X 10-^^ 


/o = ^ = l-6 X 10^ Hz, 


The surge impedance or “ oscillation resistance (see Chapter XV) is 



1,000 Q 
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11.—Find the natural frequency of oscUUtdon of a protective choke 
coil of inductance L = 5 mH which is connected In front of a cable of 
capacitance C = ZuF. 


Answer. —^The natural circular frequency is 

_ 1 _ 

“ Vs X 10-3 X 2 X 10-« 


10,000 


and = ~ = 

The surge impedance or “ oscillation resistance ” is 

^ jS X 10-^ 

— V 2 X 10-® “ 

From these results and those of Example (10) it is seen that the range 
of natural frequencies and oscillation resistances met with in heavy current 
electrical engineering is a very wide one. 


f2 .—Experiments show that when an arc is formed in oil, oiUgas 
is generated, the volume of which is about 50 c.cm. per kW. sec, at 
normal temperature and pressure. The relationship between the 

PV 

pressure, volume, and absolute temperature of a gas is — = constant. 

Jf on opening a switch to interrupt 0.5x10^ kVA., the generated energy 
of the arc is 400 kW. sec. and the temperature of the oil-gas generated 
is 5,000° C., what will be the volume of gas generated if the gas 
pressure is 25 atmospheres ? 

Answer. —400 kW, sec. will generate 400 x 50 c.cm. =.20 litres of oil¬ 
gas at normal temperature (20^ C.) and pressure (760 m.). If the temp, is 
5,000° C. and the pressure 25 atmospheres, the amount of oil-gas generated 

will be 20 ( ^ 15.5 litres . 


13. —Explain the action of the ** shaded pole ” motor—also known 
as the Ferraris Disc.** 

Answer. —The “ shaded pole type of motor is very widely used for 
driving the mechanism of relays and for many other purposes. The principle 
of action was disclosed by Ferraris, hence the name the “ Ferraris Disc,’' 
and its first important practical application was when Elihu Thomson used 
it for the operation of electricity supply meters. 

In Fig. 18 is shown a laminated iron yoke Y excited by a coil C. An 
aluminium disc D is so arranged that it can rotate with a segment in the 
air-gap of an electromagnet. Each pole of the magnet core is provided 
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with a slot so that it can accommodate a seamless copper sleeve. G, the 
sleeves on the respective poles being directly opposite to each other (only 
one, however, being visible in Fig. 18). That portion of each pole which is 
embraced by its sleeve forms the so-called “ shaded pole.” 

When an alternating current flows in the exciting coil C of the electro¬ 
magnet, a current /j will be induced in the copper sleeves and a current 
11 will be induced in the aluminium disc D, these currents and 
being more or less in phase with each other (see Fig. 19). The copper sleeves 
act like short-circuited secondary coils of a transformer and the magnetic 



Fig . 18 Fig . 20 


flux in the shaded part of the pole will be reduced to a relatively small 
amount, whilst in the unshaded portions of the poles the flux can become 
fully established. The current in the copper sleeve and /j in the 
aluminium disc will then produce a mutually attractive force so that a 
torque is exerted on the disc tending to drive it in the direction from the 
unshaded to the shaded portion of the poles as shown in Fig. 18. 

If a permanent magnet P is arranged as in Fig. 18, the eddy currents to 
which it will give rise when the disc rotates, will produce a braking torque 
so that, for a given current /, in the exciting coil C a definite steady speed 
of the disc will be obtained. If a contact is fixed to the disc and another 
contact is fixed to the framework of the mechanism, these two contacts can 
be used as the terminals for the excitation of an electromagnetic relay which, 
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for example, actuates the opening of the circuit breaker. Then if x is 
the distance between the fixed and moving contacts, the time-lj^ which 

X 

is obtained before the relay becomes energised will be t = - where v is 
the speed of the moving contact. 

In order to obtain the desired shape for the characteristic time-lag 
curve, as shown in Fig. 20 for example, a constant opposing torque is applied 
to the disc, and one method for doing this is shown in Fig. 18 in which a 
mass W is suspended by a cord which is wound on a pulley fixed to the 
shaft of the disc. By means of the combined action of the opposing 
torque due to this weight W and the braking torque due to the 
magnet P, the desired shape of the time- 
lag characteristic curve can be obtained such 
as that of Fig. 20. 

14. —Show how the short-circuit im¬ 
pedance of a transformer may be measured 
by means of a Bridge test. 

Answer. —The short-circuit impedance of 
a transformer is a strictly constant quantity 
and independent of the current. In consequence 
of this, the impedance may be measured by 
a Bridge method as shown in Fig. 21. At 
balance : 

ii (R +jX) = i 2 p : *1 q — ii (r — j xc) 

R -f- j X P -XT- 

SO that -=-; — :Xr Rxci Rr + XXc =pq 

q r—jxc ' 



and 




pq 


r:X 


pq 


Xc 


When the impedance R j X is very small, the contact resistances may 
introduce errors and it is then desirable to use the Thomson Double Bridge 
(see page 311 , ‘‘Principles of Electrical Engineering.^*) 

The advantages of using a Bridge method is its simplicity as well as the 
fact that, in this way, large power requirements are eliminated. This method 
can be used for testing transformers of capacity 40 mVA by means of a 
source of only 40 VA. (See Brown Boveri Bulletin, 1943.) 


15. —Compare the characteristic performance of a polarised 
and a ‘‘ non-polarised ** relay. 

Answer. — ^An outline sketch of a magnetic relay is shown in Fig. 22 in 
which the armature is controlled by a spring and the range of movement 
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is limited by two stops. This is a non-polarised or ‘‘ neutralrelay and 
the force of attraction on the armature is defined by' the expression; 

" F = kB^ 

If the induction B in the air-gap increases by the small amount AB due to 
an impulse current signal, the force will be, 

F + AF^k(B + ASy = k{B^ + 2B{AB) + (ABy) 
and if (ABy is negligibly sm^ll then 

AF = 2kB{AB) 




If the magnet is polarised by means of a permanent magnet (as for 
example, in the telephone receiver), the effect of the change AB due to the 
signal current is proportional to the magnitude of the induction density B 
which is produced by the permanent magnet. For a given operating 
magneto motive force the polarised relay is more effective for small values 
of the m.m.f. and the non-polarised relay is the more effective for large 
values of the m.m.f. as is shown in Fig. 23. 


f6 .—Compare the action of a magnetic relay operated by alternating 
current with that of a relay operated by direct current. 


Answer. —When .a magnetic relay is magnetised by single phase 
alternating current, viz., a current defined by the expression i = /m sin 
the force of attraction on the armature for the unsaturated range of 
magnetisation will be, 


fz=ki^=: klm^ sin ^(ot == Fin sin ^cot 
that is, / = J Fm (1 — cos 2(ot) 

from which it is seen that the force 
alternates with double the frequency of the 
supply current (see also Example 3 of this 
Test Paper) as is shown by Fig. 24.* The 
t force becomes zero twice during each 
cycle of the alternating current and con¬ 
sequently a relay operated in this way would 
tend to chatter. If however a two-phase current were used as defined 
by the expressions 

i[ = /m sin cot: = Im cos cot 
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the force of attraction would then be, 

/ = Fm sin ^(Ot + Pm cos ^(Ot = JPm 

and would therefore be constant at every moment just as is the case with 
d.c. excitation. 

A two-phase current may be obtained from a single-phase source of 
supply in two different ways as follows : 

(i). An electromagnet system comprises two circuits in parallel as 
shown in Fig. 25, each containing a coil which energizes the magnets and 
the magnetic fluxes due to these two exciting coils are superimposed in a 
common armature of the relay. The vector diagram of Fig. 26 will be seen 
to be in accordance with the following relationships, viz. : 

The applied pressure vector is 

^ = %{R +M) = Sa { /? +;• (coL - A ) } 



Fij. 25 Fxg. 26 


it being observed that the values of the resistances R and of the inductances 
L are assumed to be the same for both coils. In order that the two current 
vectors !5i and ^2 shall be of the same magnitude and shall have a phase 
displacement of 90° then 

so that (Fig. 26) ^ = + joiL) ^ ^ } 

that is R +jcoL =; { /? +y ^ wL - ^^ } 

or R joiL — JR — colt -j- ■ 

coC 

After equating the real quantities and the j quantities on both sides of 
this equation it is found that 

R — •— — ooL ; R =ooL 
coC 

R — ^ • C — ^ 

2ooC 2o^L 


so that 
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This result means that there must be a condition of resonance between 

2 ( 

S8 and 3 that is, the reactance 2a>f, and the reactance ^ must be equal, 

so that 2 co^LC = 1. 

(ii). The requisite phase displacement between the two magnetic fluxes 
can be obtained by means of a “ shaded pole ” electromagnetic system 
such as is shown in Fig. 27 where S is, a seamless copjwr sleeve, which acts 
as a short-circuited transformer secondary winding. 

The exciting coil C produces the flux 20 round the main magnetic 
circuit, and this divides equally between the two prongs of the fork aa 
shown in Fig. 27, on one of which prongs the seamless copper tube S is placed. 
The induced current in the copper sleeve produces a flux 0s, which passes 
round the prongs and through the air-gap so that in one prong tht; flux 
-f- <Ps will be produced and in the other prong the flux 0 — 0s. The 
vector relationships for the general case are shown in Fig. 28, and for the 
special case in which 0 -1- (Ps = 0 — 0s in Fig. 29, in which it is seen that 
these two fluxes'are displaced by 90° relatively to one another. The Bell 
Telephone Company uses this system with an a.c. excitation at 50 frequency. 

The time required for the relay to operate depends upon the electro¬ 
magnetic inertia and the mass inertia. In the system (i),the capacitance C 
(Fig. 25) is chosen as small as possible and the inductance as large as possible. 
The magnitude chosen for C determines the impedance of the relay, and this 
is selected to suit the particular purpose for which the relay is required. 
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Chapter X 

OSCILLATING SYSTEMS 

1,—Two circuits each comprising a series arrangement of capaci¬ 
tance, inductance, and resistance are coupled by mutual induction. 
Find the simple series circuit which is electromagneticcdly equivalent 
to this coupled circuit. 

Answer. —^The simultaneous equations in this case are (see Fig. 11 



Differentiating each of these with respect to t gives 


j0) Fine'"' = Li 


dH, 

dt^ 






0 = L 


^ M— A- R — ^ 4- 
■ dt^ + dt^ C, 


Assuming the solutions of these equations to be : 

= /jm : *2 = 1 2m e’*"' - 

then: 
jo) Vm 

+ Rijm /im ei ^ /im ' 

O = ijcoYLi hm e’ + (jeoY MI ^ 

+ R2j(o I2m e# - »i!) + -L 7^^ ^ M - <PS) 
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Eliminating'l 2 n between these two equations gives: 


7 ( I / (o\o)M)^ \ \ 

-/g-+j+y ( _ j 


od^{(oM)^ 


that is, 




: Jim {3e} 


where 


S. - +JX. = {«. + R.} +y {i. - (2^)‘ jr.| 


that is, 




where Xm = (oM and is the mutual reactance 




32 = i ?2 +y ^^^2 ““ secondary impedance. 

i^e is the equivalent primary resistance, 9 ^ ^ 

Xe is the equivalent primary reactance, T ^ Joy 

so that i?e = i?,| I" ^ 

Xe=Xi — l ^ Yx 2 ^-—- 

\ ^2 / ; Fig. 2 

and the coupled oscillatory system of Fig. 1 can consequently be represented 
by the simple series circuit of Fig. 2. If Cj = Cj —oe these expressions for 
Re and Xe respectively become identical with those which were obtained 
in the solution for Example 9, Chapter IX. 


Numerical Example 

Li = 10-‘H: Cl = 5 X lO-’F: /?i = 10I2 
Lj = 1-5 X 10-^ H : C2 = 6 X 10-» F^ /?* = 1212 
M = 0-8 X lO-** H : o) = 1-5 X 10« 

X2 = oiLi-~ = 16-712 : Jlfa = wL* - ^ = 113-9 Si 

ATm = euAf = 12012 : = V'113-9* + 12«| = 114-3 Q 
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so that 


= + 12 = 244 D 

( 120 

Tirs) = - 


113-9 = - 108D 


3e = (24-4 -j 108) i). 


If the same numerical data are taken as in the foregoing, except that 
M is now reduced to 0-1 x 10“^ H so that 

Xm = o)M = 15 Q, 

then Re = 10-20612) ^ ^ 

X. = 14-75 12 • '3* = 


2 .—Find the magnitudes of the primary current and of the secondary 
current of the mutaaUy coupled circuits of Example 1. 


Answer.—^T he secondary current is 

/ (o^ M 


hm = 


— Ljfo^ —h }(oR2 

'-'2 i 


/jm 


( <oM \ 




hence, 


12m 
12m 


<oM {X 2 +/R 2 ) 


and the ratio of the current magnitudes is 


mMV 


where Ze = V jRe* + Xe^ I and is the magnitude of the equivalent primary 
impedance as defined in Example 1. Writing these results in full, therefore 
and assuming a condition of resonance so that X 2 = 0 : 

T. toM 
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3, —The two coupled dircuite of Example 1 are eeparately toned to, 
the eame reeommee frequency, the indtviduai conetante o/ -Ow circuits 
being as follows: 


X 10*. 


L, = lOr* H., C, = 5 X lO-’F. : Rx = 10 Q ) 

Li = l£x 10^H., Cl == 3.3 X 10-*F.: Jl,= 12£2i 
Find the current in the secondary circuit and obtain the value of 
the coupling factor for which thU current reaches a maximum values 


Answer. —From the results obtained in Ex^ple 2 for the primary and- 
secondary currents, it will be seen that when the resonance frequency of 
the coupled system is near the frequency to which each of the circuits has 
be.en separately tuned, then the resistance of each circuit is the dominant 
quantity in the impedance. It will also be observed that these conditions 

M 

imply weak couplings that is, a low value for the coupling factor K= '/j-y • 

Assuming then that and X 2 are each very small, the magnitude of the 
secondary current will be given by 

j wM V (oM V 

r _ VR, 


.L . • r _ . Ii _ R 2 

““ ■ 1 2 (oM 

For maximum secondary current, 

that is MF <oMV2^M^ _ 

_ _ u . mai IS, ^ ^ 


R, R 2 + (coM)2 = 2(ft>M)2 


that is I (a>M)^ = R^ Rj 

In the present example the given numerical data lead to {coMY = 120 : 
<oM = 10-95, so that the critical coupling factor is obtained from the 
relationships 


K} = 


AP 

LiLi 


( 10-95 Y10*x 10« 
\ 0)0 ) 1-5 


and since wo = 1-4 x 10* 


K = 0-063 : M = 0-0775 X 10"* H. 
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Plotting the input admittance (or the primary current) as a function of 
the frequency and taking V = 1,000 volts, then. 


h 




VR 2 

R 2 “1“ (coikf)^ 


1000 Ro 


120 + 


0 0775\ 

) 


( 0 . 


€0^ 


and, putting co = o>o = 1'41 X 10^ gives = 5*0 : 12 = 4*57 amperes. 

The conditions for the critical value of the coupling factor may also 
be expressed as follows: 

== : M = KVL^2 

therefore *^ 1-^2 == K%o}Lj){(oL 2 ) 


or 


1 (oLi 


C0L2 ^ 


X 02 


so that the critical coupling factor is given by the relationship 

1 . 

(See also Example 6 : Chapter IX.) 

4, —Two coupled circuits, each tuned separately to the same 

resonance frequency, have the 
same numerical value as those 
given in Example 3: 

{i) Find the coupling factor 
which will give the maximum 
current in the secondary wind¬ 
ing and plot the current- 
frequency relationships for 
each of the two circuits, 

(U) Taking a coupling factor 
equal to one-fifth of the critical 
value, plot the current- 
frequency relationships for 
each of the two circuits. 

(iU) Taking a coupling 
factor equal to five times the critical value, plot the current 
frequency relationships for each of the two circuit. 



Answer.— (i). The “ critical ” or “ optimum ” coupling factor is 
given by the relationship— 

HP 

K^ = 




where (woA/)* = ^ 1^2 
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so that 

R1R2 


or 

/ 126 X 10® 

^ “ V 2 X 10*2 X 1*5 “ 


and 

M- -7*75 X 10-6H.. 



Finding the respective values for ly and I 2 as functions of the supply 
frequency as in the preceding Example 3, taking for example V = 100 volts, 
the curves shown in Fig. 3 are obtained. 

A typical example of such calculations is as follows for the frequency 
ft) = 0-92ft)o = 1-3 X 10« :e)* = 1-69 x 10»2 (oM = 10-1 

x.^i-sxi-sxw- i.3vi» x y3 


Z 2 = a/37" +12^= 387£? 


that is, 

Ze = 25Q : 




= 0*040 siemens :/j =* FFe = 4*0 amperes 


I 2 = 1*04 amperes 

as given in Fig. 3. 

(ii). Coupling Factor = one-fifth of the optimum value =: 0*0126: 
M = 1*54 X 10-6 H. 

Typical calculation : <0 = 1*39 x 10®: mM = 2*14: 

X 2 = 1*39 X 102 - = 139 - 144 = - SQ 


X . = - 8i2: Zj = -v/S^ + 1221 14.4^ 
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Ye = 0-088 siemens : /, = VYe = 8-8 amperes 
oiM 

1 2 = 1 1 = 1-30 amperes 

Z2 

and in this way the graphs shown in Fig. 4 have been obtained. 

(iii). Coupling Factor — 5 times the optimum value, that is, 
K = 5 X 0-063 = 0-315 

so that M = 0-315'/Z;;r2 = 0-386 x 10-+ H . 

A typical calculation in this case is as follows :— 

103 

g> = 1-7 X 10®:coM = 66:J5ri = 170-|~ = 52-2i? 


.3^2 = 255 - ^ = 7812 :Z2 = 78-612 


(=^)' = 0.7 = 

Ze = V(10 + 8-4)* + (52-2 - 54-5)* = 2112 


11-3812 
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L = ^ = 4’8 amperes : =’ j amperes 

and in this' way the graphs of Fig. 5 have been derived. 


COUPLING FACTOR 0*315 
/W =0-386X10"*// 



5 .—Find the resonance frequency of turn circuits which are coupted 
by mutual induction, each of the circuits being separately tuned to the 
same resonance frequency and the resistance of each circuit being 
relatively small. 

Answer. —When the resistance of each circuit is relatively small the 
input impedance becomes— 



3, =j I X, I ohms 


that is, 


(( j. 1 \ (coM)^ \ 

8,=y|r ■ <oC,) 
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and at resonance frequency this impedance will become zero, that is, 

1 


c\ c\ Cj 


or 


(O 


,2 _ 


1 


1 


(cttM)* 

0)2 


where K = 


Lj Ci 

M 


Ii Ci CiLiCi L^L 


= m‘^KP- 


■ ... and is the coupling factor. Since the two circuits 
Y L-^ J-»2 


are separately tuned to the same resonance frequency (o^ that is 

1 1 




Li Cl L2 C2 


so that 


ft )2 - 2 ft> 0 * + ^ = ft >2 


CO^ 


or 


that is 

or 


and 



It is seen therefore that when two oscillatory circuits are coupled together 
in the manner assumed, there are two resonant frequencies, the values of 
which will be determined by the coupling factor K, If this factor has the 
value l,that is, the coupling is very “ tight, ’'there will only be one resonant 
frequency which can be actually realized, viz,:— 

. (Oo 

(Oi = — 7 = 

V2 

since the other resonant frequency will be CO 2 = <». 

(t)'When K is small, that is, the coupling is “ weak." In this case the 
foregoing expression for the resonance frequencies is not generally applicable 
since for weak coupling the two resonance frequencies approach the value 
coq to which each circuit is separately tuned. For frequencies which are not 
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far removed from o)® however, and -STj are both very small and conse¬ 
quently the dominant factor of the input impedance 3i is the real component' 
Re (Example 4); that is, for very weak coupling— 


3> — + 



(a>M )2 


The magnitude of the primary current will then be 

Z. “ + (o>M)2 

where V is the magnitude of the p.d. of frequency co which is applied to the 
input terminals. 

Similarly, the current in the secondary circuit will be 

coM _ coM u>MV' 

/?i R^ + (ft>Af)2 

To obtain the maximum value of it is only necessary to differentiate 
this expression with respect to co and to equate the result to zero. That is, 
for maximum secondary current max* 

d r (oMV 1 

doi L + {<oMf J “ 


that is {cuMY = J?, R^ 

is the condition for maximum secondary current at resonance, that is, 
the condition for transfer of maximum power from the primary to the secondary 
circuit. 

The “ critical coupling ” to achieve this result is given by 

^2 _ _J_ 

L,L,~ CO* LiLj 


or 


>/ (toLJ (coLJ - ^ Q, 


as has been obtained already in Example 3, 

(«) When the coupling factor is large, that is, for “ tight ” coupling, the 

expression for the two resonance frequencies, viz., co = shows 

that these are well removed from the frequency eOg and consequently the 
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resistance of each circuit will be small as compared with the reactances 
and X 2 respectively, so that the foregoing expression for the two coupled 
resonance frequencies can be applied. 


6.—Find the input impedance and the resonance frequencies of the 
compound circuit shown in the accompmying diagram when C|=C 2 
and Xt|—Lj. 

Answer. —^The system comprises the components ® and (D, coupled 
by the inductance M, and the coupling coefficient is defined as:— 


K = 


M 


M + L 2 

The admittances of the respective components of the system are then 

1 


di = -J 






-||— 


/ 






?)M = -y 


Fig , 7 

1 

(oM 


?)2 = -y 


(oLi — 


(oCi 


Then 


Q 1 .( 1 

“ ?)i + ?)m \a>^ (MCi + LiCi) - 11 


The input impedance is then 


. o , . f r 1 \ coM (co^L,C, - 1) 1 

3. - 82 + 3i + M ^ cuLi +; 1^2 + Lfii) - 1/ 
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that is, 


3i=y 


- 1) [a)^i (M + Li) - 1 + «)WCi] 1 


(oCi [co^Ci (M + Li) - 1] 


When [a>^C^(M + L^) - 1] = 0, then 3i = oo (i.e., “ paraUel ” 
resonance) and the frequency corresponding to this condition is seen to be 
the natural frequency of the parallel system M: 1 of Fig. 7, when the 
component 2 is removed, viz.:— 


1 


Ci(M + Li) 


The input impedance Z, becomes zero (i.e. “ series resonance ”) for two 
different conditions, viz.: 


(i) w^LiCi = 1, and (ii) co^C^ (IM+L^) = 1 


Case (t). 


co^ 


LA 


- = COo^ 


M ,M + L, 
KL, - Li 


or 


a>2 = coo^ 


1 -iC 


Case (ii). 






1 


that is (o^ = coq^ J Ijl ' 

The resonance frequencies defined in the foregoing Cases (i) and (ii) 
respectively can therefore be expressed as follows 


COi 

COn 




+ K 


Thus, if Cl = 2-5 x 10-» F: Lj = 10-* H :K = 0-333 
M = Li = 0-5 X 10-* H.: so that, 

10 » X 10 * 10 “ 


0 )o* = 


2-5 X 1-5 ~ 3.75 
1 


= TTne ’ a>0 = 5-15 X 10* 


COi == COo 


Vl-K 


= 6-3 X 10®: ton == <Uo 


1 


Vl +K\ 


= 4-44 X 10* 
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7. —Find the input impedance and the resonance frequencies of the 
circuit system shown in the twcompanying diagram when C|—Q and 
L\=Li> 

Answer. —^The admittance of the component ® is. 

1 . coCi 


2 )i =/ 




= -j 


— 1 


The admittance of the capacitance Cm is 

Sm — j Cm 

o—j 

VmSiinitit (D 


L 


Qf j 

—1—i 


© 


Fig, 8 


The admittance of the parallel system Cm is therefore 
Dm + Di =y« [ Cm - e^2£,jCi — 1 ] 

and the impedance of these two parallel branches is 

1 . co^LjCi — 1 


Sm + 1 = 


= -J 


w^LiCiCu — Cm—C l} 


Dm + Di 
The input impedance is therefore 

o o _L J _ • (ft>^LiCi — 1) [o^LiCiCm — (Cm + ZC,)] 
+ +1 -J «,Ci [w^LiCiCm - (Cm + Cl)] 

The input impedance becomes infinite (i.e, parallel resonance) when 

co^LiCiCu = Cm + Cl 


that is 


1 


(On^ = 


Cm + Cl _ 

LiCiCm iiC® 


c c 

where Cr = and is the equivalent capacitance of Cj and Cm in 

Cl + Cm 

series. That is to say, coo is the resonance frequency of the two branches 
Cm and (D in series. 
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The input impedance becomes zero (i.e. series resonance) for two 
separate conditions, viz.: (i) co^L^Ci = 1: and (ii) cu* LfiiCn = Cm + 2Cx! 

C C K 

Case (t). The coupling coefficient is AT = ^ so that C^ = 


Cm = —^ Ci.Cr 


CiCm 
C l + Cm 


= KCm 


1 _ ,Cr 

LiCi-"" Cl 



or 


= m^V\-K 


(JOi = COq 


Case (it) 

Cm + 2Ci 

— 


co^ 


. + 2Ci /Cm + 2Ci^ 

1 Cl Cm “ I Cl Cm J “ "o -K: [ ^ + 2j 


that is, 


COh=COqVI + K 


The respective resonance frequencies as defined by Cases (i) and (ii) 
may then be summarised :— 


0)1 

OJii 


I = 0,0 v'i_+ a: 


Thus, if Cl = 2-5 X 10-» F: Cm = 5 X lO-^ F : = 10-^ H. 

( 2*S X 5\ 2*S 

^ g j 10-^ = 1-67 X 10”’ F:K = J^== 0*333 

/i6^\ 

V 1767 = 7*76 X 10" 

coi = cuq Vl — K := 0*815 COq = 6*34 X 10® 


COn 


=r= Wo Vl + iC = 1*15 Wo = 8*9 X 10® 


8m—Explain the action of a simple valve oscillator. 

Answer. —In Fig. 9 is shown an oscillatory circuit of known constants, this 
parallel system being connected across the grid and filament of the valve. 
Coupled by the mutual inductance of M henry is a coil which is connected at 
one end to the anode plate and at the other end to the positive pole of the 
high tension battery. Connected in parallel with the high tension battery is 
a condenser Ca of relatively large capacitance (a so-called “by-pass” condenser) 

M 
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to provide a path for the anode alternating current which does not then 
have to pass through the battery. 

If an alternating current is started in the oscillatory circuit, say, by means 
of some electric impulse (actually however, no special provision is necessary 
for this as the current builds up spontaneously as soon as the coupling 
conditions are suitable), an a.c. pressure will then appear at the grid and this 
will give rise to a corresponding a.c. 1a in the anode circuit, this anode 
current being related to the grid pressure Vg by the equation 

/a = Fg Gm . (i) 

where Gm is the mutual conductance (i.e., the “ slope ” of the valve : see 
Test Paper for Chapter II, Example 13). 



Fig. 9 Fig. 9a 


If the coils Li and L 2 are coupled in the correct “ sense the a.c. in L 2 
will induce an e.m.f. in which will maintain the current in the oscillatory 
circuit if the relationships defined by the following vector equation are 
established, viz., 

SSg —jcoLi /j + ^ A +y coM/a . (ii) 

and the vector diagram corresponding to this equation is shown in Fig. 2, 
from which it will be seen that the essential condition to satisfy (ii) is that 

(dM I A = I^R . (iii) 

Substituting from (i) for Ia and noting that = Vg coC, it is seen that 
the condition for maintained oscillations is that 

coMVcGui==VgcoCR 
^ M ^ 

or ^ Gm .(iv) 

The power loss in the oscillatory circuit is R watts and the power 
injected into this circuit from the anode high tension battery is 
/i2 R = (coMIa) /i =0^ M Vg Gm /i 

so that Ii^ R = o)M Vg Gm Ii and hence I^R = coM Vg Gm 
that is, Vg (oC R = Moo Vg Gm 



or 


as in equation (iv). 
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9, —A two-pote short-circuit occurs at a power station which i^ 
operating in parallel with a number of other power stations on 10 kV. 
bus bars. The short-circuit current reaches a peak value of 
■\/2 X 66,100 = 93,500 amperes. If the length of conductor between 
two consecutive supports is I = 160 cm. and the mean distance 
between the conductors is D = 40 cm., find the mechanical force which 
will be developed between them due to the short circuit. 

ANS^yER.—The mechanical force P kg. of a current I r.m.s. amperes in 
a circuit loop of length I cm. and mean distance apart D cm. is (see Fig. 10) 



Fig , 10 

P = 2-04 /m^ i 10-» kg. 

where /m is the peak value of the current, that is, Im = /\/2. 

Inserting the given numerical data of the problem into this formula 
gives 

P =-. 2-04(V2 X 66,100)2 X X 10-* = 720 kg., 

tU 

and the supporting structure for the conductor must be able to withstand 
this force. 


10. —The natural frequency of oscillation of a stretched conductor 
supported at each end is 


n = 112 



oscillations per second. 


where g kg. per centimetre length is the weight of the conductor, 

E is Young's modulus and for copper is 1.15 x 10^ kg. per square 
centimetre, 

J is the moment of inertia of the cross-section of the conductor 
in cm.* units, 
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I cm. is the free length of the stretched conductor. 

If the copper bus bors of Example 9 have a cross-section of 
10 X 1 cm^. and the distance between two supports is 160 cm., find 
(<) the natural frequency of oscillation, and (ii) the stress in the 
conductors due to the force of P= 720 kg. as calculated for the short- 
circuit conditions of Example 9. 

Answer.—^A ssuming the two conductors are arranged side by side (Fig. 11) 
then the value of the moment of inertia J to be inserted in the, formula 
for the natural frequency will be that which is taken about the middle 

vertical axis, as shown in Fig, 12, viz., J = ^ b% where b = TO cm.: 

A = 10 cm. so that J — 0‘83 and g = 0.09. Hence, 


_ /MS X 10 « X 0-83 _ 112 /MS x 0-83 
" » 0-09 X 160^ 1602 V 0-09 


10 ’ 


112 X 10’ 
2-S6 X 10^ 


/0-9SS 
V 0-09 


that is 


= 4-37 X 3*26 


n ■= 14*2 oscillations per second. 

If the distance between two consecutive supports were to be reduced 
to 100 cm., the natural frequency of oscillation would be increased in the 

/ 160^2 


ratio 


neoy 

V100/ frequency would then be 


n — 2-56 X 14*2 = 36*6 oscillations per second, 
and this is sufficiently near to the supply frequency of 50 to enable the 



Fig . 11 


Fig . 12 



he- 1 -H 



Fig . 13 


conductors to respond to the pulsation of the force due to the short circuit 
current, viz., pulsation of 100 frequency. 
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The stress is given by the following equation (see Figs. 12 and 13). 


P 


M b 

J 2 




where M is the bending moment 


or 


^ 3P./ 


kg, per sq. cm. 


where P is in kg., and b :h : and I in cms. 
If 6 = 1 cm.: h = 10 cm.: / = 160 cm. 


. ^ 3 720 X 160 o cnn I 2 

then /> = 4 ^ ^ = 8,500 kg. per cm.* 


Copper, however, will break under a stress of 3,500 kg./cm^ so that the 
copper sections specified cannot support the stresses due to the sudden 
short-circuit current when the rectangular conductors are placed side by 
side as shown in Fig. 11. If, however, the conductors are placed vertically 



Fig. 14 




—r 

B— 

— 

—B 1 




Pig. 16 


in line as shown in Fig. 14 the moment of inertia will be taken about the 
axis BB of Fig. 15, so that J = consequently 


pi^- 

^ 12 
/» = o- 


8 I 
12 


h^b 


3 PI 3 720 X 160 
“4 1 X 100 


= 850 kg. per cm.* 
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ft .—A transformer connects a 30-kV. supply cable with a 
network as shown in the accompanying diagram a circuiUbreaker 
being installed on each side of the transformer. The three-phase 
30/6-kV. transformer is rated at 15 MVA., the leakage reactance 
is 7.7 per cent., no-load current {i.e. magnetising current) is 7.1 
per cent, of the rated full-load current. The low-tension switch opens 
by means of an arc and it is required to find the oscillation frequencies 
to which it will give rise. 


Answer. —The circuit system is shown in Fig. 16. 
is given by 


(oLs /n=0*077 


El 

V3 


The leakage reactance 


Where /n is the normal full load current per phase and Vi volts the 
line pressure, that is 

^ 15 X 10^ 



so that 


0-077 Fi V3 Vi 0-077 Vi^ 

CO Vs'lS X lO*- ~ w 15 X 10^ 

Fi = 30 X 10^ : CO — 314 :: . - .Ls = 14-7 millihenrys. 


Also 

lo = 0-071 /n 


Wn 15 X 10® 

0-071 = 0-071 - 

V3 Vi (V3 X 30 X 103) 


= 20*5 amperes. 


coLoIo = L-Lo= ^%^ = 2-7 henrys. 


V3 


a/3 CO 20-5 


L — Ln Ls — (1-6 -f- 14-7) millihenrys. 
= 16-3 milliheiuys. 


When the switch on the low tension side of the transformer is opened 
through an arc, an impulse disturbance is given to the system and gives rise 
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to a transient oscillation in the circuit C, Ls, Ln, Cn (Fig. 17). Since the 
capacitance Cn is relatively so large that its reactance can be taken to be 
negligible, the natural frequency of oscillation will be 



Ls 



Fig, 18 


_ hertz 

27iV0-06 X 10-6 X 16.3 X 10-3| 


1 /J^ _ 
2n V ().98 " 


9-8 


= 5,060 hertz. 


that is to say, this will be a relatively high frequency oscillation. 

The circuit-breaker arc will become quenched as the load current passes 
through its zero value and if the high tension circuit-breaker then begins 
to open, the interruption of the magnetising current will start a transient 
current in the circuit of C and Lo in Fig. 18, and since the inductance 
Lo is relatively very large, the frequency of this transient will be relatively 
low, viz.. 



1 1 _ _1_ 

2n VL^ ~~ 271 V2-7 x 0-06 x 10-« I 


10 ^ 10 ^ 

2:7r'V/0'162 2'53 


= 395 hertz. 


If the circuit-breaker interrupts the magnetising current at the moment 
when it is passing through its peak value /om the electromagnetic energy 
stored in the inductance will be : 


\ Pou Lo = \ {V 2 loY Lo = ^ X 2 X 20*5^ X 2*7 joules 
= 420 X 27 = 1,130 joides . 

This energy will oscillate from the inductance Lo to the capacitance 
C and when it has all passed into the capacitance the p.d. across the capaci¬ 
tance will be Eo where 


so that 


\ C Eo^ = \ /^OM Lo = 1,130 joules. 


Eo 




1,130 X 2 


/l,130 X 2 X 10« 
V 0.06 


Eo = 196,000 volts. 


that is 
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12. — Three simple series circuits are respectively defined by the 
following data, viz.: 

{i) C = 200 fiF.: L = 0.1 henry: JR = 5 ohms 

(£i) C = 200 fiF: L = 0.1 henry : R==0 ohms 

(Hi) C = 40 fiF: L = 0.5 henry: R = 0 ohms 

Draw the graphs showing the relationship between current and 
supply frequency for the following arrangements of these circuits: 

I. The simple series circuit 1 is alone connected across the 
supply terminals. 

11. The circuits 1 and 2 are connected in series across the supply 
terminals. 

III. The circuits 1 and 3 are connected in series across the supply 
terminals. 

In each case the peak value of the supply pressure is 1,000 volts. 

Answer.— 

For the system /, Fig. 19 : = 200/«F ; = 0.1 // ; == 5 ohms 

so that the natural frequency is: 




F%g 19 


For the system II : The equivalent simple series circuit as shown in Fig. 19 
on the left-hand side of //, will have the following constants, viz.: 

n 200 X 200 1 nn .. 

Lo = 1*1 1*2 ~ 0.2 Hf 

i?o = i?i == 5 ohms 
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For the system III: The equivalent simple series circuit shown on the 
left-hand side of III in Fig. 19, will have the following constants, viz.: 

„ CjXCj 200 x 40 1000 „ 

= e;+c, = T?o-- ^ 

Lo = Li+L3 = 0.6/f 
Jf?o = = 5 ohms 


so that the natural frequency is: 

1 103 

VLo X Co V20 


=224. 


It will be seen, therefore, that each of the circuits (i), (ii) and (hi) have 
the same natural frequency, viz., coo=224. 

The graph I of Fig. 20 shows the relationship of current and supply 
frequency for the circuit (i), for an applied pressure of 1,000 volts peak 
value. 



a>o=224 

Fig, 20 

When the circuits (i) and (ii) are connected in series, the natural frequency 
of this system will still be a>o=224, and in the graph II of Fig. 20 is shown 
the relationship between the current and supply frequency for an applied 
pressure of 1,000 volts peak value, and it will be seen that the resonance 
is much sharper than for the graph 1. 

When the circuits (i) and (iii) are placed in series, it will be seen that the 
natural frequency is again C0o=224, and graph III of Fig, 20 shows the 
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current frequency relationship for this case, the resonance being much 
sharper than in either II and I. 

These results illustrate the general formula for the factor damping, viz. ; 





which shows that small capacitance and large inductance are favourable for 
small damping, (See also Example 5, Chapter XVI.) 

For the system III for example, it will be noted that at absolute 
resonance 

Fm = Rim = 5 X 200 = 1000 volts, 


and the pressure across the inductance will be 

Flo = (Oo Lo Im = 224 X 0*6 X 200 


so that 


= 26,880 volts, 

^ FLo (OoLo 224 X 0*6 QQ 
“—5 - 


and in radio technique this is termed the “ amplification factor.'* 


13 .—Show how alternating current of constant frequency may be 
generated by means of a mechanical oscillating system. 

Answer. —For generating alternating current at frequencies up to 
10^ hz., the vibrations of a tuning-fork of corresponding frequency may 

be used. When a tuning-fork 
is vibrating, the frequency of 
its oscillations are maintained 
constant to a remarkably high 
degree and, by means of an 
electromagnet arrangement, the 
tuning-fork may be kept oscil¬ 
lating at its natural frequency 
for an indefinitely long time. 

In Fig: 21 is shown a circuit 
arrangement by means of which 
the energy of the mechanical 
oscillations can be converted 
into the electrical energy of 
alternating current of the corresponding frequency. This circuit 
comprises the back-coupling of the valve anode to the grid, and the alternating 
current generated in this way passes through the exciting coil of the 
electromagnet A and so maintains the tuning-fork in persistent vibration, 



- I o + 

Fig, 21 
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whilst the electromagnet B applies the required back-coupling pressure to 
the grid of the valve : a blocking condenser is shown at H. Looked at from 
another point of view (see also Test Paper, Chapter II, Example 13), the 
e.m.f. developed by the electromagnet B and applied to the grid of the 
valve is amplified by the valve and the alternating pressure so obtained 
sends an alternating current through the primary winding of the transformer 
C. In this way the alternating pressure of the required constant frequency 
becomes available at the terminals Gj G 2 . 

The constancy of the vibration frequency is remarkably high : commercial 
tuning-forks of steel have a temperature coefficient of — 1 X10“^ and if 
special steel is used this can be reduced to the value 10“®. Further, there 
is no special difficulty in building the tuning-fork into a thermostat structure 
in which the temperature can be maintained constant to 0-01°C. In this way 
the frequency of the tuning-fork may be maintained constant to about 

of its specified value. This type of frequency generator was first proposed 

by W. H. Eccles in 1919 and since then has been widely used for providing a 
standard of frequency for radio-networks. 

14 . —Give a short account of the vibrating-^reed rectifier. 

Answer. —For many years great efforts have been made to provide a 
satisfactory appliance for measuring small alternating current quantities, by 



Fig, 22 
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means of indicating instruments which have all the favourable characteristics 
of the moving-coil d.c. type of instrument, viz., small power requirements, 
high sensitivity, and a linear scale. This problem has now been solved in 
a very satisfactory manner by means of a rectifier, the basic principle of 
which is a mechanically oscillating contact. This type of rectifier possesses 
ideally suitable features, viz., infinitely high resistance for (say) the negative 
half-wave of the alternating current, and approximately zero contact resistance 
for the positive half-wave. 

The general principle of this rectifier will be clear by referring to Fig. 22. 
The permanent magnet A supports a laminated electromagnet system B, 
the excitation coils of which are supplied with alternating current by means 
of the induction regulator C. The tuned vibratory reed D carries the flux 
of the permanent magnet and superposed on this flux is the alternating 
flux due to the excitation of the electromagnet J5, so that there will be an 
oscillatory magnetic force tending to vibrate the reed Z). If the natural 
frequency of the reed is tuned to the frequency of this oscillating force, the 
reed will be maintained in persistent vibration and will make and break contact 
with the fixed stop attached to the support E, If the a.c. supply connected 
to the terminals Gj and G 2 is of the correct phase (as may be obtained by 
adjustment of the induction regulator C), and is also in synchronism with 
the vibrating reed, a rectified current will pass through the d.c. moving-coil 
instrument F shown in Fig. 22. If the a.c. pressure at the terminals G^, G 2 
is sinusoidal, the instrument, reading will be a measure of the magnitude of 
the a.c. pressure. Thus, if /d.c. is the reading of the d.c. instrument, this 
quantity will be related to the peak value /max. of the rectified current 
(Fig. 22) as follows : 

/ - 12 . _ 1 . 

id.c. — — imax. — — imax. 

2 71 n 

and the corresponding r.m.s. value Vr.m.s. of the pressure across the terminals 
Gi G 2 will then be given by the relationships : 

= -L X i? = 4= /d.c. X R 

y'2 y'2 ■\/2 

Where R is the resistance of the circuit of the instrument F in Fig. 22. 

One practical example of a vibrating reed type of rectifier may be 
mentioned, one having a rating of 5 mA. at 5 volts with a permissible short- 
time overload of 100 mA, at 10 volts. The excitation of the equipment 
requires 5 watts and the accuracy is within + 0.5 per cent. 

15.—Show how a quartz crystal may be used to stabilise the 
frequency of a valve generator. 

Answer. —The electric behaviour of a piezo-electric crystal plate 
(Fig. 23) can be represented by an equivalent circuit comprising resistance, 
inductance, and capacitance components. The alternating current which 
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flows through a crystal plate when oscillating in service may be regarded 
as consisting of two components, viz., a current /j due to the electron 
polarisation of the dielectric (which effect is practically without inertia) 
and is defined by the dimensions of the plate and the dielectric constant. 
As regards this current component, the crystal may be replaced by a 
capacitance 

r — 

^ 47r. d. 


where e is the dielectric constant, A is the surface area and d the thickness 
of the plate. 

The second current component 1 2 is due to the mechanical displacement 
of the electric charge carriers inside the plate and this effect is not without 
inertia but is defined by the mechanical and elastic properties of the material 
of the plate. With respect to this current component, the 
crystal corresponds to a very slightly damped series 
oscillatory circuit consisting of a small capacitance Ccr, 
a large inductance Lcr, and a small damping resistance 
Rct. If the electrodes Si and S 2 , Fig. 23, do not press 
directly on the surfaces of the quartz plate Q then both 
component currents /j and I 2 must flow across the 
corresponding air-gap, that is, through a capacitance 
C 2 * In parallel with the whole system is the 
capacitance C 3 of the supporting structure and leads 
of the quartz plate. It can be shown that the whole 
system may be replaced by the simple circuit of Fig. 24 
and, in what follows, this circuit will be used as the 
basic circuit diagram for the oscillating quartz plate. 

The type of circuit shown in Fig. 24 will have two 1 
distinct resonance conditions, viz., a “ series ” (or 
pressure) resonance, and a “ parallel ” (or current) 
resonance. The frequency for the series resonance 
is only dependent upon the quantities i?, L, and C of 
the circuit of Fig. 24 whilst the frequency for parallel 
resonance will depend upon the capacitance Cj also. 

Thus: 

For series resonance : cos = ■ - 

V L.C 



Fig. 24 


__ 

Ns 

Fig. 23 


For parallel resonance : eop 


1 



C.Ci 

C + Cl 


) 


Parallel resonance will appear at a higher value of the frequency than series 
resonance. Since, however, Cj will be much greater than C, the two 
resonance frequencies will be, in general, not far removed from each other. 
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For the stabilisation of the frequency of a valve generator by means of a 

piezo-electric crystal, many circuit systems 
have been devised, the best known of 
which is the Pierce-circuit shown in Fig. 25. 
In this circuit the back coupling is obtained 
by the grid-anode capacitance Cga as is 
shown by the broken-line part of the 
diagram. Oscillations will only be generated 
if the grid-cathode path as well as the 
external impedance is inductive. 

In Fig. 26 the resistance of the crystal 
circuit system is shown as a function of 
the frequency, extending from the value 
(Os for series resonance to the value cop for parallel resonance, and beyond. 

The resonance frequency for the transverse oscillations of a plate such 
as that shown in Fig. 23 depends upon the thickness of the plate and on 
its elastic characteristics. That is, 

N=yd 

where N is the oscillation coefficient. For the plate of the orientation 
shown in Fig. 23 the oscillation coefficient is 1-69 x 10^ hz. per mm. and the 
wavelength of the oscillations is 116 metre/mm. 

The significance of the quartz piezo-electric effect is due to the extremely 
sharp resonance characteristic as shown in Fig. 26, and this is accounted for 
by the remarkably small internal damping of the oscillating plate. When 
placed in an oscillating 
electric field of appro¬ 
priate frequency the 
mechanical oscillations 
of the crystal at reson¬ 
ance may, in conse¬ 
quence of the extremely 
small damping, attain 
such a magnitude as to 
shatter the crystal. 

Since the primary 
characteristic of the 
crystal oscillator, and 
particularly of the 
quartz crystal, depends 
upon the extreme 
sharpness of the peak of 
the resonance curve 
(Fig. 26), the quartz 
plate as used for transverse oscillation is mounted on supports such that no 
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supplementaty clamping is produced. Circular quartz plates are held by 
supports which grip the central layer of the plate. For this purpose, 
either a circular groove can be cut of depth sufficient to reach the central 
layer and holding screws then arranged to grip this layer, or the periphery 
of the plate may be chamfered down on each side so that the central layer 
protrudes as a knife-like edge to which the support attachments may be 
fixed. 

A source of additional damping is the air friction, especially in such cases 
where an air cushion between the plate and the electrodes is brought into 
oscillation. For this reason, the quartz oscillator is sometimes arranged in 
a vacuum and the outer appearance of such a construction is similar to that 
of a small valve generator. A double wall is provided similar to that of a 
Dewar vacuum flask and a special heating device is fitted. In order to 
obtain the exact setting of the frequency of the plate, either adjustment is 
made of the distance between the electrodes, or, when the vacuum fitting is 
provided, the frequency can be adjusted by control of the temperature. 
For veiy great constancy of frequency the temperature can be maintained* 
constant by means of thermostat control. Since the temperature coefficient 
of the quartz is only 1 X 10'®, it is generally sufficient, even for exact 
requirements, to maintain the temperature constant within Vio* C. and this 
can be done without much difficulty. 

Of the multitude of piezo-electric crystals available the only ones which 
have so far found practical application are quartz, tourmaline, and Seignette 
salts (i.e. Rochelle salts). Of these, quartz is distinguished by its extremely 
low temperature coefficient, which may be even less dian 1 x 10"*. 
Tourmaline has found application in service with short-wave valve generators 
for wave-lengths of about A = 8 metres. 



Chapter XI 

ALTERNATING CURRENT POWER 

1m—E xplain the principle of action of some form of relay by means 
of which the power factor of the current which is being transmitted 
from one station to another may be automatically controlled. 

Answer. —The control of the power factor at which the three-phase 
current is being sent from one station to another, can be made automatic 
by means of a relay which 
operates on the principle of 
the wattmeter type of indica¬ 
ting instrument, in which a 
^ force is developed between 
a “ pressure coil ” and a 
“ current coil.” 

(i) Suppose, for example, 
it is required to maintain 
the transmitted current at 
unity power factor. In Fig. 1 is shown a diagram for which the current 
coil is in line 2 of the supply and the pressure coil is across lines 1 and 3. 

It will be seen from the vector diagram of Fig. 1 that for unity power 
factor (i.e., <l> = 0), the current in the pressure coil will be 90^ out of 
phase with that in the current coil, so that no torque will be developed 
on the moving part of the relay under these conditions. If, however, 
current begins to flow with a phase displacement, > 0, a torque will 
be developed, and the consequent movement of the pressure coil will close 

a contact and so actuate 
the regulating mechanism 
necessary to restore the 
power factor to unity. 

(ii) Suppose now that 
it is required to maintain 
the power factor constant 
at the value ^=0.5 lagging. 
The connections shown in 
Fig. 2 will correspond to 
the condition that no 
torque will be developed on the relay movement when the power factor 
is cos <l> = 0.5 lagging. The connections shown in Fig. 3 correspond to 
no torque when the power factor is 0.5 leading. 

In a similar way, a suitable circuit connection can be arranged to give 
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no torque for any given value of the power factor and thus, any departure 
from the prescribed power factor will actuate the regulating mechanism 
until the normal condition has become restored. 


1 w 

2 e 

3e 


a r 

f Gm T 
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2 . —A symmetrical three-phase supply of which the line pressure 
is 380 volts feeds a mesh connected load as follows: 

Between lines 1 and 2 : 19 kVA. at cos <l> = 0.5 lagging. 

„ „ 2 „ 3: 30 kVA. at cos = 0.8 lagging. 

„ ,, 3 „ 1: 10 kVA. at cos ^ = 0.9 leading. 

Draw the vector diagram for the mesh loads and derive the vector 
diagram fot the line currents. 

Answer. —The mesh-connected load is shown in Fig. 4. The magnitudes 
of the loads currents are— 


Between lines 1 and 2 : I 


12 


2 and 3 : lo 


3 and 1 : i,, — 


19000 

380 

30000 

380 

10000 

380 


The mesh impedances are obtained 
as follows— 


= 50 amperes. 
~ 79 amperes. 
— 26-4 amperes. 


^ 12^12 — cos ^ 

380 X 0-5 
50 


^12 — 


= 3-8Q 


^ 12^12 — ^12 ^12 — 


380 X 0-866 

So 




232* / ^ 

12 7-;6-2X - 2^12* 


SO that 

= 3-8 -t-y6-6 = 


T 


z-e+jzas 

—^^2 

Fig, 4 


N 
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Similarly 

323 = 3-8 +j2-85 =4-72e^^^'0 
331 = 12 - 7 -J&2 =3 14 - 1 ^-^ 260 ^ 

In Fig. 5 is shown the vector diagram for the mesh load. In order to obtain 
the line currents the following relationships hold : 

3i = Si 2 — Sai • Sa ~ Saa 3i2 • Sa = 3ai Saa 
and these line currents are shown by the broken line vectors of Fig. 5. 



In Fig. 6 the vectors of line currents and the phase vectors of pressure are 
shown. The vectors of line current are as follows (referred to the phase 
pressure vector as the datum), viz.: 


3 . —Convert the mesh load 
of Example 2 into the equivalent 
star load. Find the pressure of 
the load star-point as referred 
to the star-point of the supply 
system and derive the vector 
diagram for the line*currents. 3 

Answer. —The equivalent star 
load is given by the following 
expressions, (see Fig. 7): 



Fig. 7 


0 _ BiaBai 
^ Bi 2 + Baa + Bai 


7-6x14-1^^32 

20-2e^^^ 


= 5 - 3 ^i 23 « ^ 4.9 y2-l 
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8 : 


__iSaiB 


23 


14-1 X 4-72e^^^^ 


= ^ 3.3 


312 + 323 + 331 ““ 20-2e^^^ 

To obtain the pressure SSo of this load star-point (see Fig. 7): 


3i 


_9Sl-»o.cv _aS 2 -»o cv _»3-»0 

-f- I - 


and since 

Putting 

then 

that is 


o *32 o 

01 O 2 


33 


3 i + 32 + 33 = 0 follows that 

gjizoo ^g, 2 ni 3 ^ a : : 


fW + T 8 + W = ^ ^ 

SO that 

aSi { - 0-47 +y0*43 } = aSo {0-515 -;0-62} 


and hence, after reducing to the simplest form, 

= »! { - 0-79 -yO-11} == 0-8 = 17^^^ volts 

therefore, 

= ^ ■. ^ . ^ = 0-343Si^~J^®“ = 75^“J^‘^'’ amperes 

Similarly 

32 == = 101^“^^'"^“ amperes 

32 ' 

^3 = ^ . 3 !? ■. ? = amperes 

*03 

These results are seen to be in good agreement with those obtained in 
Example 2, of this Test Paper. 


4 . —i4n unsymmetricai three-phase pressure system is connected 
to a star arrangement of reactances, all three reactances being of 
equal magnitude. Show that the star-point pressure of the reactance 
will lie at the centre of gravity of the supply line pressure triangle. 

Answer.— The star arrangement of reactances is shown in Fig. 8, the 
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magnitude of each reactance being X ohms. Then, 

the pressure across aOx = SSx = jX'^T 
„ „ bOx = SSs =jX^s 

„ „ cOx = 9?r =jX^R 



Ox 


Fig. 8 Fig. 9 


If the Star system of reactances is transformed into the equivalent mesh 
system as shown in Fig. 9, then 

Sr = Srs — Str = (Grs — IJtr) 

Ss = SsT - ^ ((Ssi - Grs) 

Sr = Sir — Ssi = ^(Gjk — Gsi) 
so that from Fig. 10, which is the line pressure triangle, 


from which it follows that 9 Sr == OxR : = OxS : 93 r = Oxt 

and since M is the mid-point of TS, therefore OxR is § MR 
» N „ „ „ „ RT „ OxS „ 5 NS 

„ L „ „ „ „ SR „ OxT „ ILT 

that is, Ox is the centre of gravity of the line pressure triangle. 


R 
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When some of the turns of one phase of the stator winding of a three- 
phase generator are short-circuited, the e.m.f. of that phase becomes 
correspondingly reduced so that the line pressure triangle becomes as 
shown in Fig. 12, it being observed that the star pressure of the generator 
remains at 0 both for the symmetrical conditions of Fig. 11 andtheunsym- 
metrical conditions of Fig. 12. 


T 



Fig, 11 Fig. 12 Fig. 13 

If, now, three identical choking coils are connected across the lines as 
in Fig. 8 the pressure of the star-point of the choking coils is at the centre 
of gravity of the line pressure triangle as shown in Fig. 13. There will then 
be a pressure difference between the star-point of the reactances and the 
star-point of the generator. This difference of p.d. between the two star- 
points can be used to operate a relay giving warning that a defect in the 
generator winding has developed. 

5 . —It is required to obtain a current of variable magnitude and 
in phase with one of the phase pressures* Show how this may be done 
and derive the magnitude so obtained (i) by Thevenin^s Theorem^ 
(ii) by means of vector diagram analysis. 

Answer.— (i). In Fig. 14 is shown a three-phase supply and connected 
between the lines B and C are two equal resistances R in series. The 
junction D of these two resistances is connected through a variable 
resistance r to the line A, by means of switches s (Fig. 16.). 



Fig. 14 Fig. 15 Fig. 16 


When the switches are open, the pressure across the switch contacts 

Vz 

will be (Fig. 15) Fs = AD = V where V is the line voltage. Neglecting 
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the impedance of the machine, then when the switch is open the resistance 
of the system between the points a and b will be so that if these two 
points were to be short-circuited the current that would flow across this 
short-circuit would be 


fo 


Fs a/3 V 
_ _ amperes. 


If instead of short-circuiting a and b they are connected by the resistance r 
the current that will flow through this resistance is 


Vs Vz V 

amperes 

and this is the required solution of the problem. 

(ii) The complete vector diagrammatical investigation of the system of 
Fig. 14 is shown in Figs. 17 to 25. The star-connected system of Fig. 14 




is reproduced in Fig. 17 and the equivalent mesh connection in Fig. 18. 
The current in the individual phases of the mesh system are shown in 
Figs. 20 to 22, the respective magnitudes being 

V V V 

= TTb ^ ‘ 

where V is the line pressure. 

The respective line currents are then obtained as shown in Figs. 21 to 23, 
the respective magnitudes being (see also Fig. 19) 

From Fig. 21; A = 2/2 i cos 30° = 

and this result is the same as obtained in (i) by Th^venin’s Theorem. 





184 ELECTRICAL TEST PAPERS AND SOLUTIONS 


As regards the pressure of the junction D, Fig. 17, with respect to the 
star-point O of the supply system, reference to Fig. 25 shows that 

a/3 1 

V, = \G-V,-DG = ^V-^V-DG 
where V is the line pressure, that is 

rA/3 1 ' VlR ^ 

CL =^V \ -7^ -” 7 ^ 


= F-~F-ivtan 
2 V3 2 


L 2 v/3 2(R + 2r) 


V 3 V ^ + 2r / 


For r > R the point D will lie below O. For r < R the point D 
will lie above O in Fig. 25. 


6 .—One conductor of a three-^phase overhead transmission system 
breaks and one of the free ends falls to earth ; the receiver end of this 
line is connected to a three-phase transformer, as shown in Fig. 26. 
Draw the vector diagrams for the three-phase current and pressure 
at the consumer's terminals. 


Answer.— The problem is illustrated in Fig. 26, from which it will be 
seen that the current from the supply line R must pass through the capaci¬ 
tance C in series with one phase of the choking coil. 



Two cases will be distinguished, viz.: 

(i) for which (oL 

(ii) for which ^ > (oL 

(i) ojL > ^ . The three-phase circuit system at the consumer end of 
the line is shown in Fig. 27, the star point being at S. Fig. 28 gives the 
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pressure vector diagram for the supply showing the star point O of the 
supply system. The phase currents and pressure for the three phase 
system of Fig. 27 may then be found as follows :— 


o)L\ ^rs+^bs+^ys = 0 

Also : 

SSrb = SSr — 9Sb =y ^Rs ^ coL — ^ j — ^BS coL j ; 

9Syr = 3?v — 9Sr = j j^^Ys ojL — ^Rs j j 

93by = 93b — 93y =j [!5bs (oL — ^ys coL] 

Substituting for — ^bs = (^Rs + 

gives, 93 by = —7 [(Srs + + ^ys coL] — — j [^Rs coL + 2 ^ys coL] 

SByr — j j^5vs mL — 5rs {loL — j 

and, eliminating ^ys between these two equations leads to 


=i 


’51?BY + 2 93yr“ 


9jBY + y CoL ^R S 

2j coL 


See Figs. 29 and 30. 






Fig. 29 

Taking the following numerical data: 


Fig. 30 


Line pressure = lO^F: coL = 30012 : — 150f2 

coC 
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Appljring the following numerical data ’ V — 10 kV line pressure: 


1 1 

== 300 ohms : coL = —r ohms: 
coC 150 


I SBby + 2S8yr I = V3 X 10,000 = 17,300 volts : J 3[rs 1 


= — 116 amps.: ^ys == 66*3 amps (see Fig. 32) 
The magnitudes of the pressure vectors are : 

I Sr [ = 116 - (olj == 17,500 volts 

I Sy f = 66-3 X 150 = 10,000 volts 
|SbI = 10,000 volts 



the vector diagrams for these pressure vectors being 
shown in Fig. 33. 

The pressure across the inductance in phase i? 
will be 


17-5 kvA 


Irs{coL) = 116 X 150 = 17,500 volts, 


and across the inductance in each of the phases B I 

and Y will be I 

(66-3)ft)L = 66-3 x 150 = 10,000 volts 

Fig. 33 

the vectors for these pressures (Fig. 33, and Fig. 34), 

being respectively 90° ahead of the corresponding current vectors of 

Fig. 32. 




The pressure between the star points 5 of the consumer’s terminal pressure 
and the star point of the supply system is given by OS in Fig. 35. 

Inspection of the vector diagrams for Case (ii). Figs. 32-35, disclose the 
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remarkable and important result that the direction of phase rotation at the 
consumer’s terminals (i.e. the transformer secondary terminals) has 
become reversed, and induction motors connected to these terminals will 
reverse their direction of rotation ; that is to say, whereas the phase sequence 
of the supply pressure is R B Y that of the pressure at the secondary 

terminals of the consumer’s transformer will he R Y B, Further, the very 

- > 

large pressure rise on one phase may result in the burning out of glow lamps 
and relay coils fed from this supply. 

7 . Show how the total reactive volUamperes, denoted by the symbol 
var, taken by a balanced three-phase load may be measured by means 
of two wattmeters. 

• 

Answer. —(i) The connections for the two wattmeter method for 
measuring power are shown in Fig. 36 and the associated vector diagram 
is drawn for a balanced three-phase load. It is easily seen from this vector 
diagram that the power indicated by the wattmeter in line A is 

IFa = Fab/a cos (30+ <^)^ 

and the power indicated by the wattmeter in line C is 
Wc- Ucb/c cos (30- 

so that the sum of the two wattmeter readings is 
W = Wa + Wc = VWI cos ^ 



where V is the line pressure and I the line current. That is to say, the 
sum of the two wattmeter readings gives the total three-phase power. 

(ii) The connections for the two wattmeter method for measuring 
the reactive volt amperes (var) of a balanced three-phase load are shown 
in Fig. 37, together with the corresponding vector diagram. It will be seen 
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from this vector diagram that the sum of the two-watt meter readings is 
now 

IF = ITa + IFc = Fb c /a Cos (90“ - ^) -1- Fa.b Ic (Cos 90° -<!>) that is 
W = 2VI sin 4> 

and is therefore proportional to the total three-phase balanced reactive 
volt amperes denoted by the symbol var. 
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f .—A transformer tuts a 10 per cent, impedance and a short-circait 
power factor of 0.4. Find the percentage pressure drop when the 
transformer is operating at its full rated output and (i) at unity power 
factor, {U) at a power factor of 0.8 Urging. 

Answer. —^When a transformer is short-circuited a very close approxi¬ 
mation to the actual conditions is the circuit shown in Fig. 1, in which 
rj and are respectively the resistance and reactance of the primary circuit 
and r 2 ^ and the resistance and reactance respectively of the secondary 



Fig. 1 Fig. 2 Fig. 3 


winding reduced to the primary number of turns. The circuit of Fig. 1 
can then be replaced by the simple series connection of Fig. 2 in which 

= *'i + ^ 2 ^ siiid is the short-circuit resistance. 

*K = + * 2 ^ ^nd is the short-circuit reactance. 


= Vand is the short-circuit impedance. 

Also from Fig. 3 : 

T OC OC 

COS 0K = — • sin : tan <I>k == — : 

A further convenient method for expressing the relationships between 
these circuit constants is as follows (see Fig. 4): 


where 

and 


cos 4>k: = 




Wk% 

Vk% 


/, = Ik and is the normal full-load current, 
Vi is the normal supply pressure, 
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also 



100 h 


Again : = cos : /j #k = sin • 

~ ^ns ^ K • *K ~ sin ^jc 
Bk = Zs (cos <f> K +j sin ^k) 

In Fig. 5 is shown the vector diagram of Fig. 4 re-drawn with the 
component vectors expressed as percentages. 




then CD — Fk% sin ^ ^ sin ^ : FC — Vj^% cos ^ ^ cos ^ 
so that the percentage pressure drop at the rated normal full load is 
A V% = CD -f- FC — Vk% [cos <I> cos ^ ^ -f sin ^ sin ^ j 

Applying the following numerical data: = 10%; cos ^ k = 0*4: 

sin 4 K = 0’92 : 

(i) cos = 1 : A = 0-10 [0-4] = 0-04 or 4 per cent . 

(ii) cos ^ = 0*8 : sin ^ = 0-6 

A I^% = 0-10 [0-8 X 0-4 + 0 6 x 0-92] = 0-087 = 87percent. 


2. —Explain the general principle of operation of the synchronous 
motor. 

Answer. —A three-phase synchronous machine is one in which the 
stator is provided with a three-phase winding and the rotor comprises 
a field system excited by direct current. When a three-phase current of 
frequency / is flowing in the stator winding it will produce a magnetic 
field in the air-gap which will be of constant magnitude, and will rotate at 
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the speed of n revs, per sec. where n,p =fip being the number of pairs of 
poles for which the machine is wound. Stable operation of such a machine 
is only possible when the field due to the stator currents is rotating at the 
same speed and in the same direction as the rotor field system. 

The general nature of the performance of this type of machine can 
be seen by reference to Figs. 6 and 7, which show portions of two concentric 
rings of magnet pole systems. The outer ring is built up of permanent 
magnets, and the inner ring is excited by means of direct current. Suppose 

RING OF PERMANENT 



in the first place that the two sets of magnet rings are at rest with the S 
poles of one ring facing the N poles of the other ring. If now the outer 
ring be driven by some means at a slowly increasing speed until a final 
steady speed of n revs, per sec. is reached, the inner ring will be carried 
round by the magnetic force between the tw^o sets of poles, so that eventually, 
if there is no resisting torque on the axle of the inner ring, the two systems 
will be rotating at the same speed ;/ with the S poles of one system facing 
the N poles of the other system as is shown in Fig. 6. 

Now suppose that a load is coupled to the axle of the inner ring, for 
example, by means of a belt driving a ventilating fan. The inner ring will 
tend to fall back so that the two pole systems will become relatively displaced 
by some angle 'r, as shown in Fig. 7, and the driving torque on the inner 
ring will increase as the angle of displacement 'r increases, until the condition 
is reached that the driving torque just equals the load torque, and the two 
sets of rings will keep running steadily at the constant speed of n revs, per 
sec., but with the relative displacement of t electrical degrees as shown 
in Fig. 7. The load can then be increased, and so give rise to a corresponding 
increase in the angle 'f, the limit being reached when t = 90 electrical 
degrees. Any further increase of the load will cause the inner ring to come 
to a standstill and the driving will become zero. A little consideration of 
the foregoing discussion will show that this type of machine can only 
operate at “ synchronous ” speed, and hence it is termed a “ synchronous 
motor in contra-distinction to the induction motor which is an 
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“ asynchronous motor/’ and normally can only operate at speeds which 
are below the synchronous speed. 

The operation of the actual synchronous motor with a three-phase 
stator winding, however, is somewhat more complex than the arrangement 
illustrated in Figs. 6 and 7, since the three-phase windings have to provide 
not only the driving torque but have' also to produce definite armature 
reaction effects, as will be clear from the succeeding examples. 


3. --Draw the vector diagram for a three-phase synchronous machine 
which is running in parallel with a large supply system and show that 
the locus of the extremity of the current vector is a circle. 


Answer. —In Fig. 8 is shown diagrammatically by the dots and crosses 

in the air-gap, the direction of the three-phase 
currents in the stator winding, the vector 
diagram for these currents being also 
shown. If the supply pressure is V r.m.s. 
volts per phase, and it is assumed that this 
pressure is of constant magnitude and of 
constant frequency. The rotor is assumed 
to be coupled to a load so that there is a 
relative angular displacement of ^ electrical 
degrees due to this load. The “ synchronous 
reactance ” per phase of the stator winding is 
X ohms and the resistance of the windings is 
assumed to be negligibly small. The con¬ 
ditions per phase can then be represented 
by the circuit diagram of Fig. 9 which refers 
to phase number 1. Since all three phases 
operate in precisely the same way, it is only 
necessary to investigate the performance of 
one phase. 

The vector of the total induced e.m.f. in the machine must be equal 
and opposite to the applied pressure vector Fj, Fig. 10, that is, the vector OG. 
Assuming that the machine is running as a motor, let OA be the vector of 
the current /j. There will then be only two sources of induced e.m.f. 
in the machine, viz., (i) the back e.m.f. due to the armature reactance X, 
and this back e.m.f. is of magnitude /j X and 90° behind the vector current 
Ii as shown in Fig. lo. (ii) The e.m.f. E induced by the rotor main pole 
system. Since these two induced e.m.f.’s must have as their vector sum the 
vector OG, it follows that the vector BG must give both the magnitude 
and phase of the induced e.m.f. E, due to the rotor field sysfem. If the 
vector OF is drawn equal and parallel to the vector BG the displacement 

o 
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angle 0 is at once obtained (see also Fig. 11.) Further, if the excitation 
of the rotor field system remains constant, then as the load conditions 
alter the point B must move on a circle of which the centre is G and the 



Fig. 9 Fig. 10 Fig. 11 


radius is BG = E the induced e.m.f. due to the rotating field system, 
which is assumed to be constant. The circle GBT is thus obtained as 
the locus of the point B. 

Now OB is proportional to the current vector OA and is 90° behind 
OAt so that, since B moves on a circle, the extremity A of the current vector 
must also move on a circle, and a little consideration will show that the 
circle on which A moves has its centre at M on the abscissa axis where 

V E 

OM = -t;, and its radius is ^. 

This then is the Circle Diagram for the synchronous machine. The 
upper half of this circle refers to the operation of the machine as a synchronous 
motor and the lower half refers to its operation as a generator. (See also 
“ Electrician,” T. F. W., 1938, April 1, page 415.) 

4, —Show how the torque and power of a synchronous motor may be 
derived from the circle diagram. 

Answer. —In Fig. 12 is shown the current circle diagram for the 
synchronous machine as derived in Example 3. Since the resistance and 
other losses are neglected, then for operation as a synchronous motor the 
electrical input will be equal to the mechanical power developed. Thus 
in Fig. 12 for the current vector I=OA the input per phase is Fj/i cos 4> 
watts, so that the total input for the three phases is W=3 VJ cos 4 watts. 

But / cos 4 = AM and since the pressure Fj is constant, the power 
developed will be directly proportional to the ordinate AH of the current 
vector. 

If X kg.-m. is the developed torque, then 9’81 x Inn — ZV^I cos 4 = 
3 Fi X (.^if amperes) watts, that is T = j X (.4/f amperes) kg.-m. 
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where ffo f'P’S. is the synchronous speed of the machine. The torque is 
thus directly proportional to the ordinate AH of die current vector. 

This result can be expressed in a somewhat different way, as follows: 


AH AM sine 


si n e 


Where is the e.m.f. per phase to which the machine is excited. 

3F.. 


Hence 




that is 

T = Tmax sin 0 kg.«m. 

Where Tmax is the max. value of the torque which the machine can develop 

for the given conditions, that 
is, the torque corresponding to 
the zenith Ast of the circle of 
Fig. 12. The important result 
is thus obtained that the torque 
is proportional to sin 0 where 
n — e is the. angle of phase 
displacement between the 
applied p.d. Fj and the induced 
e.m.f. Ej due to the rotor field 
excitation (see Example 3). This 
relationship is shown in Fig. 13, 
and the crest of this sine wave 
marks the limit of stability of 
the machine for the given 
conditions. 

Again, referring to the Circle 
Diagram of Fig. 12, it will be 
seen that since the load and the torque are each proportional to the 
ordinate AH, it follows that, for the given load, the extremity A of the 
current vector must move along the horizontal 
line JQA, and the position of A will be 
fixed by the radius of the circle, that is, by 
the excitation of the rotor field system. For 
example, if A coincides with Q, the power 
factor will be unity, and the excitation will 



I 


then be such as to give 


I - Mg 


amperes. If the excitation is further increased ^ 
the extremity of the current vector will move 
to the left of the ordinate axis, and the 
current will lead on the applied p.d. That is to say, if the machine is 


90 ® 
H —► 
Fig. 13 
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“ over-exdted” a synchronous motor will act like a capacitance and will 
draw a leading current from the supply mains —^this characteristic of the 
synchronous motor is an extremely valuable practical feature of its operation. 


5. —A synchronous motor is supplied at a constant pressure of 200 
volts per phase and a frequency^of 50. The reactance per phase is 8 ohms 
and the motor has four poles. Find the necessary excitation if the 
motor develops 10 horse-power at unity power factor and draw the 
torquejO curve. What excitation will be necessary if the motor is 
to develop 10 horse-power at a power factor of 0J9 leading ? The open- 
circuit characteristic, that is the relationship between the induced e.m.f. 
E per phase and the excitation ampere-tums per pair of poles at constant 
speed, is given in Fig. 15. 


Answer.— 

10 H.P. = 7,460 watts input and output for the three phases. 
Input per phase == 2,487 watts. 

For a supply pressure of 200 volts per phase the current per phase is 
j 2,487 

i = = 12-43 amperes. 

The centre of the circle diagram is (Fig. 14) 



OM = ^ = — 25 amperes. 

JC o 

The radius of the circle is then MA — 27-9 amperes, so that the required 
value of the induced e.m.f. E in this case is given by : 

^ = 27-9 : i.e., E = 27’9x8 = 223-2 volts. 
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From the characteristic curve (Fig. 15) it is seen that 5,400 excitation 
ampere turns per pair of poles will be necessary to induce this e.m.f. 


300n 


t 


^.20CH 

H 
-J 

o 
> 

ui 
10 

JlOOi 

CL 



°6 5,000 lo.ioo 

AMPERE-TURNS PER PAIR OF POLES 


15 






I 



F^g 16 


In order to obtain a leading power factor of 0*9 when the load of 10 H.P. 
is maintained the current vector OAi (Fig. 14) will lead by 26^ C. on the 
applied pressure vector so that the radius of the circle must now be 
OAi = 33*5 amperes, so that E = 33*5 x X = 33*5 X 8, that is E 
= 268 volts per phase. 

Reference to the characteristic curve of Fig. 15 shows that 7,500 excitation 
ampere-turns per pair of poles are now necessary to develop the required 
e.m.f. 

The torque corresponding to 10 H.P. is given by the relationship 
T (kg.-m.) X 9*81 X ZnnQ = 10 X 746 

where «o= ^ = 25 r.p.s., so that t = 4*85kg.-m. The torque / 0 

relationship is shown in Fig. 16, for E = 223*2 volts. 


6 .—Obtain an expression for the natural frequency of oscillation of a 
three-phase synchronous machine. 

Answer. —It has been seen in Example 3 that each phase of a three- 
phase synchronous machine running in parallel with a large supply system 
of constant terminal pressure can be represented by the simple circuit 
system of Fig. 17, where X is the “ synchronous reactance ” per phase of 
the machine, and E the induced e.m.f. per phase due to the rotor field 
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excitation. The vector diagram for the system of Fig. 17 is shown in Fig. 18 
fort he case in which the machine is acting as a generator, that is, operating 
on the lower half of the circle diagram of Example 3, so that the vector of 





Fig. 17 



induced e.m.f. E now has a component in phase with the applied pressure 
per phase V. 

The power supplied by the machine to the supply mains is, 

W = 2EI cos 'P watts for the three phases, 
that is, 




3E{1X) COSY _ 3 X OB X BC 
X ~ X 


sin y watts 


or 


W=3 


(2 area of A OCB) 3 x E.V sin & 

X i-—-i = -—-watts 


(i) 


Hence the torque t with which the steam turbine is driving the machine 
is given by the relationship, 

3EV 

T (kg.-m.) 9-81 X 2jr«o= —sin 0 watts 

that is, 

' ~( 9-81 ® ‘S'-”- =^“- “ ® 

as in Example .5 for the mechanical torque developed by a synchronous 
motor: this torque relationship is shown in Fig. 19. Suppose the machine 
is working steadily under the conditions defined by the point Aq in Fig. 19 
and assume that whilst the driving torque remains steadily constant, a 
sudden and transient increase in the power delivered by the machine occurs 
So that the condition is now defined by the point .4,, the corresponding 
increase of the angle A O which for convenience can be written 6. 
The machine cannot however continue to operate at the point Ai since the 
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electrical power which corresponds to the point Ai requires a torque greater 
than that which the steam turbine is providing. Consequently, the only 
way in which the extra torque can be supplied is for the machine to draw on 
the store of kinetic energy of its own rotating system and that to which it is 
coupled. This means that the machine begins to slow down and conse¬ 
quently the angle 0 decreases, it being observed that in this case of a 
generator the angle 0 denotes a movement in advance of the no-torque 
relative position whereas in the case of the synchronous motor of Examples 
2 and 3, the angle 0 denotes a displacement of the rotor behind the no-torque 
relative position. As the machine slows down therefore, 0 decreases so 
that the condition tends towards that defined by the point Fig- 19 
which is the condition of stable operation for the given driving torque. 
Owing however to its inertia, the rotor overshoots the mark'and swings 
over to the condition defined by a point, such as in Fig. 19. For values 

of 0 which are less than 0o the driving 
torque exceeds the torque which 
corresponds to the power generated by 
the machine so that, having reached 
a lower limit A 2 the machine begins to 
accelerate and again overshoots the point 
Aq and reaches a point in the neighbour¬ 
hood of A^. This oscillatory motion 
continues until it is damped out by 
eddy currents or by the action of 
specially installed damping grids 
arranged in the pole faces. 

If {Oq is the synchronous angular 
velocity in mechanical radians per 
second, the power corresponding to the extra torque Av is given by the 
relationship— 

= 9-81 At (Oq watts.(ii) 

EV 

' and, from equation (i) W =3 sin 0 watts 



Fig. 19 


so that, for a small angular displacement A0 

AW .EV „ 

_ =3^ 


AH' - co» sj 6 

where for convenience 0 is written for A0 
Equation (ii) may now be written— 

9-81 At eofl = ® j ® 

'where, 0 and d are in electrical measure. 
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But torque and acceleration are related by the equation: 

_ _ J Fangular acceleration in mechanical radians/sec.* 

1 orque to which the torque gives rise. 

I 

Where J kg.-m.^ units is the moment of inertia of the rotating system. 

In the case now under consideration the extra torque gives rise to a 
retardation of the amount 

pdt^ 

where p is the number of pairs of poles in the machine and is introduced 
in order to reduce the angle 0 to mechanical measure. Inserting this 
expression for /\x in equation (iii) gives 

d^e r3£F^cos0] 

[ XJ 0)0 J ^ 


This denotes simple 

harmonic motion of oscillation frequency, 

/= - 

/ZEVp co^s\ 1 /Si? cos ©1 

Jo 2n 

V XJooo 1 2:rV x Joo^ 1 

or 

r 1 /ZEV2nfco&e 


Jo~2n^ X 2{K.E.) 


oscillations per second, since /).coo = the circular electrical frequency co, 
that is In (supply frequency /). 

It is to be noted that the frequency of oscillation can be reduced by 
increasing the reactance X, by increasing the kinetic energy of the rotating 
system, K.E.y or by reducing the exciting current, that is reducing the 
e.m.f. E. 


7. —Show that if there is a pair of curves such as the circles MCD 
and MAB in Fig. ,20, and if these curves be inverted with reference to a 
RP 

point O, the ratio for an elementary area PQTR of the first pair of 

rp 

curves will he the same as the ratio — for the area of inversion ot the 
second pair of curves. 
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Answer.—F rom the definition of inversion it follows that 

OPxO/» = *2 = ORxOr = O0X:O} = O7’xO/ . .(i) 

so that, 

the triangles Opr and O RP art similar, 
and the triangles ORT and OtR are similar. 


Then 

and 


RP OP OR. 
rp ~ Or ~~ Op 

RT OR OT 
r t ~ Ot ~ Or > 



RP OP X rp X Ot ORxrpxOr 
RT~ Or xO Rxrt ~ Op X O T xrt 


and consequently, 

IRPy frpy I OP X Ot X OR X Or\ frpy OP Ot 
[rtJ ~~\rt) \Or X OR X Op X OTj~[rtJ ^ Op ^ O T 


and since from equation (i) 


OP Ot 
OT~Op 


and in the limit when the elements PQ TRis taken indefinitely small 
O P = O T, therefore 


RP rp 
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8.~i4 longf straight horizontal wire of 0.8 cm. raxjlins is supported 
within a cylindrical metal sheath of radius 3 cm. so that the axes are 
parallel and 1 cm. opart* Find the capacitance of the electrostatic 
field between the two conductors by the method of transforming this 
eccentric system into an equivalent system of a wire 0.8 cm. radius 

set at a definite height h 
above a flat metal plate 
parallel to the conductor.. 

Answer. —In Fig. 21 are 
shown the two eccentric circles 
representing the two cylindrical 
conductors separated by an 
air space. The centres of the 
circle are at A and p respec¬ 
tively, the radii being r = 
0‘8 cm. : p = 3 cms., the 
distance between the centres 
being Ap = 1 cm. 

This system is now to be 
inverted as follows: (i) The 
larger circle into a straight line, 
and this requires that the 
centre of inversion O lies on the 
circle as shown in Fig. 21. (ii) The smaller circle is to be inverted into itself* 
and this requires that the constant of inversion must be such that 

Op^ = 

A further relationship is that 

OT X OB k\ 

Inserting the given numerical values, viz., r = 0*8 cm. : p = 3 cms. : 
Ap ^ \ cm., then 

pp = 2 cms., 

so that, 

Op2 ^r^=zOTx OB 




and this, therefore, fixes the position of the straight line PTQ. 

From the theorem of Example 7, therefore, it follows that the capacitance 
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of &e cylinder and the plane PTQ is the same as the capacitance between 
the two eccentric cylindrical conductors p; and OB. 

Referring now to Fig. 22, in which the 
plane PTQ of Fig. 21 is shown as well as the 
circle pq. From &e results of expression (24), 
page 91, and expression (8), page 102, of 
“ Principles ” it is known that the capacitance 
between the cylindrical conductor p; and a con¬ 
ducting plane PTQ is tvnce the capacitance 
between ^e qrlinder p^ and its image pi^i in the 
plane PTQ. Further, since the distance 
between the cylinder pq and its image pi^i 
is of the same order of magnitude as the 
radii of these cylinders, the exact formula 
derived in Example 14, Chapter JV, must 
be used. 

Hence: the capacitance of the space 
between the two eccentric cylindrical conductors of Fig. 21 is ;— 

1 



C = 2 


51-4 logi 
1 




IhY - {2rY 


2r 


+2A j 


fiF/mile 


or 


25-7/b^io[3-3] 
0.075/iF/mile 
0.047 fiFIkm. 


/xFjtaile 


9 .—Find the capacitance of the system of two eccentric 
cyttndticai conductors defined in Example 8 by the method 

of transforming the eccentric 
system into an equivalent 
system of two concentric 
conductors. 

Answer.— In Fig. 23 the 
circle Aq and the plane PTQ 
are shown in their correct 
relative position as has been 
found already in the solution 
of Example 8, so that the first 
step in the present procedure 
has been to find the position 
of the line PTQ which is, from 
Example 8, known to be distant 
1'44 cms. from the centre of 
the circle Aq. 
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The next step is to invert the system of circle Aq and line PTQ into a 
system of two concentric circles, viz.: such that the circle Aq inverts into 
itself and the line PTQ inverts into a circle which is concentric with the 
circle Aq. As regards this latter requirement it is clear that the centre of 
inversion must lie on the circle which is obtained by inverting the line 
PTQ. The conditions will therefore be as shown in Fig. 23 and all that 
remains is to find the radius p of the new circle, and this is easily done by 
means of the relationship OA^ = r^ + : OT x ON = 

. (Or + ATy -r^ = OTx2p 

{OT + 1-44)=* - 0-8* = 2 X or (Or + 1-44) 

OT^ + 2-88(Or) + 2-07 - 0-64 = 2{OTy + 2-88(07) 

or (07)2 1.43 . OT = 1-2 

and p = 1-2 + 1‘44 = 2-64 cms. 

The required capacitance therefore is the capacitance between two con¬ 
centric cylinders of radii respectively r = 0-8 cm.: p = 2-64 cms., so that 

"" 25-7 X 0-518 "" 13^ "" fiFInale 

or C = 0-047 /<F/km. 

as already found in Example 8 . 


10, —Apply the results obtained for the capacitance between two 
eccentric cylindrical conductors to determine the magnetic reluctance 
of the space between a cylindrical iron rod which is supported in a 
cylindrical tunnelled hole in a laminated iron block, the axes of the rod 
and the tunnelled hole being parallel and at a definite distance apart. 


Answer.— In Fig. 24 the smaller circle represents the iron rod and the 
larger circle the tunnelled hole, the amount of eccentricity being given by 
the distance y. 


The magnetic 


conductivity { i.e. - \ 

\ reluctance/ 


is given by an expression 


of the same form as that for the electrostatic capacity of the field between 
the two cylindrical conductors which have been considered in Examples 
8 and 9. 

Suppose in the first place that the eccentricity y is zero, so that the 
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cylindrical rod and the tunnelled hole aie co-axial as shown in Fig. 25, 
then the magnetic reluctance can be expressed as follows. Consider a 



Fiq . 2 i Fig . 25 


co-axial band of the air-space of radius x cm. and of radial breadth dx cm. 
as shown in Fig. 25, then the magnetic reluctance of the band will be 

Sx 

units per cm. axial length. 


so that the reluctance of the whole air-space between the two co-axial 
surfaces* will be. 


J/S. = k '"S' r ^ 


and this expression is precisely similar in form to the reciprocal of the 
electrostatic capacitance of a concentric cable (see page 103, “ Principles 
By means of this identity of form of the expressions for magnetic conductivity 
and the electrostatic capacitance of concentric cylindrical surfaces, viz., 


J. 



_ 1 _ 

( Electrostatic capacitance in c.g.s. units 
( per cm. length of concentric cable 




it becomes at once possible to write down the expression for the magnetic 
reluctance when the cylindrical rod is set eccentrically with the tunnelled 
hole as shown in Fig. 24. 

From the results of the theorems of Examples 8 and 9 of this Test Paper, 
it is known that the capacitance between the two eccentric cylindrical 
surfaces Cf and MB of Fig. 26, is the same as that between the cylindrical 
surface Cq and the plane PQ when the following conditions are satisfied, 
viz., 

(1) The circle Cq is inverted into itself. 

(2) The circle MB is inverted into the straight line PQ. 
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These conditions will be fulfilled if O is the centre of inversion where, 
(00)2 _ r* = *2 = (OT) X (05) 

that is, if, 

. (p-yY = r^ + 2p(p-A -y) 

or 

A = (p-j’)[l-»]+g .(B) 

In Fig. 27 the circle Cq and the plane PQ of Fig. 26 are reproduced, 

and from what has been 
said in the foregoing it 
will be seen that, the capaci¬ 
tance of the two eccentric 
surfaces of Fig. 26 will be 
the same as the capacitance 
of the air-space between 
the cylindrical surface Cq 
and the plane PQ of Fig. 27. 
But this capacitance is twice 
that between the cylin¬ 
drical surface Cq and its 
image C'j' in the plane PQ. 
That is to say, making use 
of the result given in 
Example 14 of Test Paper, 
Chapter IV, it will be seen 
that the capacitance between 
the two eccentric surfaces of 
Fig. 26 Pig^ 26 is 

of A~\ - rH/ A ~ 2 AH 1 electrostatic units 

c = 2 I 4 log, ry:A^-/. ^ i+ A i I p,, .(iii) 

and consequently, from expression (i), the magnetic reluctance between 
the two eccentric surfaces of Fig. 26 is 

i I 2 log, ~ — ~y j I'^nits per cm. length.(iv) 

Numerical example 2 

p = li" = 3.96 cm.: r = = 2.70 cm. 

eccentricityjy = = 0.476 cm. 
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so that, from (ii) 

A-(3.%-0.476)[l-’f^«] + 

that is, 

A = 2.86 cm. 

From (iv) the required magnetic reluctance is then 


2.7* 


2 X 3.96 




V2.86* - 2.7*1+ 2.86] 
2.7 • 


2 3 3 81 

= ;j+ logio = 0.055 units per cm. length. 

2^ 2.7 - 

In Fig. 28 the values so obtained for the magnetic reluctance per mm 
axial length are shown as a function of the eccentricity y. 




Fig. 27 


Fig. 28 


ff ,—Obtain the expression for the magnetic reluctance of the air¬ 
space between the two eccentric tyUndrictd surfaces of Fig. 24, 
Example 10, by inverting the two eccentric surfaces into two equivalent 
co-axial surfaces. 

For the solution of this problem it is necessary to invert the cylindrical 
surface Cq and the plane surface PQ of Fig. 26, Example 10, into a system of 
co-axial cylindrical surfaces. 

Referring now to Fig. 29 the circle Cq and the plane PQ are identically 
the same as those in Fig. 26 and 27, and it is now necessary to find the 
centre of inversion O* such that, 

(i) The circle Cq inverts into itself. 
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(ii) The plane PQ inverts into the circle CN which is co-axial with the 
circle Cq. 

That is to say, the requirements will be satisfied if the radius R of the circle 
0*N, Fig. 29 is found. This is easily obtained as follows; 

{O^Cf = r* + 

{0*T) x2R = k^ 


/V 



Fig. 29 


SO that 

R^ = r^ + 2R{R- A) .(i) 

where A has the value already obtained in Example 10, expression (ii), 
viz., 

A = (. -.)[•- 

Taking the numerical data already given in Example 10, viz., 
p = 19" = 3.96 cm.: r= Ii" = 2.70 cm. 
eccentricity jy = i" = 0.476 cm. 

Then, 

A = 2.86 cm. 

and, 

R^ = 2-72 -f- 2i? (I? - 2-86) 

or, 

R^ - 5’72R + 7-28 = 0 
from which it is found that, 

R — 3’84 cm. 
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The capacitance between' two co-axial cylindrical surfaces‘of radii R 
3*84 cm. and r = 2*70 cm. 
is 

C = elec. St. units per cm. length 

o® r 

that is 

C= 1 _ J_ 

2 log. II “0-69 

so that the required magnetic reluctance is given by expression (i), Example 
10, viz., 





X 0-69 


= 0-055 units per cm. length 

and this agrees with the value found in Example 10. 

In Fig. 30 is shown the relationship between the magnetic reluctance 



0 



Fig. 30 


2 cm. 


per cm. length and the eccentricity y for the.following dimensions of the 
eccentric magnetic system: 

p = 3 cm.: r = 0-8 cm : 

The curve of Fig. 30 has been derived by the method described in this present 
Example 11 (see T.F.W., Journal of Inst, of Elec. Engineers, 1929, page 906). 

p 
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12. —By means of the method of symmetrical component analysis 
derive an expression for the current which will flow when one phase 
of a generator is short-circuited to the star point and the. other two 
phases are open. 


Answer. —It is to be noted that the short-circuit current of Fig. 31, 


JUttSIL*—OF( 
Eib 

JQlUULr — OVf, 
Ea 

' O Va 

Fig. 31 


la 



Fig. 32 


is a single-phase current, that is to say, it is an unsymmetrical three-phase 
current for which = 0, and = 0, as shown in Fig. 32. 

The three symmetrical components are respectively given by the 
following three simultaneous equations : 


5fao = J (3a "h 3b + 3o) 

3ad = i (3a + <* 3b + 3'^) 

3ai = i (3a + 3b + <* 3e) 

Where a = : a* = : since however, 3b = 0 and 3® = 0 

follows at once that the symmetrical components are : 


3ao = Sad = Sai = i 3a 

as shown in Fig. 32. 

The symmetrical three-phase induced e.m.f.’s due to the field excitation 
of the generator is defined by the vector diagram of Fig. 32 and the following 
three simultaneous equations relate the symmetrical components to the 
induced e.m.f. components, viz.: 


®a = -|-y3a‘A^2 -{-ySaoa^o \ 

®b = SSb -f-y3>d^l “HySbi-^J “HySboAo > 
— ®c "byS'dA^i ^■y3*lA^2 ~)"j3b®^°' 


(1) 
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where Xi is the reactance per phase for the “ direct ** rotating three-phase 
current system. 

X 2 is the reactance per phase for the “ inverse rotating three-phase 
current system. 

Xo is the reactance per phase for the “ null current ’’ system. 

The following relationships also hold for the short-circuited phase a : 
*^1 \ 

^ 3^1 X2 + 9 Sai >... ( 2 ) 

0 -^o “i" / 


since the induced e.m.f. system 6, of course, is a purely direct rotating 
system. Further, 

= 0 = »ad + »ai + »ao 

SO that, adding together the three-equation (2) gives 
=y (^ad ATj + 3^^^ ^2 4" 3ao 
and since %o = ^ad = Sa.'(Fig. 31), 


therefore 


•cv _ 

x;+x2 + Xo 


and 93 ao — j ^ao Xo \ S?ai — — j ^ai X 2 • 9 Sad = @a —j ^ad X-^ 

(see Fig. 34). 

In an actual short-circuit test of a three-phase machine, as shown in 



Fig. 33 Fig. 34 

Fig. 31, the induced e.m.f. per phase as obtained from the open-circuit 
characteristic was 105 volts, whilst the measured values of the respective 
reactances were: 

Xi =5 7*15 ohms ; X2^\ ohm : Xo = 0*25 ohm. 
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The magnitudes of the symmetrical components are consequently given 


by 


/.d 


105 

“ 7-15 + 1 + 0-25 


= 12*5 amperes = /ai = /ao 


and the magnitudes of the respective terminal pressures are then 
Fao = ho Xo = 12-5 X 0-25 = 3-12 volts 

Fad = E. - hi X, = 105 - 12-5 X 7-15 = 15-6 volts 
Fai = hiXi = 12-5 X 1 = 12-5 volts 

so that (see Fig. 31) the actual short-circuit current which will flow in phase 
a will be 

/a = 3 /ao = 3 X 12‘5 = 37*5 amperes. 

Actually, the value measured on test was 37-0 amperes. 

For further examples of short-circuit analysis see “ Electrical Review,” 
July 9th, 1943 (T. F. W.). 



Chapter Xm 

NON-SINUSOIDAL WAVE FORMS : HARMONIC ANALYSIS 
EFFECT OF WAVE FORM ON ELECTRICAL MEASUREMENTS 


f •—The primary winding of a singie-phase transformer is connected 
to a pressure wave of sinusoidat form and frequency f hx. Negtecting 
the resistance of the winding, obtain an expression for the induced 
boeft e.m./. 


Answer. —The induced back e.m.f. is given by the expression 
e = — ^ volts where i>.to is the number of flux-linkages of the 


coil at any moment t. Since the applied p.d. is sinusoidal, this induced 
e.m.f. must also be sinusoidal. Further, in order that the rate of change 
of i>.w shall be sinusoidal, the flux ^ must itself be a sine function of the 
time. 

If is the peak value of the flux wave, then the flux-linkages will vary 
from 0.W to zero in one-quarter <^cle, i.e., in ^ sec., so that the mean 
rate of change will be 

0.W 

—j— lO""* volts 

4/ 


and consequently, the mean value of the induced e.m.f. will be, 

= 4/ 0.W 10"® volts 

Since the wave form is sinusoidal, the peak value of the e.m.f. will be. 


SO that the r.m.s. value will be 



^7t 

that is E = / 0.wlO"® = 4’44/ wlO"* r.m.8. volts. 


If, for example, 

/= 50h*., (P = 9 X 10«: B) = 500 

then. 

E = 4-44 X 50 X 9 X 10® X 500 x 10~® = 10,000 r.m.8. voltt 

?,13 
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Fig. lu i* ahownaaineuMwe form afflux of peak value 9 x 10^ 
c.^.s. Unes, as a function of the circular frequency at = 2nf, and in 
Fig. lb is shown the relationsk^ between the magnetising current and 
the flux. Obtain the wave form of the magnetising current. 

Answer. —The peak A of the flux wave in Fig. la corresponds to the 
the point A in Fig. IJ so that the peak value of the magnetising current is 
12 amperes. Similarly, for the point P on the flux wave of Fig. la the 


(«) W 



Fig. \ 

corresponding point P on the current wave shows that the magnetising 
current for this flux is l-S amperes. In this way the whole wave of magne¬ 
tising current can be obtained as shown by the full-line curve in Fig. 2 



Fig. 2 


where the points P and A correspond to the points P and A of Figs, la 
and Fig. 16. This wave is t 3 rpical of the distortion which is produced 
when the core of the transformer is working at flux density, which is high 
up on the saturation curve. 
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4 . —Currents 0 / different frequencies are flowing in a circuit as 
fdilows: 


Frequency: hertz 

0 

so 

150 

750 

Current in r.m.s. amperes 

10 

10 

1 

5 

\ 

3 


Find the r.m.s. value of the current indicated by an a.c. ammeter 
in series with the circuit. 


Answer. —^The resultant r.m.s. value of the 
expression: 

I = V1J+7JT7?T~T7\ 

SO that / can be found by the graphical con¬ 
struction of Fig. 3, a D.C. current being regarded 
as an A.C. current^ of zero frequency. The 
resultant current is therefore given by the 
vector OZ), viz., /= 15*3 r.m.s. amperes. 

A similar construction can, of course, be 
applied to obtain the resultant r.m.s. pressure 
of a circuit m which a number of pressures 
of different frequencies are connected in 
series. 


current is given by the 



5s—Since a third harmonic cannot flow in a three-phase supply 
system with an insulated star point, state what means are available for 
enabling the requisite third harmonic of the current wave to flow in 
the transformer winding. 

mnr Answer. —If both the primary and 

the secondary windings of the transformer 
are star-connected, triple harmonic currents 
<H-'innP~0 cannot flow in either winding since the 
individual currents in each limb will all 
be in phase and consequently there will 
•—O return path for their circuit (see 

Fig. 4). If, however, either the primary 
or the secondary winding is mesh connected as shown in Fig. 5, triple 
harmonic currents can circulate round the mesh. 

A further method for providing a path for the third harmonic current 


o—nnnnnr^—► 
o-nnnnnp-^ ► 

o—► 
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is to include a third or “ tertiary winding on the cores of the transformer, 
this winding being connected in mesh so that it forms a short-circuited path 
for the triple harmonic currents as shown in Fig. 6. 



O —\ 

O—^TWinr^ > 



Fig . 6 


i M7nRf9V«ii-0 


6,—What will be the effect on the harmonics of the magnetising 
current wave of a transformer if a third harmonic appears in the flux 
wave ? 

Answer. —In order to produce a sine wave of back e.m.f. when the 
applied p.d. wave is sinusoidal and the transformer core is worked at a 
high value of the flux density, it has been seen in Examples 2 and 3 that the 
magnetising current wave must contain harmonics, and these become very 
pronounced when the flux density reaches such very high values as about 
16,000 gauss. If, however, one of the current harmonics of the magnetising 
current wave were absent, such, for example, as would be the case when the 
transformer windings are both connected in star (see Example 5), since 
there would be no return path for. such a harmonic, then a harmonic will 
appear in the flux wave, the order of this flux harmonic being the same 
as the order of the missing current harmonic. That this must be so is seen 
from the following considerations. When the th’rd harmonic of the current 
wave is flowing and the flux wave is sinusoidal, this implies that the current 
harmonic is suppressing a flux harmonic of the same order but of opposite 
sign, so that when this restraining current harmonic is absent, the previously 

suppressed flux harmonic 
is free to develop. That 
is to say, if the third 
harmonic of the current is 
negative, as in Fig. 2, 
Example 2, then when this 
current harmonic is absent, 
a positive third harmonic 
will appear in the flux 
wave. 

n ^ -5f-7 in n Fig- 7 is shown a 

Sw \ SB y ui flux wave which, in ad- 

^ •dition to the fundamental 

Ftg . 7 sine wave, has & large 


xio* 

lOi. 
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positive third harmonic, and the reason for choosing such a large 
third harmonic component will appear later. If the magnetising current 
wave corresponding to the flux wave, of Fig. 7 be now obtained with 
the aid of the magnetisation curve of Fig. lb in Example 2, as already 
explained, then the current wave of Fig. 8 will be the result. If this wave 
is analysed it will be found to contain in addition to the fundamental sine 
wave, third and fifth harmonics of the following magnitudes, viz., 

= 2-56 ; ^3 = 14 ; = ~0-7. 



Fig. 8 Fig. 9 

It will be seen therefore that the introduction of a large third harmonic 
in the flux wave has caused the reversal of the sign of both the third and 
fifth harmonics of the current wave. For purposes of comparison the 
analysis of the current wave of Example 3 is re-stated here, that is, A^ = 
5-15 : A 3 == ~3-07 : A 5 = 1*84. 

The general result is thus obtained that, when no harmonic appears 
in the flux wave, the magnetising current wave contains a negative third and 
a positive fifth harmonic, whilst if a large positive third harmonic appears in 
the flux wave, the corresponding current wave contains a positive third and 
a negative fifth harmonic. It follows, therefore, that by suitably choosing 
the magnitude of the third harmonic which is allowed to appear in the 
flux wave, either the third or the fifth harmonic of the current wave can be 
eliminated, and it is possible also to obtain the condition that when one of 
these harmonics is zero the other is very small. This very important 
result forms the basis for eliminating the fifth and seventh harmonics from 
the magnetising current wave, and the following two methods may be 
considered;— 

(i) A tertiary winding on the transformer cores is connected in mesh, 
but instead of being short-circuited on itself it is closed through a choking 
coil Xy of which the magnitude of the reactance can be adjusted (see Fig. 9). 
In this way, the magnitude of the third harmonic of current which is 
developed in the tertiary winding can be controlled so that the current 
harmonic which it is desired to suppress disappears from the wave form. 
This method is due to Buch and Heuter. 
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(ii) Instead of controlling the magnitude of the third harmonic of 
current, an alternative is to control the third harmonic of flux. In this 
case the transformer has five cores instead of three (see Fig. 10). The 
primary and secondary windings are arranged on the three central cores, 

whilst the two outer cores are left unwound._ 

It will be seen that, just as in the case of 
the third harmonic of the current wave, 
which cannot flow in supply mains because 
there is no return path for it, so in the 
case of the third harmonic of flux in a 
three-core transformer this flux harmonic 
cannot develop because it would have no 
return (iron) path). When a fourth and 
fifth core are provided, however, these 



Fig. 10 


A / 


(a) 




extra cores form a return path for the flux of the third harmonic. By 

suitably proportioning the cross 
section of these supplementary 
cores, the magnitude of the 
third harmonic of flux can be 
controlled and, consequently, 
the fifth and seventh harmonics 
eliminated from the current 
wave form of the magnetising 
current. Fig. 11 shows oscillo¬ 
graphic records of the way in 
which this method operates to 
improve the wave form of the 
magnetising current, and these 
records refer to the conditions 
that the flux-density in the 
transformer core reaches the 
high value of 15,000 gauss. 
Fig. \\a shows the wave form 
of the magnetising current when 
the transformer had only the 
normal number of three cores. 
Fig. 116 shows the wave form 
of the magnetising current'for 
the same transformer when a 
fourth and fifth core were added 
in accordance with the principle 
explained in the foregoing with reference to Fig. 10, the cross section of 
each of these additional cores being (in the first place) the same as that 
of the three normal cores. It is to be observed that in each of the 
oscillograms of Figs. \\a and 116 a prominent fifth harmonic is present. 


r r\ 


(b) 
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but that the fifth harmonic of Fig. 11a is 180® out of phase with the fifth 
harmonic of Fig. Hi. That is to say, by providing a return path by 
means of two additional cores of full cross section, the fifth-harmonic of 
the magnetising current wave form became reversed in sign. When the 
section of the two additional cores was suitably restricted, the oscillogram 
of the magnetising current shown in Fig. 11c was obtained, and this is seen 
to be of practically sinusoidal wave form. See also (T.F.W.) “ Electrical 
Times,*’ Dec. 21, 1939, p. 629; “ Beama ” Journal, Oct., 1940, p. 60. 

7 . —Draw a diagram showing the flux density distribution in the 
air-gap of a single-phase concentrated two-pole winding. The radial 
length of the air-gap is d cm. and the air-gap surfaces of both stator 
and rotor cores are smooth cylindrical surfaces. Show in the diagram 
the fundamental sine wave and the third harmonic of flux density dis¬ 
tribution in the air-gap. 

Answer. —The single-phase concentrated winding is shown by the 
conductors S and C in Fig. 12. If the reluctance of the iron part of the 
magnetic circuit is neglected, the flux density in the air-gap at any moment 
will be given by the expression 

271 iw 

nt =~= fdJit = ~ gauss 


since = 1 for the air-gap. It is also to be observed that for any such 
magnetic path as is shown by the dotted circuit in Fig. 12, the length 
of path in the air-gap is 2d cms. 



Fig. 12 Fig. 13 


In this expression i amperes Is the value at any moment t of the alternating 
current in the winding S C and w the number of turns. This expression 
shows that the flux density at any moment t has the same value J5t every¬ 
where in the air-gap, so that if it be assumed that the stator core is cut 
radially at, say, some place between S and A in Fig. 12 and then opened out, 
the surface of the gap will b^ seen as the horizontal straight line of Fig. 13. 
If values of the flux density in the gap are then plotted as ordinates, the 
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rectangular diagram ShdCfgS will be obtained. In accordance with the 
result given on page 417 of “ Principles of Electrical Engineering/* 
expression 31, this rectangular wave can be analysed into a fundamental 
sine wave and a series of odd harmonics, of which only the fundamental 
sine wave and the third harmonic are shown in Fig. 13, The respective 
peak values of these component waves will be 

4 14 14 

J5, = — ; fia = ^ - Bt; B 5 = = - Bt and so on. 

^ 7t ^ 3 n ^ 5 7t 

It will be seen that the fundamental wave of flux density will be the 
main two-pole field of the machine, whilst the third harmonic will produce 
a six-pole field, the fifth a ten-pole field, and so on. As the current in the 
stator winding alternates at a frequency of f cycles per second, all the 
component harmonic fields will alternate in magnitude with the same 
frequency, but their individual positions in the air-gap space will remain fixed. 


8 .—A three-phase two-pole concentrated stator winding is shown 
in Fig. 14, together with the time vector diagram of the three-phase 
alternating current which is supplied to the winding. Construct a 
diagram showing the three fundamental waves of magnetic flux density 
with the time as the abscissa axis, as well as the fifth harmonic waves 
ass€}ciated with each of these fundamental waves. From this diagram 



derive the direction of rotation of the ten-pole magnetic field as referred 
to that of the two-pole field. Find the speed of rotation of the ten-pole 
field in terms of the speed of rotation of the two-pole field. 

Answer. —The arrangement of the stator windings is shown in Fig. 14. 
The current in each phase winding will produce a ^ rectangular flux 
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density distribution which may be analysed into a fundamental wave 
and a series of harmonics as shown in the solution to Example 7 (see 
also page 417, Chapter XIII). Fig. 15a shows the three fundamental sine 
waves of alternating magnetic flux density distribution as a function of the 
time, but for purposes of clarity, only the positive half-waves are drawn in. 
It will be seen from this diagram that the waves reach their respective 
maximum positive values in the order I, II, III. In Fig. 15a is also shown 
the fifth harmonic of flux density distribution associated with the 
fundamental wave I, the magnitude of this fifth harmonic being shown 



FUNDAMENTAL 5^” HARMONIC 

OF FLUX WAVE OF FLUX WAVE 


F'lg 15 

out of scale for purposes of clarity. In Figs. 156 and \Sc are shown the 
fifth harmonic waves for the fundamental waves II and III, respectively, 
and it will be seen from these diagrams that the three individual sine 
waves of the fifth harmonic reach their respective positive maximum values 
in the order III, II, I. It follows therefore from these results that the 
ten-pole magnetic field due to the fifth harmonic rotates in the direction 
which is opposite to thal of the two-pole rotating field due to the 
fundamental waves I, II, III. 

If a similar set of diagrams be drawn out for the seventh harmonic of 
flux density distribution, it will be found that this 14-pole field will rotate 
in the same direction as the fundamental two-pole field. If corresponding 
diagrams were to be drawn out for the harmonic numbers 3, 9, 15, and any 
other odd multiple of 3, it would be found, for example, that all the six 
poles of the third harmonic field would coincide in position for all three 
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phases of the stator winding so that this would give rise to a magnetic field 
which would alternate in magnitude with the frequency/of the fundamental, 
wave but would not rotate. 

It is further to be noted for example, with regard to the ten-p<de field of 
the fifth .harmonic, that since the sinusoidal fiel^ due to each of the three 
phases alternate with the frequency / of the current in the stator winding, 
the rotating field only progresses a distance corresponding to one pair of 
poles for each cycle of the alternating current, so that the speed of rotation 
of the ten-pole field due to the fifth harmonic will be only one-fifth that of 
the two-pole field. Similarly, for the rotating magnetic field due to the nth 

harmonic (which is not a multiple of 3), the speed of rotation will be-th 

n 


that of the fundamental two-pole rotating field. 


9 . —If a balanced three-phase star-connected, induMve system is 
connected in parallel with a balanced three-phase, mesh-connected, 
inductive system, show thcd, when the cores of the inductances are 
operating at saturation values of the flux densities, the consequent fifth 
and seventh harmonics in the individual phases of each system can 
be eliminated from the line currents. 

Answer. —^When a three-phase supply system is connected to a mesh- 
connected load of three balanced choking coils as shown in Fig. 16, then if 
the currents are of such a magnitude that the iron cores become magnetised 
to saturation, the current wave form will be highly distorted as shown for 

instance in Fig. 2 of Example 2, 
so that relatively large current 
harmonics will flow in each coil. 
The line current for such a 
mesh-connected load is related 
to the current in the mesh in 
accordance with the vector 
diagram* of Fig. 16, Chapter XI, 
page 357, in which the vector of 
the line current /a has been 
obtained by taking the vector 
difference of the phase currents 
IcA and /ab, viz., 

— (^a)i = (Ica)i — (/ab)i 
The same result is shown 
In this diagram, the fundamental 
waves of the phase currents (/ca)i and — (/ab)i are shown as functions 
of the time by means of broken line sine waves, and the corresponding 
line current is obtained by adding corresponding ordinates of the two sine 



in Fig. 17a in a somewhat different way. 
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waves, this being shown by the full-line sine wave (Fig. 17a) of the 
fundamental frequency. 

Since the flux densities in the individual cores of the inductances will 
reach saturation values, pronounced current harmonics will appear in 
each phase of the mesh-connected inductances. The fifth harmonic current 
for the phase C A and the reversed phase current of A B, viz., 

(/ca )5 and — (/ab )5 

are shown by the two full-line curves in Fig. 17c, the resultant chain-dotted 
ainft wave being so obtained. 


(a) 

(b) 





Fig. 17 


Now suppose that, to the same supply system, a balanced three-phase 
star-connected system of choking coils is connected, as showh in Fig. 18, 
_^ that is to say the mesh- 



connected system is connected 
in parallel with a star-con¬ 
nected system (as shown in 
Fig. 19). It will be clear that 
the current in phase A of the 
star-connected system will be 
in phase with the line current 
which supplies that phase, since, 


of course, the line current /a is 
also the phase current of the 


star to which that line is connected. This line current for the fifth 


harmonic is shown by the full-line sine wave of Fig. 176, and it is at 
once seen by comparing Figs 176 and Vic that the line current of the 
fifth harmonic supplying the mesh is in direct opposition to the line 
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current of the fifth harmonic which supplies the star system. It follows, 
therefore, that by suitably proportioning the mesh ^ and star systems, th^ 
fifth-harmonic currents can be made equal, and since they are 180® out of 
phase with each other in the line, the result is obtained that the line is 
relieved of the fifth-harmonic current which is required to produce the 
current wave form of Fig. 2 (Example 2 of this Test Paper), and this 
harmonic current will simply circulate between the star and mesh 
windings and will not appear in the line at all (Fig. 19). The 



corresponding vector diagram for the fifth harmonic of the parallel 
star-mesh system is shown in Fig. 20. Similar considerations lead to 
the same result as regards the elimination of the seventh harmonic. 

This important principle has been applied in recent years to the design 
of large transformers to enable them to operate at high value of the core 
flux densities—^up to 16,000 gauss—and still to maintain a practically pure 
sine wave form of current in the supply lines. (See also “ Electrical Times 
and “ Beama Journal: loc. cit.) 


10, —Describe some method by means of which the magnitudes of the 
individual harmonics in a given wave form of e.m.f. may be measured. 

Answer. —The operation of the “ harmonic analyser,*' which is described 
in what follows, is based on the principle of action of the ordinary dynamo¬ 
meter type of wattmeter, it being well known that such an instrument can 
only respond when the currents in the fixed and moving coils are of the 
same frequency. 

The pressure wave form which it is desired to analyse is connected across 
the terminals A and B Fig. 21, and in series with the moving coil b of the 
dynamometer is connected a condenser C^. If the applied pressure wave 
contains an harmonic of r.m.s. value En volts, then the current Ih which 
will flow in the moving coil will also contain an harmonic of magnitude 



where, Zn ^ \j, 


—r 

2mfCi) I 

and / is the frequency of the fundamental wave of the applied p.d. 

Q 
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The analysing current h is obtained by means of a synchfonous motor, 
on the shaft of which is a contact disc S. On the front surface of this disc 
concentric rings are arranged, each ring being built up of metal segments 
separated by alternating with insulating- segments, one such ring of segments 
being provided for each harmonic which it is desired to measure. The 
adjustable brush K is set so as to be in contact with the ring which 
corresponds to the «*'’ harmonic, and the grid of the thermionic valve then 
receives n impulses of pressure per second. The current which will flow 
in the anode circuit will consist of a direct current upon which is superposed 
a heavily distorted wave of fundamental frequency «.f. 



By means of an oscillatory circuit, which is tuned to the frequency 
of the M**" harmonic, an almost pure sine wave of current A is obtained, 
the frequency of which is «./. This current flows in- the fixed coil of the 
dynamometer and the deflection of the instrument will then be 

a = kJJn cos <p 

where 9> is the phase displacement between the currents h and A, and by 
suitably adjusting the position of the brush K on the contact disc, this 
phase displacement can be reduced to zero. The instrument will then 
read 

OCmax kliln 

The-analysing current la is measured by means of a hot-wire ammeter, 
and if the constant k of the dynamometer is known, the magnitude of the 
nth harmonic current is 

T OCmax 
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and consequently the nth harmonic of the pressure wave is 

En In Zn 


It is stated that the magnitude of a 35th pressure harmonic has been 

measured in this way, the value of which is only .^^^ th part of the funda- 

lUjUuo 

niental pressure wave. (See Walker, Tyac and Coe: Journal I.E.E., 


Vol. 63 ; 69.) 


11.—What is meant by the *• fr&ptency spectrum" of a non~ 
sinusoidal wave form ? 

Answer. —^The frequency spectrum is a graphical representation of 
the harmonic analysis of a non-sinusoidal wave form. The abscissa 
represents the order n of the individual sinusoidal harmonic waves and the 
ordinates represent the magnitude of these harmonics. For example, the 
harmonic analysis of the rectangular wave form of Fig. 22a has been shown 
to be (page 417): 

^ H sin * + i sin 3 * -+- i sin 5 » +. j 



Fig. 22 


In Fig. 22b the order of the individual harmonics are marked 1, 3, 5, 7 
. . . and the amplitudes of the individual £ne waves are shown by the 
ordinate scale. Thus, for example, the amplitude of the nth harmonic is 

-th that of the fundamental wave. 
n 
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The difference of frequency between two successive harmonics is: 
■ A/-2/. 

where fi is the frequency of the fundamental wave. 

The broken-line curve of Fig. 22J) which joins the extremities of the 
ordinates for the individual harmonics is seen to be a rectangular hyperbola. 



Chapter XIV 

THE PENETRATION OF ALTERNATING MAGNETIC FLUX 
AND ALTERNATING CURRENT (SKIN EFFECT) 


f .—Find the diameter of the iron rod which witt satisfy the following 
conditbms, viz.: 

Resistant^ to a.c. - - ^ . 

— —i --— —6: frequency f = 2j000 hz.: 

Resistance to d.c. 

p= 12 X 10-* ohm per cm.lcm^.; permeability fi = 500. 


Answer.— 


y=2V2<x\/^^=2V2>^l/ 


500 X 2,660 
12 X 1,000 


= 81 


From expression 49, page 452 “ Principles of Electrical Engineering,” 
the equivalent depth of penetration is 


that is. 


Zti \f fjiJ 


a = = 0‘0175 cm. 


.Hence = 6 where a cm. is the radius 
2 cr 


that is 


.'. the diameter i%d — 2a = (6 X 2 o) 2 
d = 24 X 0-0175 = 0-42 cm. 


2 . —At what frequency will a straight copper wire, 1 mm. diameter, 
have a resistance 4 times its d.c. value ? 

Answer. —Since the given conditions imply a large value of F a the 
relationship for the depth of penetration a as given on page 454 of 
“ Principles of Electrical Engineering” may be used, viz.: 

Resistance to a.c. _ a ^ ^ ^ 

Resistance to d.c. 2a 
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80 tbat 

that is 

and hence 
from which 


a 

8 


0-05 

8 


sss 0-00625 cm. 


y_ ■'^2 _ V2 
a 0-00625 


= 226 


y=2V2-l./;^a = 226 

/= 1-14 X 10« bz. 


3 . —An iron wire carries a.c. at a frequency of SfiOO hz. Find what 
the diameter witt be if die resistmce to a.c. is 4 times the d.c. vaJue. 
The specific resistance is p= 12 x 10~^ ohmlcm.lcm.^ 


Answer, — Y= 2V2 n 


,000 X 500 


and 


X 10^ 


V^2* 

a = ~ 0-01753 cm. 


2 \^ 

^12 


a/L0001 = 80-8 


80 that = 4 : a = 8a = 0-140 cm. 

2a 

and the diameter is 2a = 0-28 cm. 


4 , — Find the current distribution over the section of a strtdght copper 
wire, 1 mm. diameter, for a frequncy of 0JI5 x /O® hz,, if p = 1.77 x 10~^ 
ohnijcnulcm,^ Draw the vector diagram for the current distribution. 

Answer.—F = 0-211V7 = 105-5 : Fc = 105.5 x 0-05 = 5-275 

j j 1 _ imai 

““ yo|-/=71 5-2751 “7^25?^ 

Divide the section of the wire into 10 concentric bands, each of radial 
thickness 0-05 mm. = 0-005 cm., as shown in Fig. 1. Then for 
Band 1 : mean radius = 0-05 — 0-0025 = 0-0475 cm. 

F*i = 105-5 x 0-0475 = 5 

. MV^S] f6’2e>^ 

“ *"“7o{V=7lFa} L7-25 c*-- 


= 0-855 fmax amperes per sq. cm. 
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Area of Band 1 —2n X 0*0475 X 0*005 »0*00149 cm., and the 
current in Band 1 is therefore =s 0*00149 X 0*855imai 

g= 0*001372 inux er’*' amperes. 

and this gives the current vector 01 of Fig. 2. 



Proceeding in this way for each of the 10 bands of Fig. 1, the following 
Table has been prepared :— 


Band 

Number 

'• y*x 

Vector of 
Current Density 

fx' 

Sectional 

Area 

cm^ 

Vector of 
Current in Band 

1 

5 

0*855linax 

0*00149 

0*00137*max 

2 * 

4*46 

0*621lm« 

0*00133 

0*000832i„>ax e-"**’* 

3 

3*93 

0*449lmax 

0*00128 

0*000S74«aux 

4 

3*42 

0*338/m.x 

0*00102 

0*000346tmax 

5 

2*90 

0*254jm.x j 

0*t)00864 

0*000219imax 

6 

2*36 

0*195w 

0*000706 

0*000138ima* 

7 

1*84 

0*162tmax 

0*00055 

0*000089*„ax 

8 

1*31 

0*143*ma* 

0*00039 

0*000056tmax 

9 

0*79 

0*139lmax 

0*000236 

0*000033*max e-'”** 

10 

0*26 

0*138*max 

0*00008 

0*000011»max 


The vector diagram showing the vectors of total current in the 10 bands 
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as given by the last column of this Table is drawn in Fig. 2. The corres¬ 
ponding vector polygon is given in Fig. 3, from which the vector of the 
total current in the -wire is obtained, viz.:— 


OA = 0-00288fea, 




The calculated value of the total current vector is 


;2^M5 7, 

S'- 105-5 


= 0-002995lmax 


7-25eJi8«° 


that is ST=0'00281(fa» 

The current taken by the wire from the supply therefore lags by 39J° 
on the applied p.d., i.e., on the vector of current density imax in the surface 
skin. Since the skin layer does not link with any part of the magnetic 



SKIN EFFECT 


233 


flux which is developed in the section of the conductor, the current density 
in the surface skin must be in phase with the applied p.d. It is to be noted 
(as pointed out on page 434 of “ Principles ”) that the magnetic flux which is 
developed outside the wire produces a purely reactive back e.m.f. and has 
no effect on the power supplied to overcome the watt loss in the resistance. 
This reactive back e.m.f. has not been included in this investigation since 
it has no effect on the resistance of the conductor to a.c. 

If V r.m.s. volts is the applied pressure, the current density ima< in 
the surface skin will be in phase with V so that if the applied pressure were 
d.c., the consequent d.c. current would be /ma* where na^ is the cross 
sectional area of the conductor. For a.c. the effective impedance Z is related 
to the magnitude of the total current by the equation 

V = Az 


and since 


V = (/max^^^)-^d.c» 


it follows that 


Z tinsLx TtCL^ 

-Rd.c. Ii 


But the effective resistance to a.c. is Z cos ^ where (p = 38J° in the present 
example. Hence 


Rd*Ct Z cos q) imsixTlU^ COS (p 

JRd.c. Rd»c» f l.\ 


and, since na^ = tz X (O-OS)^ : (p = 38^° : It = 0*00283iinax 


i?a.c. 7t X 0-0025 cos 38^° ^ 

0^81 "" 


The exact theoretical calculation of the value of the ratio 
conditions of this example is as follows: 


jRa.c. 

Rd»o» 


for the 


Ra*c» 

jRd.c. 


/2d.( 



YaJo{V-j\Ya} 
2 JtiV^Ya} 



COS q> 


6*78^^ ^ J cos 

cos 39^ == 2-14 


that is 



234 ELECTRICAJ. TEST PAPERS AND SOLUTIONS 




1CM. 


5. —A l terna tin g currant at SfiOO frequency i* pa»»^ through an iron 
Uunbuitbm to wMch tite ^Mowing numerical data apply: 

Mdtnese 2A ^ OM mm. .*/<&= 2fi00 : ps= 10 x ohm/cm./cm^ 

Plot a curve of current distribution fbr 
the following moments: 

(i) ITte current in the surface sMn has 
its maximum value. 

(U) The current in the surface skin is 
zero. 

Answer. —Fig. 4 shows a sketch of a 
section of the iron lamination. At the 
distance x cm. from the median plane the 
current density is: 

Cosh@« 

Cosh® A P®*" ®“- 



U 


Fig. 4 


ix = fmax ; 


Where © = a + i « • and a = ^ 
^ _ y^x 2,000 X 31,400 


27r /uo 


that is, 


10^ 


= 198'5 : X A = 4*97 radians = 284° 


The length of the wave of current penetration is 

2n 2n » a.. . y 

A = — = = 0-0316 cm. 

a 198‘5 


Velocity of travel of the wave is : 

c = A/ = 0*0316 X 5,000 = 158 cms. p. sec. 

Cosh @ A = Cosh (a A +> a A) = Cosh (4*97 +>4*97) 

= Cosh 4*97 cos 4*97 4- J Sinh 4*97 sin 4*97 
= 71*2e -^^«-^“ 

= 7i.2"g^7 T . T » I 6^^°* I 

neglecting the reflected wave as insignificantly small, that is, neglecting 
the expression ^ (e”“* the forward wave of current density pene¬ 

tration is— 

; = __ Lax glax ] _{g.x ^x\ 

142*4 ”*2° r I 142*4 T > 

(i) t = o : current in the surface skin is a maximum. 
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^ ~ 142-4 e-f } 


gaA ^oA 
1.6*1 s= fmax* 


Imaz 


1424 


^4.97 2840 


^MAXn 


0^5 t MAX.*! 


f=a 


-ix- 


0*005 OsOI 0*015 

i I I 


)C 

CO 

ui 

O 

K 

3 

fn 


0 02 0*025 
« -I 
■^X CM^ 


jc = 0*9 A : U == 


fmaz 


Fig, 6 

- <*4.47 w256ol _ _*? 

6.20 \e e- ^ - J42., 




142-4 e-J 76.20 - I “ 1424 x 0-0116 

ti = 0’605 2max COS 27’8° = 0*53 Imax 


and so on, thus giving the current density distribution curve of Fig. 5 

7t 

(ti) ^ ^ • current in the surface skin is zero. 


0*511 


X, 

CO 

liJ 



Imaxe#* we«-”e/(*84+»)<» ^ 

* — A : Ia — 1424 e -^ 76.20 — 1424 e -> 7 «-*“ “ — 
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* = 0-9 A : ix 


that is, 


142-4 

ix = 0*29 {'max 


: 0-605 Imax COS 61-8° 


and so on, thus giving the current density distribution curve shown in 
Fig. 6. 


6.—Find the " penetration depth " of alternating magnetic flux in 
laminated conductors as defined by the following data: 



pQlcm.lcm,^ 


Dynamo stampings • 

I» 10-* 

2,000 

Permalloy . 

0.2 X 10 * 

10,000 

Cast steel . 

0.2 X 10-* 

IftOO 


Answer. —The induction density at a distance x cms. from the median 
plane (Fig. 7) is 




Cosh 0 X 
Cosh 0 A 


where Bmax is the induction density at the surface skin. This expression 



is seen to be identical in form with that of expression 44, page 449 of 
“ Principles,” for the distribution of a.c. in laminated conductors so that 
the results already obtained can be applied immediately to the present 
problem. Consequently, the total magnetic flux in the lamination will 
be given by the expression : 


2 J' 9Sx a.x 


2 Bmax Cosh 2 a A — cos 2 a A 
V2‘x ' Cosh 2 a A + cos 2 a A 


..(i) 


When the product a A is greater than about 4, the term cos 2 a becomes 
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insignificant in comparison with Cosh 2 a A> so that tile total magnetic 
flux of expression (i) for the two halves of the lamination then becomes 


2 

V2‘a 


That is to say, if a surface layer of thickness a = 


1 

\/2‘a 


be considered for 


each half of the lamination, as shown in Fig. 8, and if it be assumed that 
the flux density is constant over the whole section of each of these strips 
and of magnitude fimax, then the flux contained in these two strips will 
be equal to the total distributed flux in the lamination. The quantity a 
is the equivalent “ depth of penetration.*’ That is. 


1 1 /p X 10’ fp X 10’ 

/ “ V2I a ~ V2 ^ ^ 8;rV/ 


If the corresponding numerical values of the given problem be inserted 
in this expression, then the equivalent depth of penetration will be found 
to be 


a - 0-25 


a = 0-16 


<r = 0-50 



cm. for dynamo stampings 


cm. for Permalloy 


cm. for cast steel 


From these data the following Table has been derived giving the depth of 
penetration a in cms. : 


/ hertz 

25 

50 1 

500 

5,000 

500,000 

1 

Dynamo Sheet 

0-05 

0-033 1 

0-011 

0-0035 

0-00035 

Permalloy .. 1 

1 0 032 

0-023 

0-008 

0-0023 

0-00023 

Cast Steel .. 

0-10 

o 

o 

0-022 

1 0-0071 

0-00071 


It is to be observed that the depth of penetration of magnetic flux for 
a laminated conductor may be expressed in the form 
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whereas, for the depth of penetration of alternating current the e^^ression 
49 obtained on page 452 is 

a — 5,030 



The difference in the numerical factor of these two expressions is 
accounted for by the fact that the depth of penetration a for alternating current 
is calculated on the basis of the watt component of the total current, whereas, 
in the case of the magnetic flux penetration a is calculated of the bases 
of the total flux in the lamination. For the conditions for which the calcula¬ 
tion of depth of penetration are valid, the watt component of the current is 

times the total current (see page 443 and expression 31 of 


“ Principles of Electrical Engineering ”). 

Suppose, for example, the depth of penetration of a.c. is y and that the 

consequent surface dwisity is, i, = *— and is such that, when constant 

P 

throughout the depth y would give a total current equal to the actual 
current, viz., 

Imax 3,570 V-^. 


Then, 



= total current supplied to the lamination. 


so that 




(i) 


But the depth of penetration y must also be such that the resistance loss 
is equal to the actual resistance loss, and this requirement gives a second 
equation for p and y, viz., 



= known resistance loss. 


Since, as stated above, the watt component of the current is 


times the total current, it follows that, 

= F —^ 

\P J ^ P V'2 


_ 1 _ 

VZ 
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and, substituting for V — p imu gives: 


( imax N * t^maz V 

TJ 


that is, 


and hence 


that is. 


I— d — 


p=V2 



y^px 3,570/ V2 x3,570/^ 

3^ = 5,030 y/^ 

Hence, the equivalent surface layer—equivalent both 
as regards total current content and resistance loss—^has a 
breadth (Fig. 9) _ 


=s,oM yT], 


-^yk- 

Fig. 9 


and the current density throughout this equivalent depth is 

imu where imaz is the density at the surface skin 
for the actually existing current distribution. 


7. —Derive an expreaaUm for a, the depth of penetration in a straight 
wire which is carrying h^h-freqaency aUenuxting current. 

Answer. —By definition the equivalent depth of penetration a is such 
that if the current density is assumed to be constant throughout this depth 
and equal to imax., i.e., the density at the surface 
when high frequency current is flowing, then 
(see Fig. 10): // 

( Resistance of the surface skin \ (f ^ j | 

Resistance of the whole section of the wire / \ \ / / 


VResii 


Resistance to a.c.'^ 
Resistance to d.c.j 


Ftffa 10 


The resistance per cm. length of the skin layer = ^— and the 

ZTt U C 


resistance per cm. length of the whole section of the wire is' 
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hence ( Resistance of the surface skin) _\ _ ^ 

’ \Resistance of the whole section of the wire/ ~ 2<7 
Resistance to high frequency a.c. _ 

Resistance to d.c. ” 


2 


I The real component of 


For large values of Ya the real component in brackets becomes 


cos 45° = — 7 = so that, for large values of Ya : 

v2 


Resistance to a.c. 
Resistance to d.c. 


Ya 

2V2 


= 0-354 Ya 


(ii) 


The depth of penetration, therefore, is obtained by equating (i) and 
(ii), that is ; 


a Ya 

2a ~ 2V2 


or Ya = V2 


A ’ v—\/— 2 V 2 , / fjf 

and, since Y-\/ ^ ^ - 3 .^^ x 10 " V p 

. , V2 3-16 X 10" / ■ 

.t follow, that a = y- = 

that is, a ~ 5,030 

(See also Table I in Appendix II “ Principles of Electrical Engineering**) 

8 .— Give cat account of some practical application of ** skin-effect at 
low frequencies. 



Answer.— From the theory of the three-phase induction motor it is 
known that for a high value of the starting-torque it is necessary to have 
a sufficiently large value of non-inductive resistance in the rotor circuit, 
whilst for normal running conditions it is essential that the rotor resistance 
shall be as low as possible in order to obtain high efficiency of operation. 

These requirements are very satisfactorily met in the case of slip-ring 
motors by connecting starting resistances in series with the slip-rings 
so that when the rotor has reached full speed, the rotor starting-resistance 
is cut out and the slip-iings are short-circuited. 
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In the case of squirrel-cage rotors, however, this procedure is not 
possible since the rotor winding is permanently short-circuited and ,in 
consequence an inherent disadvantage of such motors is that they develop 
a relatively low torque at starting. During the last two decades an immense 
amount of research has been carried out with a view to improving the 
starting torque of squirrel-cage induction motors without interfering with 
its very satisfactory characteristics under normal running conditions. 

A very successful device for obtaining the requisite high starting torque 
makes use of the principle of “ skin effect and this will be understood 
by reference to Figs. 11 and 12. In Fig. 11a is shown a relatively deep 
and narrow conductor in position in a slot of the rotor, the depth of the 
conductor being D cm. and the width of the slot ^ cm. If it be assumed 
that a currei\t of 1 ampere is flowing in the conductor and that the current 
distribution is uniform over the whole cross-section of the conductor, a 
magnetic field will be established of which the magnitude can be calculated 
as follows. 

*A typical line of magnetic force is shown by the chain-dotted path 
shown in Fig. 11a and if H^. oersted is the magnetic intensity in the slot 
viz., in the path v Wy the current which will be linked with this line of force 

X 

will be ^ampere since 1 ampere of current is passing in the whole conductor. 

Neglecting the reluctance of the path in the iron part of the magnetic circuit, 
the following magneto-motive force relationship will hold, viz., 



from which it follows that the intensity is a straight line function of x 

as shown in Fig. \\b. 

Now a little consideration will 
show that an elementary strip of width 
dx at the base of the conductor as 
shown in Fig. 11a will be linked with 
the whole of the flux which crosses 
the slot whilst a strip such as/)^, which 
is higher up in the slot, will be linked 
with a correspondingly smaller amount 
of flux. 

Referring now to Fig. 12a in which 
the same conditions are shown as 
already described in the foregoing in 
connection with Fig. 11a, it is now more 
convenient to define the position of an elementary strip such as pq by its 

R 



11 
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distance y from the top of the conductor, and similarly, in Fig. V2b the 
magnetic intensity Hy is defined with reference to die distance y from the 
top of the conductor. The magnetic flux which is now linked with the 
strip pq is given by the shaded area of the magnetic intensity triangle of 
Fig. 126 so that the general expression for the flux linked with the portion 
of the conductor which extends from the base of the conductor to the 
height » = D — jy is 




dy 


that is. 

For example, if = 0*2D then 

0 = ^ 0-2D2-0 02D2 ^ 

In Fig. 12c the values of the flux as a function of the depth y are shown 
by the parabola curve 

If the current in the conductor is alternating, then the flux curve of 
Fig. 12c will also be a measure of the e.m.f. which will be induced in the 
conductor at any depth y from the top of the conductor. 

When the conductor shown in Figs. \\a and 12a forms a member of 



a squirrel-cage rotor, the rotating magnetic field will generate a uniform 
e.m.f. throughout the whole section and the consequent current will 
develop a back e.m.f. which will be a maximum at the base of the conductor 
and diminish towards the surface. The result of these two opposed e.m.f.s, 
viz., that due to the rotating field and that due to the flux-linkages of Fig. 126, 
is that the current will be throttled in the lower part' of the conductor section 
and forced into the upper part of the section. In other words, the effective 
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resistance of the conductor to alternating current will be increased and this 
increase will be greater the higher the frequency of the alternating current. 
These conditions are exactly in accord with the starting requirements’ of 
a squirrel-cage induction motor. At starting, the frequency of the currents 
will be that of the supply mains (50 hz). When running with a normal 
slip of, say, r = 2 per cent., the frequency of the currents in the rotor 
conductor will only be 0-02 X 50 = 1 hz. 

It is estimated that up to date there are more than 100,000 squirrel-cage 
motors built with smooth deep strip conductors (e.g., section 6*5 cm. “X 0*15 
cm.). These comprise slow-speed motors for driving reciprocating compressors 
of 2,700 horse-power ; motors with a moment of inertia of many hundred 
ton-m^ units; and motors for speeds of 3,000 and 1,500 r.p.m. for outputs 
up to 5,200 horse-power for driving turbo-blowers. All ^ese motors are 
running in a perfectly satisfactory manner. 


9 . —Derive the conditions for which the dancing of an iron core, 
aUemeding current inductance coU becomes a minimum. 

Answer. —^The damping due to inductance coils as used for low-frequency 
technical purposes and for high-frequency carrier-current telephony is 
almost always undesirable. The characteristic quantity which defines the 
damping is the “ figure of quality,” viz ; 



( 1 ) 


Where coL is the reactance of the coil and the total effective resistance 
of the coil. This effective resistance comprises (i) the d.c. resistance of the 
winding and supplementary losses such as those due to skin-effect and 



dielectric loss, and (ii) the iron core losses of the coil. In what follows k 
will be assumed that the supplementary losses of (i) are negligibly amall in 
comparison with the other losses, so that, 

■Rtf =*fide +fied .(2) 

The hysteresis loss of the iron core will be neglected so that will be the 





244 ELECTRICAL TEST PAPERS AND SOLUTIONS 


resistance corresponding to the eddy current losses in the iron core, and these 
eddy current losses will be proportional to the square of the frequency. 

The equivalent circuit can then be represented by the diagram of Fig. 13 
where 3s defines the impedance of this circuit. In what follows, it will 
be assumed that the figure of quality is not too small, that is, Q>10. 

It is convenient to transform the series circuit of Fig. 13 ipto the equivalent 
series-parallel circuit of Fig. 14, the impedance of which is denoted by 

Sp- 

The value of the resistance Fig. 14, which will be required in order 
that the series-parallel circuit shall be equivalent to the series circuit of 
Fig. 13 can then be found as follows: 

The impedance of the series circuit is 

3s = t "h ^ed + j 

and the impedance of the series-parallel circuit is 

3p = ^d,c + -y-j— 

Rj ja)L 

so that for the required equivalence of the two circuits, 

^ed + = ~l Ijl I 

Rj, jcoL 

that is, 


R,a +y^L = 


jjR X (JoL 
R, + yoL 


and after rationalizing the expression on the right-hand side and equating 
respectively the real and the imaginary quantities, it is found that, 


R. 


R, {coiy 

Ry + (coLy^ 


C 0 L-( 0 L [ ] 


( 3 ) 


An essential condition therefore is that the term in square brackets on the 
right-hand side of {b) must be =^^1 and this implies that Rp must be very 
large in comparison with (coL). 

The required value of Rp can now be found from the quadratic equation 
(3 a)y viz.: 

R/- ^ ( 6 )L)^-f(oL)* = 0 

^ed 


(4) 
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Of die two solutions of this equation that which gives the larger value for 
is the only one applicable since it has already been seen that must be 
relatively very large. The required solution is then found to be 



( 5 ) 


and, since is proportional to the square of the frequency, it follows that 
Rp is also independent of the frequency. 

The equation (1) may now be rewritten 




a)L 


o>L 


coL 


Rea Rdc +-^cd 

Rr.' 


The damping will be a minimum when 


dco 


=0 


( 6 ) 


that is, when (oL = \/Rp X R^c . 

From equations (2) and (5) it is found that 


Re/r Rd c “f" ^ed Rd c “f 


(c^LY 

R. 


( 7 ) 


and substituting for R^ from (7) the condition for minimum damping 
becomes 

2 j .(8) 

that is to say [see equation (2)], the damping is a minimum when 


R^d—Rdc 


or, otherwise expressed, for minimum damping, the iron loss must be equal 
to the copper loss. 


to .—Give an account of the characteristic features of a ** pot ** type 
oscillator or resonator for ultra-high-frequency systems. 

Answer. —For ultra-high-frequency circuits the structural design of the 
component parts must be of a special kind. Not only is it necessary to 
consider each connecting lead and terminal as a separate conductor, 
but it has also been found to be impracticable to build up satisfactory 
oscillatory circuits with the normal types of inductances and condensers. 
Progress in this direction has involved a departure from the conception of an 
inductance as comprising a coil of a number of turns in series. For ultra¬ 
high-frequency circuits, the parallel connection of such turns is essential, 
and the consequence of the application of this idea has been the development 
of the “ oscillation pot.” 
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Suppose, for example, that the simple series arrangement of a loop and a 
condenser as shown in Fig. 15 is rotated: about the axis AB, the loop will then 
generate a closed cylindrical circuit as shown in Fig. 15, thus forming an 
“ oscillation-pot.” So long as the dimensions of this pot are small in 
comparison with the wavelength of the current oscillations, the calculation 

Zr2 





Fi(j. 16 Fig. 16 


of the capacitance, inductance, and effective resistance can be made in a 
relatively simple manner. This characteristic feature is primarily due to the 
fact that the electric and magnetic fields are of a simple and definite form 
as a consequence of the screening effect of the walls of the pot. This 
structural form also implies the very great technical advantage that there are 
no stray fields. The magnetic lines of force are circular, and form a well- 
defined ring-shaped bundle. For the form of pot shown in Fig. 16, the 
coefficient of self-induction is given by the expression, 


L = 2/ log e - elec. mag. units, 
where / cms. is the axial length A B 


whilst the capacitance is given by the well-known formula for parallel plate 
condensers. 

The amplitude of the current waves which penetrate the wall of the pot 
will decay rapidly, in accordance with the expression 


. 

where, 

X cm. is the depth of penetration, 

X electromagnetic units is the electrical conductivity per cm./cm.^ of the 
wall of the pot, 

/ hertz is the oscillation frequency. 

Within the small distance 


== 


cm. 


(ii) 


Vx.f 

the expression (i) becomes 

e-Zn — ^-6-3 _ 0-0018 

so that the oscillatory current will then have become completely suppressed. 
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Thus for a wavelength of 1 metre, i.e.,/=3 x 10® hertz, and for a copper pot, 
i.e.i X = 5j9xl0~* electromagnetic units per cm./cm.®, 

v'^ 7 ' = -v/(y9>no=y3r(3>^i = 4-2x10® 

and x„ = -7!=. = 0-0024 cm. = 0-024 mm. 

Vx-/| 

11.— A copper oscilhxtton-pot of the form described in Example 10, 
carries an oscillatory current of 1 metre wavelength. Find the effective 
resistance and the power loss per sq. cm. of the cylindrical wall. The 
specific resistance of copper is p=V77xl0^^ohm per cm. cube. 

Answer. —From the expression (49), page 452 of ** Principles of 
Electrical Engineering,” the equivalent depth of penetration of the* current is 



Fuf. 17 


For a wavelength of 1 metre, the corresponding frequency is f = 3 X 10® 
hertz and for copper, the permeability is /i = 1. Hence, 

a = 5,030 /= 0.000387 cm. = 0.00387 mm.' 

/ 3 X 10® 

The effective resistance per sq. cm. of surface area of the cylindrical wall is 
then, 

^t — P a — 0.000387 ~ ^ 

The power loss per sq. cm. area of the cylindrical wall is then, 

Wi = watts = X 4.55 x lO*® watts .(i) 

where ampere is the r.m.s. value of the current per cm. of cylindrical 
periphery of the wall of the pot (see Fig. 17). If (Irm.s)T ampere is the 




248 ELECTRICAL TEST PAPERS AND SOLUTIONS 


rjn.s. value of the total current in the cylindrical wall, then the value of 
Ir„s in the expression (i) is 

a \ (Ir m 9 )t_ 

as shown in Fig. 17. 


12 .—Discuss the significance of the oscillation-pot with respect to 
its ** resonance quality*^ Qrei. ctnd its resonance resistance ” Rr„, 


Answer. —Since the current in an oscillation-pot resonator can spread 
over a large conducting surface and since the current heating losses are 
extremely small, an extraordinarily high value for the resonance peak is 

• 

obtained in spite of the unfavourable value of the ratioThat is to say, if 


is the resistance corresponding to the losses (as found in Example 11), 
then 



and has an extremely high value, varying from about 10,000 to 50,000 
according to the material and shape of the pot structure. The resonance 
quality thus reaches values which are many times greater than can possibly 
be obtained with a normal oscillatory circuit (see also, expression (5), page 
259, Chapter IX). 

The “ resonance resistance ’’ is then 


R 


re? 


= Qres = 


-1 ^ 
Rw c 


In general, however, it is not practicable to take full advantage of the high 
resonance quality or of the high resonance resistance because 

when the oscillation-pot is used as an element of a circuit, it takes energy 
out of the circuit and frequently gives it up to another circuit. The damping 
IS then determined by the consequent reaction efiect and the pot operates as 
a “ no-loss ” transformer. 

Similarity relationships can be obtained as follows : For a proportional 
change in the linear dimensions, the natural wavelength of the oscillation- 
pot changes in the same proportion whilst the “ loss resistance changes 
inversely as the square-root of the change of linear dimensions. 

For oscillating currents of a wavelength greater than a few metres, the 
•oscillation-pot can no longer be used since its dimensions become too 
large. On the other hand, it is an admirable circuit component for the 
very shortest wavelengths. Summarising its leading characteristic features, 
it may be said that they are : favourable dimensions ; high resonance 
quality ; high resonance resistance; simplicity of the calculations with 
regard to all its parts ; perfect screening ; ease of coupling to other circuits. 



Chapter XV 

PROPAGATION OF ELECTRIC ENERGY ALONG 
TRANSMISSION LINES AND CABLES 


t .—If a three-phase transmission line is compensated ** by connect¬ 
ing a uniformly distributed reactance between each line and the star 
point, find what reactive volt-amperes will be taken by this reactance for 
any given value of the load at the consumer's terminals. 

Answer. —When a transmission line is carrying its natural load, the 
pressure and the current respectively have the same magnitudes at every 
point of the line (see page 478 of “ Principles It has also been seen that 
if, for example, the consumer’s load is less than the natural power, the 
pressure at the consumer’s terminals will rise, unless special means are 
provided to prevent it. The natural power is defined by the expressions, ’ 

JVn = 3 ^ == 3V^^\I ^ = V\^ \/ — watts . (i) 

where Fp volts is the phase pressure, V\ volts the line pressure, and 
ohms the surge impedance per phase of the line. When the load is equal 
to the natural power, then in the element of the circuit as shown in Fig. 1, 
the pressure rise in the inductance L due to the capacitative current will 
be just equal to the pressure drop in L due to the load current /l, so that 
the line pressure remains constant throughout. 

. When the load is less than the natural power, the pressure rise in L due 
to the capacitance current L will be greater than the pressure drop due 
to the load current /l, so that there will be a net pressure rise which will 
be cumulative from the generator end to the con¬ 
sumer’s end. If, however, the capacitance C were to 
be reduced when the load is less than the natural 
load, the pressure rise due to the capacitance current 
in L would diminish, so that it would be possible 
to obtain constant line pressure by adjusting the 
magnitude of the capacitance to suit the magnitude 
of the load at *the consumer’s terminals, an^ so 
maintain constant pressure throughout the line. 

One method by which such an adjustment of the line capacitance could 
be made would-be to connect a uniformly distributed inductance A henry 
per unit length of line in parallel with the capacitance as shown in 
the element of the circuit in Fig, 2, the effect of such an inductance being 

249 



Fig . 1 
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to reduce the effective capacitance across the line. For example, if (oC = 
^ then a condition of parallel resonance is obtained. For any given value of the 
inductance A, the effective uniformly distributed admittance across the line will 

be, jcoC + =ja) ^ ^ (C* — K) per unit length of line so that 

the effective distributed capacitance across the line will be C — = 

(C — K) farad per unit length of the line where /ST = farad per unit 
length of the line, and the power transmitted by the line to the consumer 

will then be [see (i)], Wl = 3 = Vi^ ^— 2 ^watts .,., (ii) 


Dividing (ii) by (i) gives, ^^ ^ ^ 1 _ 


K 

r. 


so that 


\w^} C 


.(iii) 


^ K Wk ^ ^ 

But gr = 3 co ~ C “ W extra reactive power which 

passes across the line due to the added inductance A, and Wc is the 
reactive power taken by the capacitance C. Again, where 

n In 

h — Vf(oC^ and is the total current per phase taken by the capacitance, 
V /C 

/n = ^ = V 2, natural load current per phase, and s the 

transmission distance so that, = <jiC.s\f ^ = <w.s VLC = —* 


W, 

^ Wk Wk Wc 
W n ~ Wc ^ Wn 


K CO.S 
C 'c 

c 

>.s Wn 


and since from (ui) 

therefon. { 1 - .(iv) 
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So long as the load Wl is less than Wn this expression is positive and 
the requisite extra reactive power is indvctive. When the load is greater 
than the natural power this expression becomes negative, which means that 
the extra reactive power must be capacitative, and instead of an inductance A 
in Fig. 2 a capacitance must be connected. 


Wk Wl 

If be denoted by y and ^ be x, the expression (iv) becomes 



This equation represents a 
parabola with the apex on the 
ordinate axis as shown in Fig. 3. 
It is to be observed that there is 
no theoretical limit to the amount 
of power which can be transmitted 
under these conditions, viz., when 
the line resistance is negligible 




Fiff . 2 Fig . 3 


and when the compensating reactive power is fed into the line by 
means of a uniformly distributed reactive appliance. Nevertheless, when 
the load is greater than about 1-5 IVn the necessary capacitative reactive 
power becomes prohibitively large. 


2.-^// the line pressure at each end of an unloaded three-phase 
transmission line is maintained at the constant value of 132 kV.f find: 
({) What capacitance current must be supplied to each end of the line ; 
(ii) what pressure rise will develop at the mid-point of the line. The 
surge-impedance is Zo =3 380 ohms per phase, the supply frequency is 
50 and the length of the line is 2s == 200 km. 

Answer. —In Fig. 4 is shown one phase of the line to one end of whidi 
the generator is connected, and to the other end B some appliance is 
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connected which can supply the necessary capacitance current to maintain 
the pressure at B equal to that at G. 


Then 


Zo = LC = : where c = 3 


C 

so that C = 


X 10’km./sec. 


1 

ZoL 


3^X 3' xlO’ f“'-ad/phase/km. 


and L = ZJC = 


380 


3 >n 0 ’ henry/phase/km. 


The capacitance current, which must be supplied at each end of the line, 

. . , _ 130,000 2;r X 50 X 100 ^ 

IS thenic = rproCs = ~ 3 ]o^ ^ 20*7 amperes per phase. 

This current will be distributed along the line as shown in Fig. 5, so 

that at a point distant x km, from either end f ■= —where h == 20-7 

JI s 

amperes. The pressure rise at any point distant .r km. from either end will 

be Al^ J*(oLIxdx = (oLL a:- I ^ j volts ...(i) 

and for the middle of the line, i.e., for x = s : 

/\V = lIzioLs = 407 volts per 
phase = 710 line volts as shown 
in Fig. 6 . 

It is to be noted that for the 
pressure rise at the mid-point of 
the line 

AF = coL (shaded area of 
Fig. 5) volts/phase 


Fiq . 5 


©rirn/ 


Fig . 6 


Fig . 4 



^Af__710 

V ~ 132,000 


5-5% 


The graph for the pressure rise at any point on the line as defined by 
the expression (i) is a parabola (Fig. 6 ). 
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3,—Referring to Example 2, one method by means of which the 
necessary capacitance current can be supplied to the receiver's terminals 
is to connect dt that end of the line inductance of value L 3 henry, such 
that it will draw a current of 20.7 amperes from that end of the line. 
Explain how it is that an inductance can be said to supply a c(gfacitance 
current to the line in this way. 


Answer. —The physical significance of this method of supplying a 

capacitance current to the 
line can be seen most easily 
if the lirie is replaced by its 
equivalent 4-pole 7t system 
as has been explained on 
page 484. That is to say, 
the 71 system as shown in 
Fig. 7, in which one-half 
of the total capacitance 
2-s C is concentrated at 
each end of the line, and 
the whole of the inductance 2-s-L is concentrated in between the two 
lumped capacitances. Thus, at each end of the line, a capacitance S'C farad 
is concentrated and in between a concentrated inductance of 2'S*L henry. 



If now thb inductance Lii which is connected to the end B of the line 

Vp 

is such that the current flowing in it is II = == /c = Fp o) sC s= 20*7 


amperes then co^Lb (sC) = 1, so that the parallel arrangement of sC and Lb 
is in resonance at the supply frequency. The capacitance current is, how¬ 
ever, 180 out of phase with the current in the inductance Lb, so that the 
current circulates round this closed loop! That is to say, an inductive 
current drawn from the line is, in effect, the same as a capacitance current 
fed into the line. 

If instead of the inductance Lb an unloaded synchronous motor were 
connected across the line at B then this machine would have to be “ under¬ 
excited ” (see Example 3, Chapter XII) in order to enable it to draw an 
inductive current from the line. At the generator end of the line the 
capacitance current is supplied directly by the generator, and such a 
capacitance current produces by its armature reaction a magnetising effect 
on the main field system, and thus tends to cause the pressure to rise. In 
order to maintain the pressure constant, therefore, at the terminals G, Fig. 7, 
the field excitation of the generator would have to be reduced. 


4.^What is the ** Lecher Line,^^ and what is its purpose ? 

Answer. —If two parallel wires are connected to a source of a.c., waves 
of pressure and current will be produced on the wires, and these waves will 



254 ELECTRICAL TEST PAPERS AND SOLUTIONS 


travel from the generator to the end of the line, and will then be reflected 
back to the generator. In this way standing waves of pressure and current will 

become established on 
the line, and their 
existence can be 
demonstrated, for 
example, by bridging 
the wires with a neon 
lamp. If such a 
bridge is moved along 
the wire, successive 
positions can be found 
at which the lamp 
will glow with maxi¬ 
mum brightness. 
Such positions mark 
the anti-nodes of 
the standing wave of 
pressure, and the 
distance between 
two neighbouring 

anti-nodes is one-halt wavelength, viz., as shown in Fig. '8. 

The standing waves of current will be displaced by one-quarter wavelength 
with regard to those of pressure (see also page 479 of ‘‘ Principles of 
Electrical Engineering ”), and their existence can be demonstrated by 
bridging the wires with a small glow lamp and moving it along the wire. 
When the bridge reaches a current anti-node, the lamp will glow with 
maximum brightness, and the distance between two such neighbouring 

positions will be as shown in Fig. 8. An example of the practical 

application of such a Lecher line is the tuned feeder system referred to 
in Example 2, Test Paper, Chapter XVI. 

If a Lecher line is placed in a medium of which the dielectric constant 
is €, for example, in a liquid or laid in the earth, the length of the standing 
waves will be a measure of the dielectric constant. Thus, for air, 6 = 1, 
and if the wavelength in air is A and the wavelength in a medium of 



dielectric constant is then: = —, this relationship being in 

V 

accordance with the Maxwell equations (ChapterXVI, page 494, “Principles’’). 

(Note .—Lecher was a German scientist who demonstrated such standing 
waves in 1890.) 
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5,-^Find what reactive kVA. per kilometre must he supplied to a 
three-phase overhead transmission fine and show the results as a 
function of the line pressure for the following loads: (i) No load, 
(ii) 0J5 times the natural load, {Hi) 1*25 times the natural load. The 
line constants are as follows: 

Capacitance Co = 0.0096 x farad per kilometre ; 

Inductance Lo = 0.00127 henry per kilometre. 

The supply frequency is SO hz. 


Answer. —This problem is most conveniently solved by reference to 

the equivalent 4-pole n unit of Fig. 9. 
From what has been explained already 
in Example 3 of this Test Paper, it 
will be seen that at no load the capaci¬ 
tance current which must be supplied at 
the consumer’s end of the line can be 
obtained by connecting an inductance 
of Lx henry per phase across the con¬ 
sumer’s terminals, as shown in Fig. 9, where, 

I h T U 

coLx = Co, so that /x = ic = - 75 — 

co^ 2 

If the line pressure is 150 kV, then the capacitance current will be 
^ ~ 87,000 X 314 X 0*0048 x *10“^ amperes 

= 0*131 ampere per phase per km. 


I 

! 



The total reactive power which must be supplied at the consumer’s end 
for the three phases will then be :— 

3 Vpio = 3 Fp/x = (3(87,000)2 x 314 x 0*0048 x 10-^} kVA = 34*2kV A 
An equal amount of capacitative reactive power must be supplied at the 
generator end of the line so that the total reactive power to be supplied to 
the line when operating at 150 kV. and with no load on the consumer’s 
terminals is 68*4 kVA, and since coLxIl = 87,000 volts, the value of the 


inductance will be Lx = 


87,000 
314 X 0*131 


= 2,110 henry/phasc/Ian. 


The amount of kVA. necessary at no load for any other line pressure is 
obtained by reducing the above quantity in the ratio of the square of the 
line pressures, and in this way the parabola curve marked “ no load ” in 
Fig. 10 has been obtained. 
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The surge impedance ol tlie line is 


Zo-\/ - 


363 ohms per phase 




so that the natural power of the line is ^ watts, which for a line pressure 

' nsOV V 10^ 

of Fi = 150 kV. gives Wn = ^ -= 62 x 10^- watts = 62 MW 

62 X 10 *’ 

and the current for this natural power is h = 3 ^"g y qqq ~ ^50 amperes 
per phase. 

When the transmitted power W is less than Wn the effective capacitance 


Zo and / = 4 ^. 


Zo' 


Co per km. must be reduced to a value Co', where Zo' — y ^ 

As has been explained already in Ejtamples 2 and 3 of this Test Paper, this can be 



done by connecting an inductance of A henry per km. so that the necessary 
inductance to be connected across the consumer’s terminals of the 4-pole n 


WC^' WCo 1 

unit of Fig. 9 will be Lx henry where —^ = -y- — ^. Thus, 
for W = 0-75 Wn: 0-75 W„ = 46-5 MW and consequently, 

/jo 

62 

Zo' = Zo — 1'3 X 363 = 471 ohms per phase and hence Co' = 


Lo 

47P 



I 

Co — 0-59Co that is, L* = 


2 2 
co^fCo - Co') “ 314" X 0-31Co 
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2 X 10*^ 

■^ ' 9-9 X 10 ^ X 041 X 0-0096 


= 6450 henry. Tke reactive power at tJcve 


consumer's end for the three phases will be 


3 Vp^ 3(87,000)^ 
coLx "“314x6,150 


X 10-3kVA = ll- 8 kVA. 


An equal amount of reactive kVA must be supplied at the generator 
end of the line so that the total reactive power to be supplied when trans¬ 
mitting a load W == 0*75 Wn at 150 kV line pressure is 23*6 kVA per km. 

For other voltages the amount will be in the ratio of the square of the 
line pressures and in this way the curve of Fig. 10 is obtained. 

When the load is greater than the natural load, the equivalent capacitance 
Co' is greater than Cq and hence Lx changes sign. In other words, a 
capacitance must now be connected across the consumer’s terminals of 
an amount Cq' Cq. This means that the consumer's end of the line 
must be supplied with inductive kVA. which is the same thing as saying 
that capacitative kVA. must be taken from the consumer's end of the line. 

In Fig. 10 is shown the graph for the condition that the load is 1*25 Wn, 

The foregoing investigation refers to an overhead line. For an under¬ 
ground cable the line constants will be widely different from those of an 
overhead line, thus : 

The velocity of propagation in a high-tension cable is about 


c = 1*5 X 10^ km./sec. so that, a = ~ = 2*1 X 10~^ radian per km. 

Representative values of the constants for such a cable are: 

Lq — 0*33 X 10“^ henry per km. : Cq = 0-133 X 10“^ farad per km. 
o)Lq = 0-11* ohm per km. : ojCq = 0-042 X 10~^ siemens per km. and 



power of a cable is about 7 times that of an overhead line. 

For all casesy the total reactive power which the three-phase line requires 

is ^3 I (mCq — 1 2^ wLq] s kVA. for s km. = — { — 3 / 2 ^cwLo] s 

kVA. for s km: where V\ is the line pressure in volts and the load 
current 1 2 is in amperes at cos 9 ? = 1. 


6 .—Draw the vector diagram for one phase of a three-phase trans¬ 
mission line by making use of the equivalent 4-terminal n unit. From 
this diagram derive the relationship which defines the natural power 
of the line. 

Answer. —When the line is carrying its natural load, it is known from 

s 
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the results obtained on page 478 of “ Principles ” that the pressure is the same 

at each end of the line and that each of these 
pressures is in phase with the corresponding 
current in the line. The vector diagraillfor 
the natural load current II will therefore be 
as shown in Fig. 11. Inspection of this 
vector diagram shows that the following 
relationships hold, viz:— 

Fl = 2 Fi sin a : /ci = * 

Vi^^wLoIi. : / l = 

sin a 

so that, Fl /l = 2 Fi Ih sin a = 2Fi/oi 
= Fi^coCo 

that is, euLo X Ii} = Fi* X toCo : 

I\} = Fi* or /l = where Zq =\/ 
and is the surge impedance of the line. 

7. — Show how the resistance of a transmission line may be taken 
into account in the equivalent 4-terminal n unit. 

Answer. —The exact mathematical theory of transmission lines shows 
that for lines up to about 300-400 km. in 
length the 4-pole unit n system shown in 
Fig. 12 gives a practically exact* equivalent 
per phase of the transmission line in so 
far as the input and output relationships 
are concerned, so that a study of the per¬ 
formance of such transmission lines can be 
accurately followed by means of the vector 
diagram derived from the system of Fig. 12 

In this diagram : 

f km. is the length of the line. 

Lq == sL henry is the inductance per phase of the line. 

Cq = sC farad is the capacitance per phase of the line. 
sR ohm is the resistance per phase of the line. 

Go == — siemens is the conductance per phase of the line, that is, the 

conductance of the line insulation, where r© is the insulation 
resistance per phase, per km. of the line. The quantities L, C, and 
R are the values of the line constants per phase, per km. 



Fig. 12 



Fig. 11 
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Bm—E xplain hmv an arc to earth which starts on an overhead line 
may he automatically suppressed {Petersen coil). 


Answer. —The Petersen coil is an air-core inductance connected between 
the neutral point of the system and the earth. When the insulation of the 
system is sound and the load is symmetrical, no appreciable current will 

flow in this coil. The automatic 
action of the coil in suppressing 
an arc to earth across a line 
insulator can be seen by 
reference to the diagram of 
connections and the vector 
diagrams in Figs. 13,14 and 15, 
where C farad per phase is the 
capacitance of the line to earth, 
and L henry is the inductance 
of the Petersen coil. If one of 
the lines, say aS, arcs to earth 
across aline insulator the capacitance of that line becomes short-circuited, 
and the conditions will then be as shown in Fig. 14. 

Referring to the vector 
diagrams of Fig. 15 the three- 
phase pressure vectors with 
respect to the starpoint O are 
shown in Fig. 15^. In Fig. 15A 
the pressure of the line R with 
respect to the earthed line S is 
shown by Vj^ ^ of magnitude 
V2Vro, and the pressure of the 
line P with respect to S is shown 
s- The capacitance 
current in the line R is shown by Ir in Fig. 15ft. The magnitude of 
this current being 

Ir = Vs VpcoC amperes. 



L 

Tnnr 

Ftff . 14 




The capacitance current in 
the line Q is shown by Iq 
and the magnitude of this 
current is also /q = VS VpcoC 
The capacitance current 
which will flow in the earthed 
line s will then be given by 
the vector sum of Ir and 
Iq will be Is =^V3 Iq = 
SVpwC. 


Fig , 15 
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There will also flow in the line S a current h due to the pressure of 
the neutral point 0 with respect to the line S, and this current is shown in 
Fig. 15c, lagging by 90° on the pressure vector Fos. If then the inductance 
L has such a magnitude that /l = /s then these two currents will neutralise 
each other (see Fig. 14) so that no current will flow through the point of 
short-circuit, that is to say, the arc will be quenched. The requisite condition 

Vp 1 

for this result is that It = Is that is = SFpCoC or ^ = (w(3C) and 

this is seen to be also the condition that, at the supply frequency, the 
inductance L shall be in resonance with the three line capacitances in 
parallel. 


9. —Define the bel " : decibel": “neper." From these definitions 
derive the nwnericcd relationships between the three quantities. 

Answer. —The power magnitudes and W 2 are said to differ by N 

IV 

bels when = 10'^ 

W2 

W 

that is N = logiu bels. 


If Wi = W 2 , then N = 0. 


If N is in decibels, then 


W, 

W2 


10 " *•'' 


so that 


AT =10 log,,, 


IF 

W, 


decibels 


The “ neper ” is such that two power magnitudes IF, and W 2 are said 


to differ by N nepers when 


W, 


= {er 


so that. 


^ = c^N . ;y ^ 1 nepers. 


W. 


IF, 


W 2 


Thus, for example, 60 decibels == 6 bels log^o 
so that 


= 10 « 
W 2 


N = ^ log^ 10^ = I X 2*303 X 6 = 6*909 nepers 
6 bels = 6*909 nepers 
1 bel = 1*15 nepers 


that is 
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The decibel is 1/lOth part of a ** bel (so called after A. Graham Bell, 
the inventor of the telephone) and by means of this unit, power ratios, atid 
gain or loss ratios of related quantities such as currents and voltages, can 
be simply expressed. It originated in line telephony technique in T923, 
when the American Telephone and Telegraph Company introduced a 
new unit, then called a “ transmission unit.” This was intended to replace 
an older method of comparison based on a ratio between the decrease in 
signal strength produced by the given telephone line and that produced 
by a “ mile of standard cable.” In 1924, an International Advisory 
Committee on long-distance telephony in Europe, together with the 
representatives of the Bell system, agreed to recommend their countries to 
adopt as standards the following, viz. :— 

Either^ the “ bel,” a unit involving logarithms to the base 10, and equal 
to 10 of the American Company’s “ transmission units,” 

Or, the “ neper ” (after Napier, the inventor of logarithms), a unit 
involving logarithms to the base’^. 

One advantage of the decibel and neper as methods of expressing power, 
voltage and current ratios is that the enormous range of these ratios in 
communication work can be expressed in numerical values which are 
conveniently small, instead of the immensely cumbersome expressions 
which would be necessary otherwise. 

Suppose, for example, that the strength of a cable signal obtained at 
the receiving end is 1/lOth that at the transmitting end, the loss is then 1 bel. 
With two similar cables in series the loss would be 2 bels. 

If the output power of an amplifier is 100 times the input, the “ gain ” 
is 2 bels or 20 decibels. With two such amplifiers in series the ratio of 
the output to input power would be 10,000 : 1, that is, 4 bels or 40 decibels. 
It is thus to be noted that the net power ratio of two amplifiers in series 
involves fhe product of their individual power ratios, whereas the decibel 
representation is given by the sum of the two individual corresponding 
quantities. 

An attenuator may be regarded as the converse of an amplifier, and its 
power loss may be described in similar units. If two stages of amplification 
are followed by a line having an attenuation of s decibels, the net power 
level at the output end of the system will be {p +? — s) decibels above the 
original power level at the input. 

In general, the two powers and P 2 will be compared by observing 
either the voltage developed across a given impedance or the current through 
it. If the input and output impedances of (say) an amplifier are equal, the 
power ratio wilLbe proportional to the square of the voltage or the current 
ratio, viz.:— 




262 


ELECTRICAL TEST PAPERS AND SOLUTIONS 


so that, = 10 logio ~ 20 logjo ^ decibels, 

or N = 20 login Y decibels = 2 log^ bels, 

^2 -*2 

also N = \ log. = log, ^ = 2-3 logi„ nepers. 

If the attenuation or amplification in decibels (or bels) is known, the 
corresponding power and voltage (or current) ratios can be found by means 
of a table of antilogarithms, as will be seen from the following numerical 
examples:— 


Decibels 

Bels 

Power Ratio 

Voltage Ratio 

O.I 

0.01 

Wi 

— = = antilog*bf o.oi ?= 1.023 * 

2 log,, y- = O.OI ; 



Antilog of 0.005 — 1.012 

0.2 

0.02 

Wt 

— = antilog 0,02 = 1.047 

2 logio = 0.02 : 



Antilog O.OI =- 1.03 

0-3 

0.03 

' Wi 

— = =1. antilog 0.03 ~ 1.072 

2 logio-pr = 0.03 



Antilog of 0,015 = 1.035 

10 

1 1 

Wt 

— 10' = antilog of 1 10 

1 ^ 8 

2 logio y- = I 



Antilog of o.s; =3.162 


For the measurement of relative loudness, the unit termed “ phon 
has been introduced. The arbitrary datum level of loudness is the r.m.s. 
pressure, at the threshold of audibility, of a free progressive tone at 1,000 
cycles per sec. This r.m.s. pressure has been standardised in this country at 
0-0002 dynes per sq. cm. More accurately, it is an intensity levef of lO”^^ 
watts per sq. cm., corresponding to a sound pressure of 0-000204 dynes 
per cm.^, at 76 cm. mercury pressure and 20° C. Loudness may be expressed 
as a ratio above this arbitrary datum. The loudness of a sound in phons 
is numerically equal to the sound intensity in decibels of an equally loud, 
1,000 frequency, pure note. 

10. —A resistance of R ohms connects an underground cable of surge 
impedance Z 02 = 50 ohms with an overhead line of surge impedance 
Zoi == 500 ohms. The resistance is of such a magnitude that it gives 
maximum efficiency of absorption of energy. Construct the graphical 
representations of the current and pressure for the follouflng conditions, 
viz.: {ij When the surge passes from the overhead line into the cable; 
(ii) when the surge passes from the cable into the overhead line. Contrast 
these results with those obtained when the resistance R=^0. 
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Answer. —The general equations for these conditions are : 

22^01 2-^02 

11 % y Ju 7 O- ‘ 7 A- 7 ' X. 

^01 I ^02 “T "01 “T "02 “r" 

• • ^01 — ^02 — "t" ^02 — ^01 

«ri = til jr - X -7-~ X 7? • == y- : i - y. . p 

^01 “r ^02 "T ^01 I ^02 “r 


? 2 L_jvW?==S' 


»rt. 


Vfl 

Ini 

,y^ 


t/2 


^01 



Pn , 




r 


-- 




Fig . 16 


Fig . 17 


The power absorbed by the resistance R will be R ( 2 / 2 )^ watts, that is, 

2 Zoi \2 

*1“' ■zr+xT+fij 

For a given value of the current iti the power absorbed will be a 
maximum when 


[ 


R 


dR L (Zoi Z 02 "4" K)* 


]=0 


from which it follows that the efficiency of absorption of the resistance R is 
a maximum when 

R = Zoi -j- Z 02 

For Zoi = 50Q ohms : Z 02 = 50 ohms : and, for maximum efficiency of 
absorption R = Zqi + Z 02 = 550 ohms. 

Case (i) R = 550 ohms : Fig. 16 • 

. 1,000 100 

if2 — Ui 2 jQQ 0*91 til • ^^2 — I 2QQ — 0*091 vii 

*ri = - «1 = - 0-091 If, ; Wr, =»fi = 0-091 w, 

Energy which passes on to ^02 is 

®f2 if2 = 0-91 X 0-091 »fi If, = 0-082 Of, I'l, 

Wj = 0-082 Wi 


that is 



264 ELECTRICAL TEST PAPERS AND SOLUTIONS 


Energy absorbed by the resistance R is 

0-9U(«i)*-R=0-83x550 x (*f,)2=455 = 455 ^ ity = 0 91 vt^ ttj 

Reflected energy = ©fj iti {1 — 0-082 — 0-91 } = 0-008 ii^ 

If R = 0: Fig. 17 

Energy which passes on to Zqj is vt^ itz = 0-182 x 1-82 14 ; 
that is Wz = 0-33 vti = 0-33 

so that the reflected energy is — Wz = 0-67W^| 

Case (m) R = 550 ohms : Fig. 18 

iiz = p-091 ; Viz 0-91 vii 

Iri = 0-91 iiz • ®*i 

Energy which passes on to Zqz >3 

Viz iiz = 0-091 X 0-91 Viz = 0-083 vi^ ii^ = 0’083 
Energy absorbed in the resistance i? is 

D/- « CCA- 0-91 550 x 0-091 x 0-91. ^ 

/?(tf2)^=550tf2 Viz =-500-ifiPft= 0-091 t;ti tfi=0‘091 W j 

Reflected energy = viz (1 ~ 0-083 — 0-091) = 0-83 viz iii = O'831^2 



If R = 0: Fig. 19 

Energy which passes on to Z 02 is 

viz *^2 = 1'82 X 0-182 X t>fi tfi = 0-33 viz iii — 0'33 Wz 
Reflected energy = vtz itz — 0-67 viz itz = 0-67Wi 

ft .—Show how a Four-pole Unit system may he used as a fitter to 
block the passage^, of high-frequency currents. 

Answer. —In Fig. 20, is shown a Four-pole T system comprising two 



PROPAGATION OF ELECTRIC ENERGY 


265 


equal inductances in series each of magnitude ^ henry, and a capaci¬ 
tance of C farad connected across the lines. 

The total series impedance is 


Z, 


O' " ’ . 


so that, 




•Kr 


i 


Ftg, 20 


3t = jcoLi ohms and the total shunted 
admittance is = j(oCr siemens. 
Then it is easily shown that 

m — Si S2 I Si’ St 
+ — 

SB = Si — S2 _ Si’ 3 t 


2 ) 


Writing,* 


then. 


SB, = »,[! + [1 + 

Si = »2’?)t + 32 

Cosh tu = 1 4 - : where m = 6 -|- ja 

4W 

Sinh^wi = Cosh^tti — 1 = ?)t'3t ^ ^ 4" ^ 


and writing, ____ _______ 

1 + Mll 


then, SSi = 9?2 Cosh m + S2’3 f Sinh m 
3i = ^ Sinhm + ^2 Coshm 

These are the general equations for the 4-pole T system and they are 
identical in form with the general equations for a long-distance transmission 
line when the line resistance losses are included. 

From a comparison of the form of the equations (i) with the corresponding 
simultaneous equations for a long-distance transmission line, it is seen that 
the vector m = b +ja 

corresponds to the “ propagation constant ’’ of the .line so that, 
b corresponds to the total damping factor, and 
a corresponds to the total angle of phase displacement. 



*The symbol denotes ** stands for.** 
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The vector Sp is termed the “ characteristic constant ” of the filter circuit 
and may be written, 




and writing 


LtCt 




where (Oo is the resonance frequency for the capacitance in series with 
the inductance 


When, 


— <1 then 3 f is real; 

tOo 


— >1 then 3 f is imaginary. 

(Oq 


Cosh nt= 1 + : Sinh m = ^^7+^ 


SO that, 


_ / _ / f \ ^ ^ 

V 4 V \ (Oo) ^ a>o 


and hence, 


Sinh (I + j 2) _ Sinh I c« I + j Cosh * sin I ^ j £ 
Equating respectively, the real and the imaginary quantities gives, 

Sinh ^ cos s = 0 

L L , 


^ - ft . a o) 

Cosh ^ sin = — 

I 2 (Oo 
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The simultaneous equations (iii) have two distinct solutions which are 
sharply contrasted with one another as follows: 

(1) The first equation of (iii) is satisfied if, 

Sinh| =0 

that is, 6 = 0 , and substituting this value of 6 in the second equation of (iii) 
gives 

O) 

a = 2 sm — 

(Oo 

and since the sine of an angle cannot be greater than unity, this solution 
can only hold for ^ = or <1, that is [see expression (ii)] for 

St3t ^ _ 1 
4 ^ 

(2) The first equation of (iii) is satisfied if, 
a n 

and substituting this value for a in the second equation of (iii) gives, 

6 = 2 cosh’-" 
a>o 
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Taking the following numerical data, viz., 

3t = j^wLx = jco X 0*02 ohm 

= jcoCj = jco X 800 X 10"^ siemens 

then, 


COo = 



= 500 


2)t3t • _ V 

4 ““ U/ 

In Fig. 21 is shown the value of as. a 


function 


of CO. Fig. 22 


shows the respective values of the phase angle a and the damping factor b 
as functions of co. It will be seen from these diagrams that for values of 
CO < cOo, the damping factor is zero, whilst for co > co,„ the damping factor 
increases as a Cosh function and the phase angle remains at the constant 
value a = 7t, 

The filter circuit system of Fig. 20, which is termed a “ Choke Filter 
Circuit is appropriate for damping high-frequency harmonics andj in 
particular, for purifying a D.C. supply from A.C. components. 


12 .—Show how a Four-pole Unit system may he used to block the 
passage of low-frequency currents. 

Answer. —For this purpose, the “ condenser-chain ” filter circuit 
shown in Fig. 23 may be used and it will be seen that, for this arrangement, 
the following relationships will hold, viz., 





Fig. 23 


](oL~ jtoL 

since the capacitance for the series connection of two condensers each'of 


capacitance 2C is 




2Cx2C 
2C+2C 
1 ( 


Also, 


a>o\ 


2 
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where o>o = \J ^ and is the resonance frequency of a circuit consisting 

of a capacitance of 2C farad in series with an inductance of 2L henry. 
The characteristic constant for this filter circuit is 

For supply frequencies co such that a)<o>o, this factor 3 f will be imaginary 
whilst for frequencies such that co>ft>o, the factor 3 f will be real. 

Again, as in Example 11, writing 


so that. 


that is. 


Cosh m = 1+Sinh ^ = j 


Sinh 2 cos 2 + jCosh 2 sin 2 - J 


• Equating respectively the real and the imaginary parts of this equation 
gives, 

Sinh ^ cos !? = 0 ^ 

„ ,i. . 4 .® 

Cosh sin ;. == —I 
2 2 co/ 


and these two relationships must be simultaneously true. As in Example 11, 
two separate and sharply contrasted solutions can be found for the equations 
(ii) as follows : 

(!)• Stnh ^ = 0, that is 6 = 0, will satisfy the first equation (ii), and, sub- 
stituting i = 0 in th» second equation gives, 



And this solution can only apply ior values of the frequency such that 
That is to say, when tt»a>, the damping h is zero. From expression 

(i) the conditions for this solution imply that < _ i. 
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(2) The first equation of (it) will atso he satisfied when cos j = o, that is 
when a^n^ and substituting this value for a in the second equation gives 
6 = 2 Cosh"'. (iv) 

and since this expression for h shows that— cannot be less than 1, this 

CO 


solution (iv) can only apply for frequencies such that (o<(Oo. 

Applying the following numerical data to these respective solutions, 
viz., 

2C = farad : L = 0.02 henry, wo = 500 


the diagrams shown in Figs. 24 and 25 have been obtained. It will be seen 


t 




Fi(j. 25 


from these diagrams that currents of frequency less than co=tOo=500 are 
heavily damped, whilst for currents of frequency greater than this critical 
value, the damping is zero. 

13.—Show how a Four-pole T system may be used as a filter to ptus 
a selected hand of frequencies. 

Answer. —The arrangement of the T circuit s 3 rstem for this type of 
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The values of the limiting frequencies of the acceptor range will therefore 
be given by the solution of this quadratic equation, viz., 



Fig. 26 


and since only positive values of the frequency have any practical significance, 
the solutions may be written 


;} -/"ti-t 


That is to say, the range of frequencies which the filter will pass is 


0)2 — tt)i = Wo = 


VL-C 


From expression (ii) it will be seen that 

=o,whenw = ^ 

4 w 

that is, when 

(o = Q = = JL- .(v) 

VL-K y/M-C ^ ^ 

Thus, if 

L=0.02 henry: C=800xl0-®F: ii:=50xl0-«iJ’; M=0.125 x 10'* 

henry, then, n 

Wo = -jL= = 500. 

VLC 

Q = = ^ 1 = = 1 , 000 . 

VDK VM'C 
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The limiting values for the acceptor range of frequencies will therefore 
be: 


to,=\J^ + Q2.-^ = 7S0 


= 780 


The damping factor b and the phase displacement angle a may be found by 
the same method as in Examples 11 and 12; thus, 

Cosh m = 1 + ^^3 


so that, 




Sinh (| + j?)=sinh^co,? + jCo8h|8in?-yi(«, - 

By equating respectively, the real and the imaginary quantities in this 
equation it is seen that the following two equations must simultaneously 
be satisfied, viz., 


Sinh I cos ^ = 0 

Cosh ^ sin ~ — 

2 2 (», 


O)^ \ CO / 


Two separate solutions of these equations are then obtained as follows : 

(1) Sink ^ == 0, that is, 6=0. This satisfies the first equation of (vi), 
and substituting in the second equation it is found that 


ion can only hold for a range of 

I (co^^) < 1 . 

Wo \ W / 


and clearly, this solution can only hold for a range of frequencies such that 


From the foregoing investigation [see expression (ii)] it will be seen that 
this range of frequencies is covered by the acceptor range of frequencies, 


that is, the range for which the value of 


?)t*3t 


< — 1 . 


T 
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(2) The first equation of (wt) is satisfied if cos ^ » o, that is, if a » n. 

If this value for a is substituted in the second equation of (vi) it is found 
that, 

This solution requires that the quantity 



consequently this solution can only apply to those values of the frequency 
Q) which are outside the acceptor range. 

Making use of the numerical data given in the foregoing for the circuit 

S) ’R 

constants, Fig. 27 shows the values of as a function of co, and 

the manner in which the damping b and the phase angle a depend upon the 
frequency a> is also shov^n in Fig. 27. * 

14a—A single-^phase overhead line of bronze conductors 3 mm. 
diameter is used for high^-frequency transmission. Calculate the 
damping factor as a function of the frequency. 

^ Answer. —The specific resistance for bronze conductors may be taken to 
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be 2.9 X 10"* ohm per cm. cube or, expressed in electromagnetic units, 
P».m = 2.9 X 10* per c. cube in e.m. units. 

The resistance to d.c. per km. run of the transmission line is 


2.9 2 X 10* 

0 ^ Qg X ^ ^ 0*15* 2x41 — 8 2 ohms per km. run. 

Again, making use of expression (64) Chapter XIII, page 429“ Principles 
of Electrical Engineering,” then for a frequency f = 250 k.-hz. 


y — na /Lt. = 0.15 /25_X_10^ _ 

/ P.M / 2.9 X 10* 


Hence, the resistance to a.c. is 

Rao. = Rd.c (3' + i) = Rdo 

that is 

Rac = 4*6 X 8*2 = 37*6 ohms per km. run of line. 
The damping factor is then 

R.C /c__R..o. 




Jh 


2Zo 


and taking Zo = 600 ohms 




37.6 


= 0.031 neper per km. run of line. 



Fig, 28 


In Fig. 28 are shown the 
test values for the damping 
factor as a function of the 
frequency. It is to be 
observed that the effects of 
weather, e.g., snow and ice 
on the line, and leakage of 
the insulators will produce 
additional damping ; that is, 
the influence of the com¬ 
ponent 



of the expression (iv). Question (18) cannot be neglected. 
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15b—H ow would you measure the damping factor of a high-frequency 
cable? 

Answer. —Iir Fig. 29 a b and c d represent a pair of strands of a telephone 
cable the length of the pair being 5 km. as shown in the diagram. If ohms 
is the surge impedance, a non-inductive resistance R^ = Z^ is connected, 
across the terminals b d. The ends a c are connected to a source of variable 
frequency alternating current so that a.c. power will be transmitted to the 
load resistance R^, and since this resistance is equal to the surge impedance, 
the load will be the “ natural load ” of the cable strands. Consequently 



Fig. 29 


there will be no reflection effects at the terminals b d and only forward 
travelling waves of pressure and current will then appear in the lines. 

The pressure F 2 at the consumer’s end will then be related to the 
pressure Fi at the sending end, by the equation 

V, = vie ) 

where neper per km. is the damping factor and 2s km. is the total length 
of the pair of strands for a transmission distance of s km. Hence 

and 

(Fj) per km. 

If therefore the ratio of the pressures at the sending end and the 
receiving end of the pair of strands is known when the natural load is being 
transmitted, the damping factor ^ can be found at once. 

It was formerly believed that the transmission of high-frequency currents 
by means of normal telephone cables was impracticable on account of the 
heavy damping which would be produced. More detailed examination 
of the possibilities of telephone cables from this point of view, however, 
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showed that since the “ loss angles ” (see Chapters II and XI, pages 68 
and 362 of “ Principles of Electrical Engineering ’7 

R G 

tan e = — ; tan x = 

(oL 

became respectively small at high frequencies since the numerators of these 
fractions increase much less rapidly than the denominators and the damping 
factor can be expressed in the approximate form 


^ ^ y ^ ^ neper per km. 


( 1 ) 


where is the surge impedance Z„. The resistance R ohm per km. 

depends upon the skin effect, and the capacitance will vary with the frequency 
in consequence of the dielectric loss. 

Actual measurements of the 
damping factor for such a pair 
of telephone cable strands shows 
that the foregoing expression 
gives the value of ^8 to a good 
degree of approximation. Thus, 
in Fig. 30 is shown the value of 
as a function of the frequency 
for a series of strand conductors 
of respective diameters 2a 
= 0*6 mm., 1*0 mm., and 2 mm. 
respectively. The surge im¬ 
pedance is Zo = 150 ohms in 
each case and the numerical 
calculation for ^ is indicated 
by the following example. 

For copper strands each 
1 km. long and 0*6 mm. 
diameter the total length of the circuit is 2 km. and the resistance of the 

strands to d.c. is ^ 

Rd c = ohms 
? 

where p = 1-83 X lO^® ohm per cm. cube : / = 2 X 10^ cm. 

71 



^ X (0-06)2 = 0-00283 sq. cm. 


Hence 


„ 1-83 2 X 10' 

C 1Afi X 


= 129 ohms 


10^ ^ 0-00283 

The resistance to a.c. may be found by means of the formulae given in 
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Chapters XIII and XIV of “ Principles.” For example, making use of the 
expre^ions (64) and (65), Chapter XIII, page 429 : 



where p^.n. — I’83 X 10^ is the specific resistance per c. cube in electro¬ 
magnetic units, so that, for / = 250,000 hz., 

X 0-03 =0 094 VT36 = M0 

/ 1-83 X 10^ 

Hence the resistance to a.c. is 

Ra.o. == ^d.c. [y + l] = 129 X 1*35 = 175 ohms 

for a total length of the cable strands equal to 2 km. Neglecting the damping 
effect due to the conductance G in the expression (1) then 

D 1 175 

^ X = Py -= 0-58 neper per km. run of the cable. 

2 Zo 2 X 150 

From the actual test data given in Fig, 30 it will be seen that the measured 
value for jS in this case is 0*8 neper per km. run of the cable, and since the 
damping effect of the conductance G has been neglected in the foregoing 
numerical evaluation, the agreement is sufficiently good to show the value 
of this method for calculating /8. 


16 .—Discuss the significance of the damping factor as regards the 
question of the installation of amplifiers for the operation of a high- 
frequency transmission line. 


Answer. —If it be assumed that a damping factor of 6 nepers is per¬ 
missible for an unamplified section 
of the line, then the results given 
in Fig. 30 for the solution of 
Example 15 show that from 7 to 
20km. run of cable can be operated 
without amplification, whilst the 
results given in Fig. 28 for the 
solution of Example 14 show that 
from 20 to 35 km. run of an 


A 

O 



Fig. 31 


overhead line can be operated without amplification. 

The question as to how and when amplifiers should be introduced 
into a high-frequency transmission line can be answered by means of the 
following considerations : Suppose in Fig. 31 jB represents a receiving station 
distant 5=5 km. from a sending station A and assume that 100 receiver 
sets are connected to the transmission line which connects A and B 



PROPAGATION OF ELECTRIC ENERGY 


279 


having a damping factor of j8=0.8 neper per km. If the pressure Vj at 
the receiver station B is to be not less than 0.1 volt, then the requisite 
pressure Vi at the sending station A will be 

=0-1 = 0.1 X 5.45 volts . (i) 

and if the surge impedance of the line is Zo = 150 ohms (the line being 
matched so that the power transmitted is its natural power), then the current 
which must be supplied at the sending end A when only one receiver set 
is cotmected at B is 


/i = p = = 0.0364 ampere.(u) 

and, consequently, the power required at the sending end of the line to sup¬ 
ply one receiver set is 

W, == V,J, = 5.45 x 0.0364 = 0.2 watt.(iii) 

and the power taken by the receiver set is 

W 2 = V 2 J 2 = 0.1 X /i = 0.1 X 0.0364 xr^ 
that is 

W, = 0.1 X 0.0364 X 0.0183 = &7 x 10’" watts.(iv) 

alternatively expressed, 

W 2 = W, = W, =0.2 X = 6.7 x 10-^ watts 


The foregoing calculations show that in order to supply one receiver 
set at B the power which must be supplied at A is 0.2 watts and consequently 
for 100 receiver sets at B the power which must be supplied at A is 

= 20 watts . (v) 

Suppose now that an amplifier is installed at B in such a position that 
the mean distance of the amplifier from the 100 receiver sets is 1 km. 
Then, since the pressure at the terminals of the receiver sets must still be 
0.1 volt, the pressure at the output terminal of the amplifier must be 

= 0.10 X = 0.10 X = 0.10 X = 0.22 volt, 

and if the line connecting the receiver sets to the amplifier has a surge 
impedance Zo = 150 ohms the power required from the amplifier for one 
receiver set is 

~ = 0.00032 watt 

and for 100 receiver sets the amplifier will be required to supply 

0.032 watt. 

To operate the amplifier the station A will require a supply of 0.2 
watt and consequently the total power now required for the 100 receiver 
sets will be 

0.032+0.2 = 0.232 watt 


(vi) 
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and this is to be compared with the 20 watts (expression (v)) which must be 
supplied when no amplifier is used. 

The foregoing results show that it is advantageous to de-centralise the 
generation of the high-frequency power as much as possible, that is to 
say, to sectionalise the generation into a number of stages. 


t7 «—For the transmission cable such as that shown in Fig 29 
Example 15, find what power is dissipated per metre length of the 
cable when the consumer is receiving 1 watt. 

Answer. —If the cable is matched so that the power supplied to the 
consumer is the natural power of the cable, then at any distance ^ from the 
receiver’s terminals the power carried by the cable is 


W = ^ e watts 

"o 


•(i) 


where Vg is the pressure at the consumer's end Z is the surge impedance 
of the cable, and /3 the damping factor per unit length. 

If, for example, = 0.0015 neper per metre, then, 

w = watts 

where s metres is the distance from the consumer’s end. 

Differentiating the expression (i) with respect to s gives 

AWs 


As 


= 2/9-W, 


that is, 

AWs = 2p-W,.x As . 

At the receiver’s end of the line, 

Ws = W 2 = 1 watt 
and 

4 =0 

so that substituting the following numerical data in (ii) viz., 

Ws = I watt; 2jS = O'0023 ; = 1 metre 

then 

^Ws = 0‘0023 X 1 X 1 = 0'0023 watt per metre. 

At a place in the line which is ‘ikm.from the consumer’s end, 

W, = 

where 2j5i = 0'0023 x 3,000 ■= 6’9 


.(ii) 
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fio that W, <=:l X e* ® = 1,000 watts 

and the power dissipated at this place in the cable is [see expression (ii)], 

ait = 0-0023 X 1000 X 1 


that is 


^W, = 2-3 watts per metre 


Whether a cable can be allowed to dissipate power at such a rate is a 
question which must be decided by the manufacturers of the particular 
cable used. 


18.—Show how: {1) the dancing of a cable may he measured, and 
(2) how the damping of a cable may be derived from the Q factor and the 
dielectric loss factor of the cable, viz., tan 3. 

Answer. The operational damping ft of a cable is determined by the 
ratio of the power Wi at the sending end to the power W 2 at the receiving 
end when the cable is supplying its natural power. That is, 


Wj _ (F 

w, - 


= e 


2b 


so that 


b=i log. 


W, 


Since the cable is assumed to be carrying its natural power, 

W, = V,.I,: = 

and consequently, 

*“* '“«• (rl) '“*• (R)’ '“*• (li)' 


that is, 

Thus, if 


log, p = log, 
y 2 **2 


w. 


=20 


(i) 


(ii) 


b=h loge 20 = i X 2*3 X log^oZO = J x 2-3 x 1'3 = 1-5 nepers 
or 

ft = log 10 20 = 1-3 bels 
1 bel=ri5 nepers=10 decibels 


that is 


(iii) 
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(2) The damping factor fi of a cable is given very approximately by the, 
expression 




R GZ^ 

2Z„ + 'T 


where Zb= \J ^ and is the silrge impedance. 


The conductance G is given by the expression 
G =a)C tan d 

where <5 is the “ angle of loss ” of the cable dielectric. 
Writing expression (iv) in the form 


R VL.C G VL.C 
^2 L ^ 2 C 


and noting that 


f.X = c = - y . ; (o = 2nf 
VL.C 


where c is the velocity of travel of electricity in the cable, 


so that 


1 Zti 

VL.C = 


the expression (v) may now be written 

p R,71 G,7t 

o).LJ ct>.C.A 


that is» 


A lo).L 


^ IQ 


+ tan d 
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f9t-—What ia m&ant by the ** attenuation*^ of a tranemteeion Une ? Show 
by means of a numerical example the effect of the attenuation on the ’ 
power transmitted. 


Answer.- 


-When a line is transmitting its natural power, there will be no 

reflection of the current wave 
or of the pressure wave at the 
consumer’s terminals. That is 
to say, there will only be a 
forward travelling wave of 
current and a forward travelling 
wave of pressure : each of these 
waves being damped as shown 
in Fig. 32 for the current wave, 
where P is the damping factor 
in nepers per km. * 

If the current at the consumer’s 
end of the line is I 2 r.m.s. 
amperes, then the current in the 
line at a point distant one wave¬ 
length A km. from the consumer’s 
end will be 

The attenuation of the line per 
wavelength is then. 



log, ^ = log, neper 

That is to say, the attenuation per km. is 

/? nepers = 8-7 /S decibels = 0*87 jff bels 

and is the damping factor in neper/km. 

If W 2 : V 2 : 1 2 define respectively the power, the r.m.s. pressure, and the 
r.m.s. current at the consumer’s terminals, then, at a distance s km. from 
that end of the line, the current will be the pressure will be ¥ 2 '^^. 

The power at any distance s from the consumer’s end will be 

Ws == V 2 ' watts 

and since, for natural power transmission, 

V2 = IzZo 

where Zo is the surge impedance of the line, the power will be given by the 
expression 

W% = ^ = W 2 watts. 

Zo 


A paper insulated twin telegraph line of copper wire 1mm. diameter 
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and carrying a current oi 1 Mhz. (lO^hz) frequency will have a damping 
factor of about j8 = 1*15 nepers per km. so that, for : 

5 = 3 km.: PTs = 1^2 = 1000 W 2 

s ^ 6km.: W. ^ IV 2 - 10 ^ 
s = 9 km. • Ws==W 2 (e^'T = 10" W 2 

That is to say, for a line 3 km. long the receiver obtains only 1/lOOOth part 
of the power which is supplied to the sending end of the line ; for a line 
6 km. long the receiver only obtains one-millionth part of the power which 
is supplied to the sending end. 





symmetrical 4^pole T system of non-^inductive resistances is 
shown in the accompanying diagram. Obtain 
the two simultaneous equations which relate 
the input pressure and current respectively, 
with the output pressure and current. 




Fig, 33 


Answer. —From Fig. 33 the following relation¬ 
ships are easily obtained, viz., 


\-V2^hliL+l2'RL^ 

=(/.-/,)Rc) 


Hence. 


Vr—V^ = + Ri- 


\ V, + I,-R c\ 

\ Rc^Rl) 


V, = V, + h-Rt,^V, 


Rl 

Rc-\-Rl 


+12 


Rc-Ri^ 

Rc-\'Rl 


IRcRl + Rl^^ 


that is. 


V, 


Rc 


Rc “ 1 “ Rl 
R c -}- Rl 


= V, + I, 


(2RcRl + R^\ 
\ Rc-\-R, ) 


so that 


.(1) 


Again, 

h'RL = V,— V^-^^^RL 
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“ + h-R, 

that is, 

A «. =n (-l) +h (2R, + § -R.) 

= F,-I(l+l) 


SO that 

/,=K,.l+/.(l+|).(2) 


The required pair of simultaneous equations is therefore 

F, = f’, ( (2Sc + *.)).(i) 

/, = >'.-i+/.(l+§) J.(ii) 

It is of interest to compare these equations with the corresponding pair 
for a no-loss a.c. transmission line, viz., 

SSi = 9 S 2 cos a 5 + ^2 j sin a ^ ) .(a) 

Si = ^ j sin a 5 + ^2 COS ai j . (b) 


It will be seen that if the coefficient of $52 equation (a) is divided by 
the coefficient of 93 2 equation (b) the result is Zo^, where Zo is the surge 
impedance of the line, viz., 


. (iii) 

Similarly, if the coefficient of I 2 in equation (i) is divided by the coeffi¬ 
cient of V 2 in equation (ii) the result is Rf {2Rc-\-Ri) and the square-root of 
this quantity is termed the “ characteristic resistance /?o,’’ that is 

/?o= v^Ri ^ZRc -f- Rj^ .(iv) 


If, then, the resistance Ro is connected to the output terminals of the T 
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system it follows, from the corresponding results for the no-loss a.c. trans¬ 
mission line, that 



Vi 

V, 


/, 

- I, 

and, 

V 2 

h 


V, 

~ /, 

where 




k= 


.(V) 


R.Rc 


R^Rc (i?£, + Rc) (Rx^ -|- Rg) 


.(vi) 


21.—A symmetrical 4-pole n system of non-inductive resistances is 
shown in the accompanying diagram. ObtcUn the two simultaneous 
equations relating the input pressure and current respectively with the 
ou^ut pressure and current. 

Answer. —The following relationships are easily obtained from the 
diagram of Fig. 34: 

Ri 

Rc ^ 

: j 

Fig. 34 

T,- F, =/•!?,.; 

F,=(i,-/)Rc: Vx^(I-I,)Rc 

r ^2 , , V, + 1,-RC 

Rc 




V, + V, = {I,-I,)Kc: Vx-V, = IRx= j : 

so that 
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y2+Vi 


+/, =S+i=+r,(i+|)+v| 


that iSy 


, ,, /Rt+2ltc\ fRL+m 

j . 

The equations (i) and (ii) are then the two simultaneous equations 
required, and the “ characteristic resistance,” as already defined in the 
solution of Example 20, is 

“ / 'Rl+2Rc . 


If the resistance is connected to the output terminals of the n 
system of Fig. 34 then, 

= -R 

7, 7, - ^ 

and the “ attenuation constant ” 'is 

. Vz h 


L ' Z *2 

‘ = n = 


where 


_ 

RqRc + Rq’Rl + R^'Rl 


If is the input power and W 2 is the output power, then and W 2 
are said to differ by N bels when, 

s;‘=io» 


that is. 


logic b®ls 

Two powers P, and Pj are said to differ by n decibels when. 
P s 

V =10“ 

•2 


so that 


« = 10 logic W decibels 

A 9 
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In practice, the input power and the output power W 2 will frequently 
be compared by measuring the pressures developed across a given impedance 
(or given resistance for a non-inductive system) or by measuring the currents 
through a given impedance. 

If the input impedance and the output impedance of a 4-pole system 
are equal, that is, if 


Si ^2 


2o(orK) 


(V) 


then, 



and the “ attenuation constant is 



Where k has the value given in expression (iv), 
then 


or, 


the * attenuation ” = log == 

"= 2 log., (i) 


bels 


bels 


the “ attenuation 
Alternatively, 

the “ attenuation ” = | log^ (^0 


2-3 


(fj) 


nepers 

nepers 


so that 

1 bel= 1.15 nepers. 




Chapter XVI 

THE PROPAGATION OF ELECTROMAGNETIC WAVES 
THROUGH SPACE 


f .—Show that when a quarter-wave transmission line of surge itnpe- 
dance Zo is connected to a resistance JRe ohms at the receiver's end, the 
ZJ 

input impedance is ■—. 

“e 

Answer. —The fundamental general equations for a no-loss transmission 
line of length / km. are : 

cos a/ -f yZo ^2 sin a /' 

3i = j V" sin a / -t- ^2 cos a /. 

Zo 


where 

and 


a = (« Vie = - = 


7 = per km. 


^ 2:;r ^ c 


Since, in this case, ^2 = the input impedance is 


^ CQS g / + jZo ^2 sin a / 

siri a / + Sz cos a / 

Zo 


and since / = - so that a / = - it follows that 

4 2 


2 s—What methoiis are used for connecting a radio sending st€dion to 
the antenna ? What are the characteristic features of each method ? 

Answer. —For modern transmitting stations the antenna is sufficiently 
far removed from the station to ensure that no disturbing reaction from 
the radiated field can reach it. A further consideration is that in the event 
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of the mast collapsing the station building shall not be damaged by the 
scattering of the fractured parts. In the case of short-wave and ultra-short 
wave transmission the distance between station and antenna is usually 
necessarily large, since the dipoles for directional antenna are generally 
fixed at a great height above the earth. 

For these reasons the coupling of antenna and sending station must be 
effected by means of a non-radiating energy feeder system. Three types 
of such coupling lines are used, viz : 

(i) A single feeder line with earth return, (ii) a system of two parallel 
lines, (iii) a concentric cable. 

The method (i) requires very exact matching, as otherwise standing 
waves will develop so that the feeder will then radiate energy which may 

interfere with the radiated 



Fig. 1 


energy from the antenna. 
In view of this dis¬ 
advantage this method is 
seldom used. The 
method (ii) is widely 
used, and is not likely to 
give serious difficulty due 
to radiation. In this 
method the two wires are 
arranged to lie parallel to 
one another at the same 
height above the earth 
and as close together as 
is reasonably safe from 
the point of view of 
insulation security, also 
the supporting masts are 
sufficiently close together 
to avoid the possibility 
o f swinging of the 
suspended wires and so 


altering the capacitance to earth. The two lines are held at the 
same distance apart by suitably spaced distance ties. Since one line is the 


return path for the other, the current in the two wires are flowing in mutually 


opposite directions, and so largely neutralise each other's radiation. 

Fig. 1 gives the surge impedance for a transmission system of two parallel 
wires (Figs. 2 and 3) and a co-axial cable (Fig. 4), as a function of the ratio 


( distance between wires 
radius of each wire 


as calculated from the expression: 
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The method of calculating the damping factor /? is as follows: 
(i). Taking the numerical data from the overhead line of Fig. 2, 

2d = 11.4 cm.: 2a = 0.6 cm.: d _ .g 

• a~ 



Fig. 2 



^as2MM. • 

Fig. 3 


and applying the formula (i) for calculating the surge impedance, it is found 
that 

Z, = 457 

For a frequency, / = 10® hz., 

Y = 2 V 2 ** Principles ”) 

where, p = 1.77 X 10"* ohm per cm, cube for copper wire. 


Then, 


2V2--7t X 10^ 
V\-77 X 10^' 


8-9 X 10» 
42 


= 210 


and Y.a = 210 x 0 3 = 63 


Since Y.a > 50, it is permissible to use the following expression (see 
page 454 of “ Principles ” Chapter XIV) for the resistance to a.c., viz., 

Resistance to a.c . a 
Resistance to d.c. 2a 

where 

a = 5,030 ^j and is the effective depth of penetration, that is, 
a — 0.0067 cm. 

The resistance of the conductor to d.c. is 

n P X 10* 0.177 A 1. , r . 

~ ~ ~ • „2 ' ~ —^’TTTi ~ 0.O22 ohm per km. of wire. 

n.a^ n X 0.3* 
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The resistance per km. run of the transmission line, that is, for the “ go" 
and “ return ” conductors in series is 

Rflo = 1.24 ohm per km. run 

Hrace, 

Ra.c = Rdc. = 1.24 (2 X O OO67) "" 
and the damping factor is 

^ 2 Z, “ 457 • 

that is 

p = 0‘03 neper per km. run of the line. 

(ii). Taking the numerical data of the overhead line of Fig. 3, 

d = 10 cm. : a = OT cm. : - = 100 

a 

and applying the formula (i), it is found that, 

= 570 ohms. 

For a frequency / = 10^ hz,, 

Y = 210 as in (1) 
and Y,a == 21 

Since Ym > 2.82, the following expression may be used to find the value 
of the a.c. resistance (page 454, “ Principles Chapter XIV), viz.. 

Resistance to a.c. n toc i n oc 

— — ;-= 0.325 Y,a + 0.25 

Resistance to d.c. 

so that X 7.1. 

The resistance to d.c. is 

^dc = - - ^ ohms per km. of wire 

that is 

R^c ~ 5.62 ohms per km. of wire. 

The resistance to d.c. per km. run of the transmission line, that is, for the 
‘‘ go ** and “ return ” conductors, is 

= 2 X 5.62 = 11.24 ohms per km. run of the line. 

The resistance of the line to a.c. is therefore 

Rac == 11*24 X 7-1 = 80i2 per km. run. 
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The damping factor is therefore 

n 1 jA 

A feeder S3rstem of two such parallel lines is known as a “ Lecher Line ” 
(see, also, Example 4, Test Paper, Chapter XV). 

The method (iii) which makes use of coaxial cables is completely free 
from radiation. The damping quality is seen from the numerical data 
given in Fig. 4. 



The resistance to alternating current can be calculated from the formula 
already given on page 456, Chapter XIV, of “ Principles,” viz.. 

Resistance to a.c. for a copper core and a copper sheath is, 

Ra<i.= X 10“'* ^ I V/ ohms/km. 

Inserting Rj = 1’75 cm.: R^ = 5’0 cm.: /=10®hz. 

Rftc. = 41'2 X 10‘* I -j- 10^ ohms per km. 

= 41.2 X 10“* JO.57 + 0.2| ohms per km. 
that is = 3*17 ohms per km. 

The expression for the surge impedance is (see page 456) 

Zo = 138 logio ohms 

= 138 logio ohms 

that is Zo = 138 x 0’5 = 69 ohms. 

The damping factor is then (see Test Paper, Chapter XIV, Example 
18, expression (iv), page 282, 

d = ^ • 1 _ li.8 
^ 2 Z, “ 69 

/3 = 0.023 neper per km. 


that is 
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R 

The value of the surge impedance as a function of the ratio ^ is shown 
in Fig. 1. 

Since radiation from the feeder system must be avoided at all costs, 
so that the whole of the energy which is supplied to the feeder shall be 
delivered to the antenna, it is necessary that the feeder shall be matched 
to the sending end of the line and also to the antenna. Such matching 
can be obtained by tuning the feeder or by means of an air-core coupling, 
transformer at each end of the feeder (see also. Example 7 of this Test 
Paper), or by a combination of both types of matching. 


3 . —If a quarter-wave transmission line is open-circuited at the 
receiver's end, find what the input impedance will be if the supply fre¬ 
quency is slightly higher than the resonance value. 

Answer. —From Example 1 of this Test Paper the input impedance of 
a no-loss transmission line / km. long is seen to be ; 


When the line 
and for a line 


SB 1 

% 1 . . 1 ^ , 

+ 7 ^tan a / 

is open-circuited at the receiver’s end 32 = 
3i = —y Zo cot a I 

which is exactly one-quarter wavelength, 


00 so that. 


a/=a^ = ?so that 3=0: (see Fig. 5). 



If the frequency is sHghtly higher than the resonance frequency eoo 
this means that the line is correspondingly longer than in consequence 
of which the input impedance will attain a definite magnitude. Thus, if 
the length of the line is (/ -}- A t) where I z= and, noting that 


a = (Wo V LC = 


CWo 
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I A (Oo 1 ^ 

a/ = a~ =—/ = - 
4 c Z 


Aa/ = 


Att>o 


The input impedance is therefore 


Aft>o 


that is, 


(3i)o.c = Zo cot (a / + A a /) -y Zo tan 

' tOo 2 

(3i)o.c Zo ~ : when is small* 

Q)o 2 CDo 


If the line has a resistance of jR ohms per km., it can be shown that for 
a frequency which exceeds the resonance value by the small amount Aft>o 


(3.)o. -=^/<i+y 


• C n A^«>o* 


ohms, where I 


v-ovoc 2 I 2 coo| ’ “"4* 

i? i? / 

For absolute resonance : I = -x johms. 

M T 

As a numerical example of these results, a co-axial ca*ble will be con¬ 
sidered of which the dimensions are as follows (see Fig. 6); 

= 7*5 mm.: Di = 2*1 mm. • ^ = 3*6 
L = 2 j^loge 10“’ henry per cm. 

C = ^ —“TT farad per cm. I / 

‘”*•57 Viy 

/ 7 Fig. 6 

~ = 60 logc 3*6 = 76*5 ohms. 

Conductivity x = 57 X 10^ siemens/cm./cm^. 

* “ (s,+ e;) 'Z a I 

and, for / = 6 X 10* hz. _______ 

* “ (^1 + 0^)/itSI “ P" 


0-04 ohm per cm. 
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The damping factor is 


C 0*02 , 

2 y ^ neper per cm. = 26 neper per km. 


The input impedance when the cable is open-circuited at the receiver’s 
end and / = ^is (3.)oc = ^ ^ = ^’4 = 0-02 X 1-25 = 0-025 ghm. 


Since 


for/= 6 X 10’: ^ y ^ 


If the frequency is 2 per cent, greater than the resonance value so that 

/\(o 


= 0*02 


COo 


then 


fl 

^ . 2 COo 

1 


Aco 


If — = 0-001, i.e., 0-1 per cent., so that Aco = 6 X 10^ hz. 

COo 


then 


. ./I. 


Ao) . . o 

•1 9 -4-8 

K ^ 2 roo 


so that the input impedance is then V 1 + 4-8^ 1 — 4.9 times the value 
at absolute resonance. 


4 . —If a quarter^wave transmission line is 
short-circuited at the receiver's end, find what 
will be the impedance when the frequency is 
slightly higl^er than the resonance value. 


Answer. —The expression given in Example 1 
of this Test Paper for the input impedance of a 
non-loss transmission line may be re-written in a 


Fig, 7 
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more convenient form for the purposes of the present example, viz. (see also 
Fig. 7). 

3 , _ 32 + 7^0 tana/ 

1 +j i tan a / 

so that, for 32 = 0, 

(3i)sc —jZota.na.1) 


7t 

For the resonance frequency, a / =- 2 • (3<)s c. = <» 
For a frequency tOo + Aw : “ ^ ^ 

ci)o 2 


so that 


(30.0. = -j Zo cot ^ I = -j z„ —1— 

coo 2 ^ 

coo 2 


tan 


which, for small values of gives 

COo 


(3')sc — —jZo 


(Oo 


/\o) n 


When the resistance of the line is R ohm per km., it can be shown that 
the input impedance is 


(3.)s 


for a frequency which exceeds the resonance value coo by the small amount 
At absolute resonance the input impedance is 

(30s.c. = § ohms. 



Applying this result to the numerical data for the co-axial cable of Example 3 
of this Test Paper, then at absolute resonance, 

(30* 0-04 X 5 ~ ^ 
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For the case in which the frequency is 0-1 per cent, greater than resonance, 
they term in the expression (3>)sc. is 


4 


2 ^ 


76-5 X 1-57 


•^ 0-02 X 1-25 X 10^ 


SO that the input impedance is then 

{v'l+4*82[} =4-9 times the value at absolute resonance, that is 
= 1*15 X 10^ ohms: 

* It is further to be noted with regard to this co-axial cable that, 


so that 
and 



10“^ = 2-56 X 10"^ henry per cm. 


coo-L = (2;r X 6 X 10") (2*56 X lO'") = 97 ohms 

R = 0*04 ohm. (See also Example 3 of this Test Paper.) 


hence 


= 0-00041 

muL 


1 

Q 


Also, since: f = 6 X 10" hz : oc = — 

c 

it follows that, 

a 2(oL 


coo VLC : fi 



0-000205 


and 



= 2,440 


Sb—C ompare the characteristics of the normal high-frequency cable 
and the co-^axial cable. 

Answer. —Overhead transmission lines for light current purposes are 
being superseded continually by underground cables in order to eliminate 
the interference from outside electrical disturbances. Actual measurements 
on such cables at high frequencies have shown that, whilst the surge 
impedance vector is practically an entirely “ real quantity and almost 
constant for a wide range of frequencies, the damping factor ft rapidly 
increases with the frequency. For example, for a multi-strand cable the 
damping factor for strands of 1.4 mm. diameter at 100,000 hertz is = 0*2 
neper per km., and at 1,000,000 hertz = 1 neper per km. 
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In Fig. 8 is shown a normal type of multi-strand cable for long-distance 
high frequency transmission. It will be seen that Ihe distance apart of two 
wires of a pair is necessarily very small, so that the capacitance is relatively 
high and the inductance relatively small. In accordance, however^ with 
the expression 


/? 


R fc 
2VI 


a small damping requires small capacitance and large inductance (See 
also Example 12, page 170), so that in order to reduce the damping it is 
necessary to separate the two strands of a pair. Owing primarily to the 
requirements of television, a new type of cable has been evolved on these 



Fig, 8 



lines, which will permit very high frequency operation with a relatively 
very small damping factor. One method for doing this is shown in Fig. 9, 
in which the two strands a and b are arranged within a screened sheath and 
held in position by means of spacing supports of insulating material. 

It is to be observed that the distance d between the two strands must 
be as great as possible and at the same time the strands must not be too 
close to the sheath. The energy loss in such special high frequency cables 
is kept low by the use of a new type of synthetic insulating material, e.g. 
Styroflex (a development of “trolitul,’’ see also pages 68 and 114, 
“ Principles”). The damping factor ^ and the phase displacement angle 
a vary with the frequency, and when very high frequency bands are 
being transmitted the difference of the values of /? and a respectively at 
the highest and lowest frequencies may reach seriously large magnitudes. 
In such cases it is necessary to connect the lines through a four-pole unit 
in order to neutralise the damping. The effect of the change of a in the 
line is to alter the relative time displacement of the several frequencies 
and when desirable this can be corrected by means of a cross-connected 
four-pole unit. 
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6.—Prove that the surge impedance of open space ie 376,7 ohms. 

Answer. —^Fig. 10 shows a portion of the plane front of an electro-magnetic 
wave. It follows, then, from equation (7), page 496 “ Principles,” that 

dx 

^ (® el. m. units per cm.) dl = fi.l ^ el. in. units). 

For the integration round the rectangle NGG'N', 

dx 

(/cm.) (® el. m. units per cm.) = (/cm.) {!q el. m. units) (i) 

since i* in el. m. units = 1 for open space. 

Similarly from equation (9), page 497, “ Principles ” 



Fig. 10 


(.^el. m. units) = (@ el. m. units per cm.) ^.(ii) 

and, by multiplying (i) and (ii) together, the speed of propagation is 
obtained, viz., 

dx 

V — -r: = 2'9979 X 10‘® cm. per sec. = c 


Again, from page 218 of “Principles of Electrical Engineering,” 

H el. m. units = H oersted — ampere per cm., 

and, noting that Eel.m. units per cm. ={V volts per cm.) 10® and substitut¬ 
ing in (i), it is found that, 

V (volts per cm) 10® = (47r amperes per cm.) X c 


or 




V volts/cm. 4;r c 


= 4:71 X 29-979 ohms. 


/ amperes/cm. 10’ 

That is, the surge impedance of open space is Zo = 376*728 ohms. 
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7,Show how a transmiasion ttne may be^ matched to a load by 
means of a transformer. 

Answer. —Page 335 of “ Principles shows how to derive the 
circuit which shall be electrically equivalent to the actual coupled circuit, 
system of a transformer. In Fig. 11 two coupled circuits 1 and 2 are shown, 
and it is assumed that the resistance of each circuit is negligibly small, and 
also that the coupling is perfect so that, 

that is to say, there is no electromagnetic leakage. If 
tv^ is the number of turns in winding 1, 
tV 2 is the number of turns in winding 3, 

f/ = — is the transformation ratio, 

then the equivalent simple series circuit of Fig. 12 is electrically identical with 
the coupled circuit of Fig. 11. If then a transmission line of surge im- 



Fi(j. 11 Fig. 12 Fiff. 13 


pedance Zoi ohms is connected through a transformer to a resistance load 
/?2 ohms, and if 

Zoi = ohms, 

the load will be matched to the line, and there will be no reflection effects 
produced at the junction of line and transformer. 

Similarly, if the line of surge impedance Z 02 , Fig. 13, is connected to the 

resistance load of Ri ohms through the transformer of ratio ~ where 
« = —, then this resistance load will be matched with the line if, . 

Zoz — — 2 R 1 ohms. 

8, — What cmisiderations of the damping characteristics of telephone 
lines govern the suiUdtle spacing of the amplifiers ? 

Answer. —The waves of current and pressure become attenuated as 
they travel along the line, and in order to restore their amplitude, amplifiers 
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are connected at suitably spaced intervals. For long-distance telephony, 
the spacing may be 75 or 150 km., according to the damping. When very 
high frequency is used, the line damping becomes very large so that the 
distance between successive amplifiers must be reduced correspondingly. 

The ratio of the volt-amperes, 
pressure, or current at any point 
in the line to the corresponding 
value at some datum point, e.g., 
the sending end of the line, is 
a measure of the damping. In 
view of the possibility of inter¬ 
ference effects such as “ cross¬ 
talk between two lines, the 
damping for long-distai\ce 
telephone lines should be not 
greater than 3 nepers. In 
Fig. 14 is shown an example of 
such damping and amplification 
relationships. For transmission 
at very high frequencies the construction of the cables is such that any 
risk of cross-talk is practically eliminated so that the damping may then be 
allowed to reach the value of about 7 nepers before amplification becomes 
necessary. 

The amplification at each successive section end of the line is only 
sufficient to make good the loss by damping in the previous section (see 
Fig. 14). If a greater amplification were to be introduced, the pressure would 
be raised to such an extent that it might give rise to interference with neigh¬ 
bouring lines. The natural logarithm of the ratio of the pressure, or of 
the current at the receiver’s end of the line to the corresponding value at 
the sending end of the line is a measure of the residual damping. 
When a large number of lines have to be dealt with, the amplifiers 
are all assembled in one station and the distance between consecutive 
stations is about 75 km. For high frequency cables however, the amplifiers 
must be very much closer together. 


I O 
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Fig. 14 


9 . —In the development of the Maxwell-Hertz equations {page 497 of 
Principles of Electrical Engineering it was assumed that the 
current density was uniform throughout the dipole. For practical 
attennae, howeverf this assumption is not valid. Find the height of 
on antenna, having uniformly distributed current density, which 
will be equivalent to the actual antenna having sinusoidally 
distributed current density. 

Answer,—L et H be the geometrical height of the antenna and let the 
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current density at any distance s from the upper end of the antenna be tg so 
that (see Fig. 15.) 

f 3 = f o sin a 5 

Where io is the current density at the ground end. Then for a quarter- 
wave antenna 



If k is the height of the equivalent antenna having uniform current 
density fav = fo, then the current in the actual and equivalent antenna will 

. 2 

be the same if to h io - H 

71 

2 

that is, if h = - H 

71 


10,—Compare the characteristic features of high-frequency cables 
and of high-frequency radio for alternating current transmission. 

Answer. —High-frequency cables are used for a great variety of technical 
purposes, e.g., television, multiple-channel telephony, antennae leads at 
both sending and receiving stations, delaying cables for impulse pressure 
equipments, feeder cables for high-frequency furnaces (in many such 
furnaces the frequency required is in the audio range). 

It is a remarkable fact that even 10-12 years ago, the transmission of 
high-frequency alternating current by cables was not. contemplated by 
high-frequency technicians, the primary stumbling block being the question 
of damping. When if is observed (see also Examples 16,17 and 19, Test Paper, 
Chapter XV) that a paper-insulated long-distance double line with conductors 
of copper 1 mm. diameter at 1 Mhz frequency gives a damping of more 
than 1 neper per km., so that, for example, if /3=1.15 neper per km., the 
power at a distance of 3 km. from the sending end will be given by the 
expression 

Ws = = O-OOIW^ 

so that the power has become reduced to one-thousandth part of its original 
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value, and at a distance of 6 km. from the sending end the power will be 

• so that in this case the power will have become reduced to one-millionth 
part of its original value. It is thus easily understood that transmission 
of high-frequency current by means of cables would appear to be out of the 
question. In consequence of such considerations, cables were only used 
until comparatively recently, for the transmission of energy at frequencies 
not greater than 60 hz, and the transmission of signals and music up to 
10,000 hz. If it had not been for the fact that quite unexpectedly the 
development of television called for transmission circuits operating at 
frequencies of 10^ hz and higher, cables might quite well have remained tied 
to their restricted low-frequency purposes. The question of multi-channel 
telephony had indeed already awakened interest in transmission at high 
frequencies and the ‘‘loaded” (see (Chapter VII, page 192, “ Principles 
of Electrical Engineering ”) submarine cable which connects Kay West to 
Havana, which was laid in 1930-31, may be regarded as the forerunner of 
this field of application. However, but for the demands of television the 
required urge would have been wanted for the development of very high 
frequency cables, and this type has become a practical commonplace during 
the last decade. 

The primary characteristics of this development are the greatly reduced 
value of the damping factor which has been obtained (about 0.2 neper/km.); 
the reduction of the spacing distance of the amplifiers, and the stabilisation 
and increase in the degree of amplification of the amplifiers. In general, 
very high frequency cables are constructed with a concentric conductor 
(see also Example 2 of this Test Paper), in which special care is taken 
with respect to the dielectric characteristic of the insulating material 
(e.g., “trolitul,” see Chapter IV, Table II, page 114). 

The question arises as to what significance for future developments 
must be attached to the long-distance high-frequency cable. In television, 
just as in radio, two kinds of transmission possibilities are available—the 
wireless and the wired. As is well known, radio transmission in its early 
stage of development was almost exclusively propagated through open 
space, and it was only during the second decade of radio development that 
wired transmission was employed because of its greater freedom from 
disturbances. For television, the requirements are quite special. The 
range of ultra-short wave transmission is given by Prof. Tank, of Zurich, 
as about 

IOOVA km. 

where h km. is the height of the antenna above the surface of the ground. 
If the antenna is sufficiently high, transmission can be operated over great 
distances, but disturbances due to the “ shadow effect ” caused by the 
unevenness of the ground in hilly districts may be serious. In any case, 
a television receiver can only receive one wireless tratismitted programme, 
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and the stringent limitations regarding the use of a permissible wave-bapd 
must be kept in mind. For such reasons, serious consideration had to be 
given to cable transmission for television, and this implies the provision 
of a high-frequency cable network in large cities. It is of interest to note 
that the R.C.A. has installed equipment to link New York and Philadelphia 
in which directed decimetre waves are transmitted over a distance of about 
SO miles with an intermediate amplifying equipment, and this has given 
satisfactory results. 

The future significance of high-frequency cables cannot yet be assessed 
with any certainty. Laboratory research will provide the basis on which 
the technical decision will have to be made as to whether, for any given 
ultra-high-frequency purpose, cables should be used. 

The transmission of a directed beam of ultra-high-frequency waves 
in the range from 10 cm. to 1 cm. has the following advantageous features : 

(1) Great distances can be bridged with relatively small power and 
consequently with small and light accessory apparatus. 

(2) The antenna structure is simple and the equipment for mobile 
stations is light and compact. 

(3) The waves are practically free from “ fading,’^ seasonal effects, and 
day or night effects. 

(4) The amount of material for the station structure is relatively small. 

It is to be observed that, although ultra-high-frequency technique has 

an astonishing record of achievement, it is still in process of development, 
and all the available evidence shows that still greater progress may be 
expected in the immediate future. 


11 •—Prove that if a parallel resonance circuit of inductance L henry 
and capacitance C farad and, if a non-inductive series resistance of R 
ohms is placed in each of the two parallel branches, then the input 


impedance of the system will be independent of the frequency if R 



{Television Aerial of the Empire State Building, New York.) 


Answer.—I' he input impedance Fig. 16, is given by 

1 _ I _ 

3, ~ H }wL^ R — 


(i) 


Differentiating this equation with respect to a> and equating to zero 
gives 




jL 


(R+)coLr 


J 0»*C 


V 
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S - w].« 


Equating respectively the real and the imaginary parts of this equation 
then gives 



Fig. 16 Fig. 17 


that is to say, the imaginary parts disappear from equation (i) and the 
equation for the real parts may be written 



If then the frequency is such as to bring L and C into resonance, that 
is, if 

then, 


= ^ {(oLYoiK^ 


so that, 
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that is ^ “ /c 

Hence, if L and C are in resonance and if R impedance of the 

circuit of Fig. 16 is a purely real quantity and is therefore independent of 
the frequency. For these conditions, the value of the impedance is given 
by the equation (i), viz.. 


3* Vc + ~ j isa 


which reduces to. 




The same result holds good if a non-inductive resistance R= 
is placed in parallel with L and C respectively as shown in Fig. 17. An 



Fig- 18 Fig. 19 


important example of the application of this principle is found in the 
television aerial of the Empire State Building, New York, and this is 
shown diagrammatically in Fig. 18, the corresponding equivalent circuit 
being given in Fig. 19. 
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Aerial, television: 305 
Alternating current, power: 176 
. „ „ resistance: 292, 233, 

247, 229, 230, 233, 239, 240, 245 
„ „ penetration: 230, 231, 

234 

Alumina, sintered: 86 
Aluminium oxide: 86 
Amplification factor: 170 
Amplifier, telephone: 301, 302 
Analysis of wave-forms: 226 
Angle of loss : 56 
Angstrom : 89 
Antenna : 298 

„ effective height: 303 

„ matching: 294 

Arc capacitance discharge: 39 
„ characteristic: 23 
„ electric: 22 
„ rectifier: 15, 16, 36 
„ temperature: 24 
Arrester, surge: 20 
„ Atm: 22 
Attenuation, line: 283, 288 
Attenuator : 261 
** Avalanche,*’ theory: 2i 

B 

Ballistic galvanometer : 103, iii 
Band-filter: 272 
Bel : 262, 283 

Bell Telephone Company : 147 
Bismuth spiral; 111 
„ plate: 113 
Black body : 88, 89 
Boiler, electric: 6 
Booster, negative: 10 
Bridge, measurement of magnetic field : i 
112 

„ „ „ temperature; 88 

„ test for transformer: 144 
„ Thomson, double: 144 
„ Wheatstone : 111 
Brine, electrolysis of: 11 
British National Grid : 44 
British Standard Specification: 25 
Bushing, condenser: 44 


C 

Gable, co-axial: 290, 293, 299 
„ corona: 10 

„ high-frequency damping; 276, 277 
„ transmission: 280 
Calorie : 4, 5, 81, 82 
Capacitance discharge: 39 
Capital cost: 5 
Carbon microphone: 26 
Cathode-ray tube: xoi 
Caustic 80^, electrolysis of: 11 
Cell, Leclanche'; 7 

„ resistance: 63, 65, 66, 73 
Chain condenser: 268 
„ resistance: 64 
Characteristic resistance : 285, 287 
Choke coil: 142 
„ protective: 131 

Circle Diagram for motor : 193, 194, 196 
Circuit-breaker: 141, 142 
Circuits, coupled: 139, 148, 150, 152 
„ equivalent: 148 
Co-axial enable: 200, 203, 200 
Coil, Petersen: 259 
Coloured ” body: 89 
Compensation circuit: 67, 71 

„ of overhead lines: 249-251 

Condenser, bushing: 44 
„ chain: 268 

„ discharge: 39 

Gone, Seger: 85, 86 
Constantan-copper couple: 78 
Cooling constant: 25 
„ curve: 13 

Gopper-constantan couple: 78 
Corona: 44, 53 

„ cable: lo 
„ energy loss : 57 
Corrosion, electrolytic: 9 
Gorund, sinter-: 86, 87 
Coulomb’s Law: 29, 96 
Couple, thermo-: 78, 85 
Coupled circuits: 148, 151, 152 
Coupling factor: 151, 161 
Gross-talk : 302 
Crystal, quartz : 82, 84 
„ detector: 37 

Current network: 63, 64, 67, 72, 73 
Cycloid: 128 
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O 

Damped oscillations: 135 
Damping, factor: 275, 279 

„ high-frequency cable: 276, 282, 
298, 299 

„ iron core: 24 

„ quartz: 85 

„ surge: 263,264 

Danger zone of live mast: 33 
Decibel: 260 
Density, magnetic: 96 
Depth of penetration of A.C.: 237, 239, 291 
Detector, crystal: 37 
Determinants: 64, 72 
Dielectric, constant: 254 
„ loss factor: 58 

DiflTusion resistance: 31 
Diode valve: 18 
IMrect current, rectifier: 16 
„ „ motor: 123 

Disc, Ferraris: 142 
Discharge, glow: 20 

„ condenser: 39 
DistHbudon, electric: 70 
Dunwoody: 37 
Dynamo: 114, 118 

E 

Earth’s magnetic field: 91, xii, 119 
Effective resistance of resonator: 247 
Elasticity, copper: 163 
„ iron: 106 
„ measurement of: 105 
„ quartz: 84 
Electric arc: 22 
„ boiler: 6 

corrosion: 9 
field energy: 46 
force: 29 
quantity: 119, 120 
tramway: 10 
waves: 89 

Electro-chemical equivalent: 12 
Electrolysis: 10, ii 

Electro-n&agnetic coupling: 139,140,141 
„ time constant: 59 

„ units: 44 

Electron in electric field : 126 
„ „ magnetic field : 125 

Electrostatic {pressure: 54 

„ time constant: 59 

„ units: 29, 44 

Empire State Builciing antenna: 307 
Energy, electro-magnetic: 126 
„ electro-static: 46 

„ loss in corona: 57 

„ „ „ high-frequency cable: 299 

„ of braking: 2 

„ „ surge: 264 

„ stored in condenser: 57 


EqnipMntinl surface: 35 
Ef|nivalent circuit: 148 

„ depth of penetration: 237 

F 

Factor, coupling: 151, 158 
Feeding pc^ts: 66, 67, 68, 70, 71 
Felspar: 86 
Ferraris disc: 142 
Fifth harmonic of flux wave: 217 
Figure of quality: 243 
Filament of valve: 18 
Filter, for blocking h.f. current: 265 
„ „ „ l.f. current: 268 

„ to pass selected band: 272 
Five-core transformer: 219 
Fluz density in air-gap: 114, 115, 116, 119, 
226 

magnetic: 98 
penetration: 239 
wave-form: 217 

Force between charged spheres: 34 
and charged sphere: 34 
magnetic: 99, 102 

Four-pole n unit: 253, 255, 258, 286 

„ “ T ** unit: 265, 268, 272, 274 

Frequency, oscillating bus-bars: 163, 165 

„ „ motor: 197, 200 

„ „ system: 128, 292, 

296,299.303.305. 

„ protective choke coil: 142 

„ quartz plate: 173 

„ spectrum; 222 

„ transformer oscillations: 166 

„ tuning fork : 171 

„ vibrating wire: 105 

Friction resistance: 3 
Fuel costs: 5 
Fuel-fired boiler : 6 

G 

Galvanometer, ballistic: 103, no 
„ screening: loi 

Gauss: 91 
Glow discharge: 20 

„ „ of cable: 55, 56 

j> »» >» line, 54 

Grid, National: 44 

„ of valve: 19 

H 

H, measurement of: 9i> lit, 112 

Ibll Effect: 113 

Harmonic analysis: 214 

Harmonics in star-mesh system: 223, 223 

Heat waves: 89 
Heating curve: 12 
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l&l^i 4 ir«qaeiiey cables, 398 
tenalois insulation: 43 
Hughes microphone: 17 
Hydrogen from electrolysis: 11 

I 

Impedance of quartz crystal: 84 
Incubators, temperature control: 85 
Inductance, mutual: 119 
Insulation, high tension: 42 
„ material: 36 
Intensity of magnetisation : 96 
Ihtema^nal Advisory Commission: 261 
!•£•€• definition of specific resistance: 24 

J 

J, intensity of magnetisation: 96 
Joule Effect: 78, 81 
Joule, unit: i, 4 
Junction, thermo*: 78, 80 

K 

Kilogram-calorie: 5 
Kinetic energy: i, 2, 4 

L 

Leakage, coefficient: 140, 148, 190 
„ from live mast: 32 
Lecher line,: 254 
Leclanche' cell: 7 
Lena’ Law: 122 
Light, visible: 89 
Line, attentuation: 283, 287, 303 
„ compensation : 249, 253, 255 
„ matching: 301 
„ single-phase: 274 
„ three-phase: 255, 259 
Load, natural: 257, 258 
Logarithmic decrement: 85, 103, 135, 13 
„ heating curve : 12, 13 

Longitudinal oscillations: 84, 85 
Loss angle: 56 
Loudness measurement: 262 

M 

Magnetic flux: 98 

„ penetration: 229 
force: 99, 117, 125 
induction: 132 
motor: 104 
permeability, 99 

potential meter: 106, 107, 108 

pull: 102, X17 

pulley: 115 

screen: 100 

separator; 115 

shell: 96 


Magnetisation curve: 132 , 133 , 134 , 214 
Magnetiam: 91 
Magnetron: 128" 

Main, ring: 66, 67, 68 
Mast, live: 31 
Matching, line: 301 
Mazwell-Hertz equations: 302 
Mechanical oscillating system: 83, 85, 93, 
170 

„ time constant : 163, 164, 165, 

173 

Mercury arc; 15, 16 
Measurement, cable damping: 276, 281 
„ cell resistance: 7 

„ dielectric constant: 254 

„ „ resistance: 59 

„ harmonics: 225, 226 

„ insulation strength : 36 

„ temperature: 85, 88, 89 

„ var.: 189 

Meter, magnetic potential: 106-108 
Micron: 89 

Microphone, carbon: 27 
Modulus, Young's: 84, 106, 163 
Motor, series d.c., 123 

„ synchronous: 191, 193 
„ thermo-magnetic: 104 
Multicore cable: 299 
Mu-metal: loi 
Murray test: 75 
Mutual inductance: 119 

N 

Natural frequency: 141 
„ load: 250, 257, 258 
Negative booster: 10 
Neper: 103, 260 

Networks: 63, 64, 67, 68, 72, 73 
Neutral relay : 145 
Nickel spiral; 112 

Non-polarized relay: 145 

o 

Oil gas: ^42 

Oscillation resistance: 141, 142 
Oscillations, bus-bars: 164, 165 
circuits: 135 

longitudinal, quartz plate: 83 
„ wire: 105 

mechanical rectifier: 171 
piezo-electric: 83-85 
transverse, quartz: 84, 85 
synchronous motor: 197 
systems: 148-175 
tuning fork : 170 
Oscillograms, wave forms: 215 
Overhead line, damping: 275 
Oxygen from electrolysis: 11 
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Repeater, P.O«: 19 
Repuldioiiy electro-magnetic^* 13a 
Remtance, A.G.: 36, 230, 291 

cell: 63, 65, 66, 73 
chain: 64 
damping; 293 
of cell: 7 
resonance: 248 
thermometer; 86, 87 
Resonance: 137 

„ Petersen coil> 259 
„ quality: 248 
„ quarter-wave: 294 
„ resistance: 248 
Resonator: 245 
Ring Main: 66, 67, 68 
Rochelle salts: 175 
Rotating field: 221 
“Rough” surface: 89 


p 

Parallel circuits: 129 
Peltier effect: 78, 81 
Penetration of A.G.: 23^ 239 
Permeability, magnetic: 99 
Petersen coU: 259 
^Phon: 262 

Photographic plate for temperature 
measurement: 86 
Pi (Ji) systems: 253, 255, 258 
Piezo-electricity: 83 
Plate, quartz: 82, 83 
Platinum thermo-couple: 85, 86 
Polarized relay: 145 
Pole shoe: 115 
Porcelain insulators: 52 
P.O. repeater: 19 
Pot resonator: 245 
Potential : 45 

„ equi-surfaces: 35 

„ of magnetic shell; 96 

„ slide: 8 
Power, factor, control: 176 

„ of synchronous motor: 191, 193 
Power-station : efficiency : 5 

,, short-circuit; 130, 163 

'Pressure drop: 67, 68, 71 

„ „ of transformer: ioi 

„ grading: 57 
Protection, short-circuit; 130 
Pull, magnetic: 102, 117 
Pulley, magnetic : 115 
Pyrometer: 83 
“Pythagoras”: 86 

a 

Q factor; 136, 170, 243, 281, 298 
Qiiantity, electric: 119, 120 
Qiiarter-wave line: 294, 297 
Quartz crystal • 82, 83, 84, 86, 172 
„ plate oscillations : 174 
Quenching pressure, arc: 22 

R 

Radiation: 89 

„ pyrometer: 85 
Radio, antenna: 289 
R.C.A. installation : 305 
Rays, electric: 89 
Reactance, mutual: 149 
Reactive power: 255 
Recording temperature: 88 
Rectifier: 87 
„ arc: 15 
„ vibrator, 87, 171 
Refractory tubes: 85 
Rejector range: 267, 270, 274 
Rdlay, non-polarized : 145 
„ polarized: 145 

„ magnetic: 145 


S 

Salts, Rochelle: 175 
Schottky: 37 
Seger cone: 85 
Separator, magnetic: 113 
Series circuit: 168 
Seventh harmonic: 217 
Shaded pole: 147 

„ „ motor: 142 

Shell, magnetic: 96 
„ potential: 96 
Shock, live mast: 32 
Short-circuit: 130, 163 

„ impedance: 144 

Single-phase rectifier: 16 

„ transformer; 87 

Sintered aluminium: 86 
Sinter-corund : 86, 87 
Skin effect: 232, 234, 240, 277, 291 
“ Smooth ” surface: 89 
Solenoid: 122 
Sound, loudness of: 262 
Space, surge impedance of; 300 
Specific cooling constant: 25 
„ resistance: 24, 25 
Sphere, potential: 35 
Standing waves: 254 
Star mpacdtance: 51 
connection: 69 
load : 178, 179 
point pressure: 181 
Surge arrester: 20 
energy: 264 

impedance; 263, 300, 301 

„ of co-axial cable : 290 
Switch contact: 124 
„ opening: 124 
„ „ oscillations: x66, 167 

Synchronous motor; 191, 193, 195, 197 
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T 

“ T ” four-pole system: 265, 268, 27a, 284 
Telephone line damping: 301 
Television aerial: 305 

„ cable: 299, 302 
Temperatnre, arc: 24 

„ coefficient: 25, 26, 112 

„ measurement: 85 

„ recorder: 85 

Test, Murray: 75 
„ Varley: 74 

Theorem, Th6venin : 73, 181 
Thermal E£Fect: 5 
Thermionic valve: 18 
Thermo-couple: 78, 83 
Thermo-electric junction : 78 
Thermo-magnetic motor : 104 
Thevenin theorem : 73, 181 
Third harmonic: 217 
Time Constant: electrostatic: 59 
„ heating: 14 

Thomson double bridge : 144 
Tor: 22 

Torch battery: 7 

Torque: 123 

,, synchronous motor : 195, 197 

„ traction motor: 123 

Townsend: 21 
Tractive effort: 123 
Train, acceleration: 2 
„ braking: 2 
„ resistance; 3 
Tramway system: 10 
Transformer, five-core: 219 
harmonics: 217 
impedance: 144 
matching: 301 
mesh-star: 178 
“ no loss ” : 248 
regulation: 190 
single-phase: 213 

Transmission line, capacitance : 51, 61 
„ corona : 53, 56 

„ inductance: 295 

„ input impedance: 289 

Transverse oscillations: 84, 85 


Trip-coil: 141 

Tuning-fork oscillations: 170 
Turbine temperature: 85 

u 

Ultra-high-frequency current: 291, 292, 

296, 299 > 303 > 305 
„ resonator: 205 

Ultra-red rays: 89 
Ultra-violet rays: 89 
Underground €»ble : 263 
Universal shunt : 76 

V 

Valve generator: 1 72 
„ magnetron: 128 

„ thermionic: 18 

Varley test: 74 

Vector diagram and 4-pole unit: 258 
Vertical component of Earth’s field : 94 
Vibration frequency of wire: 105 

„ quartz plate : 174 

„ reed rectifier: 87 

„ tuned reed rectifier : 174 

Visible light : 89 

w 

Wave-form: 213 

„ flux: 217 • 

,f magnetising current: 134, 214 

Wave-length : 89 
Waves, electro-magnetic: 89 
„ short: 89, 90 
Wheatstone Bridge: 111 
“ White ” surface : 89 
Wire, vibration: 105 

Y 

Young’s modulus, copper: 163 
„ iron: X05 

„ quartz: 84 

j, measurement: 105 
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